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PREFACE 


T N writing the present book the author has endeavored to present 
the subject matter in a manner which might appeal particularly 
to students who are specially interested in the study of Physics. 

The treatment of vectors of 3-dimensional Euclidean space is 
roughly equivalent to that which can be found in several other 
English texts. The theory of vectors and tensors associated with 
non-Euclidean metrical manifolds is given by methods which, so 
far as the author is aware, are not to be found elsewhere in English. 
These methods, whose characteristic features are due to the German 
mathematician Gerhard Hessenberg, simplify materially the 
treatment of the theory of tensors. 

Geometrical and physical applications are given in sufficient 
number to exemplify the methods of the text, and are not in general 
such as to necessitate the assumption of special mathematical and 
physical knowledge on the part of the reader. 

To his colleagues, Dr. T. H. Gronwald and Dr. S. Serghiesco, the 
author wishes to express his appreciation — to the former for looking 
over the original manuscript and for various valuable suggestions, 
and to the latter for his kind assistance in the proof reading. 
Acknowledgments are also gratefully made by the author to the 
publishers and printers for their patient and helpful collaboration 
in handling the technical details connected with the preparation of 
the book. 

A. P. Wills, 


AuguHt, nm. 
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HISTORICAL INTRODUCTION 


T he origin of the branch of mathematics now known as Vector 
Analysis can be traced to early attempts to find geometric 
representations of imaginary algebraic biuantities. 

Long before these attempts were made, mathematicians had 
recognized the convenience of representing positive and negative 
quantities by the distances laid off in opposite directions on a 
straight line from a fiducial point called the origin; this straight 
line would now be called the Axis of Reals. 

In his Algebra, published in 1673, John Wallis (1616-1703), 
Savilian professor (1649-1703) at Oxford, showed how to represent 
geometrically impossible (complex) roots of a quadratic equation; 
in his representation, a distance from the origin along the axis of 
reals represented the real part of the root, the distance being meas- 
ured in the positive or negative direction of the axis according a.s 
this part of the root was positive or negative; from the point on 
the real axis thus determined, a line was drawn perpendicular to 
the axis of reals whose length represented the number which multi- 
plied by \/^i gave the imaginary part of the root, the lino being 
drawn in one direction or the opposite according as the number was 
positive or negative. 

From the construction of Wallis to the introduction of an Axis 
of Imaginaries perpendicular to the real axis with V — 1 as an 
associated unit does not appear to us now as a very great step, 
yet it was apparently not definitely taken until more than a century 
after Wallis published his Algebra. 

In 1798 the Norwegian surveyor Caspar Wessel (1746-1818) 
wrote a paper which appeared in the Proceedings of the Royal Society 
of Denmark in 1799, entitled On the Analytic Representation of 
Direction; an Attempt. In this paper an axis of imaginaries with 
V— 1 as an associated unit is definitely introduced. 

After defining the addition of right lines by a method com- 
pletely analogous to that for the addition of forces, Wessel proceeds 
to define the product of two right lines in a plane by means of thn 
following rules’^: 

From a translation by Professor Martin A. Nordgaard in Professor David 
Eugene Smith’s Source Book of Mathemaiics, published in 1929 by McGraw-Hill 
Book Co., Inc. 
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'‘Firstly, the factors shall have such a direction that they both 
can be placed in the same plane with the positive unit. 

"Secondly, as regards length, the product shall be to one factor 
as the other factor is to the unit. 

"Finally, if we give the positive unit, the factors, and the 
product, a common origin, the product shall, as regards its direction, 
lie in the plane of the unit and the factors, and diverge from the 
one factor as many degrees, and on the same side, as the ot her factor 
diverges from the unit, so that the direction angle of the product, 
or its divergence from the positive unit, becomes equal to the sum 
of the direction angles of the factors.” 

He then proceeds as follows: 

"Let +1 designate the positive rectilinear unit and e a certain 
other unit perpendicular to the positive unit and having the same 
origin; then the direction angle of +1 will be equal to 0°, that of 
-1 to 180"^, that of +€ to 90°, and that of to —90° or 270°. 
By the rule that the direction angle of the product shall equal the 
sum of the angles of the factors, we have: 

(+ 1 ) (+ 1 ) = + 1 ; (+ 1 ) (- 1 ) = - 1 ; (~ 1 ) (- 1 ) = + 1 ; 

(+!)(+€) = +€; ( + !)(—€) = — c; ( — 1)(4'6) = — €; 

(-!)(-€) = +€; (+€)(+€) = - 1 ; (+€)(- 6 ) = + 1 ; 

- (-€) = - 1 . 

"From this it is seen that e = \/ — 1; and the divergence of tiu^ 
product is determined such that not any of the common rules of 
operation are contravened.” 

On Wessebs scheme of representation the terminal point P 
of a right line (line-vector) OP drawn from the origin 0 in the plane 
of the units +1 and \/ — 1 represents a complex number^ say 
a -f- b\/ — 1 ; and, similarly, the terminal point Q of a line-vector 
OQ represents another complex number, say c + d-x/ — 1. In 

these representations, a, b and c, d, respectively, may be considered 
as plane rectangular Cartesian co-ordinates with respect to Car- 
tesian axes whicl^oincide with those associated with the unit + 1 
and the unit !• 

The complex numbers a + 6*\/LTi and c + d\/^l can be said 
to specify the line-vectors OP and OQ, respectively. The product 
of the two line-vectors is a new line-vector, say OS, also in the plane 
of the units, specified by a complex number which is the product of 
those specifying OP and OQ and which is obtained as follows: 

(a -f 6V “■ 1) (c 4- dV — 1) = ac — W -h (ad + he) \/ — L 
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The relationship of the product to the factors is better stated 
through the trigonometric expressions for the complex numbers 
which specify them, or better still through the corresponding 
exponential expressions. We can write: 

a -f by/ 1 = r(cos 6 -h-v/ — -T sin 6) == 
c ^ 1 = s(cos 4> +\/~— i sin 4) — 

where r denotes the length of the line-vector OP and d the angle 
which it makes with the positive direction of the axis of reals, and 
5 and 4 have similar meanings for the line-vector OQ. The third 
equation back can then be written in the form : 

(re ) (se ) = rse 

Here, the expression on the right specifies the line-vector product 
of the line-vectors specified by the factors on the left. The line- 
vector product lies in the plane of the factors, has a length equal 
to the product of the lengths of the factors, and makes an angle 
with the positive direction of the axis of reals which is equal to the 
sum of the angles made by the factors with the same direction. 

It follows that any one of the equivalent expressions 

a + by/ — 1, r(cos Q + y/ — 1 sin d)y 

can be considered as a plane operator which has the property of 
rotating a line-vector drawn from the origin in the plane of the 
real and imaginary units through the angle B in the direction reck- 
oned as positive, and stretching it in the ratio r: 1. 

These results have found numerous physical applications, 
particularly in the theory of alternating currents. 

The method of Wessel, before the publication of the French 
translation of his paper in 1897, was commonly attributed to other 
writers, in particular to J. R. Argand, whose name is often associated 
with WesseFs construction. 

Wessel sought to extend his method to space of three dimensions, 
and had he been successful would very likely have been led to the 
invention of quaternions. 

This unsolved problem was taken up by the French mathe- 
matician Servois, whose results were published in 1813 in Gergonne's 
AnnaUs, He sought to find by analogy from the complex expres- 
sion a + by/ i for a lino-vector in a plane, a corresponding 
expression for a line-vector in space of three dimensions, and sug- 
gested for a unit line-vector the form : 
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p cos a + q cos r sin 7, 

where «, 7 are its direction angles with respect to three axes, 

and where p, r are non-real quantities wh ich he thought might 
be reducible to the general form A + jB\/ — 1. This, however, 
he was not able to prove, but it turned out later that the p, <7, r 
of Servois are equivalent to three of the fundamental units in 
Hamilton's theory of Quaternions. 

The invention of Quaternions was announced by Sir William 
Rowan Hamilton (1805-1865), professor of astronomy in the 
University of Dublin and Royal Astronomer of Ireland, at a meeting 
of the Royal Irish Academy in November, 1843. 

The specification of a quaternion requires in general four rt^al 
parameters, the unit +1 of real numbers, and throe oihvr units, 
i, j, k, whose properties will be given presently. That four real 
parameters are required in general for the specification, follows from 
the property which a quaternion must possess when considered as 
an operator, analogous to the plane operator a + b^/ — 1, of rotating 
a line-vector through a given angle about an axis through its 
initial point and stretching it in a given ratio; for two pariuneters 
are required to specify the axis, one to specify the angle of rotat ion, 
and one to specify the stretch-ratio, making four parameters in all. 

The fundamental units i, j, k on Hamilton’s quaternionic scheme 
are subject to the following rules of multiplication: 

jk = -kj == i; 
ki == — ik = j; 
ij = -.ji = k; 
p = j2 ^ k^ - -1. 

It will be noticed that for these units the commutative law of 
multiplication has been abandoned. 

A quaternion q can be expressed in the form : 

q = w 4- ai -h 5 j 4- ck- 

It consists of two parts: a Scalar w and a Vector 

V = ai -h 5 j 4" ck, 

where a, b, c are rectangular Cartesian co-ordinates of a point P 
and the units i, j, k represent unit vectors in the positive directions 
of the corresponding axes. This vector specifies a line-vector from 
the origin 0 to the point P, 

The criterion of equality of two quaternions is that their scalar 
parts shall be equal and that the coefficients of their i, j, k-units 
shall be respectively equal. 
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Two quaternions are added by adding their scalar parts and 
adding the coefficients of each of the i, j, k-units to form new 
coefficients for those units. The sum of two quaternions is there- 
fore itself a quaternion. 

All the familiar algebraic rules of multiplication are supposed 
valid in operating with quaternions, except that in forming products 
of the units i, j, k the rules given above, which do not include the 
commutative law, must be used. 

When these rules are borne in mind, the product of two qua- 
ternions can easily be shown to be a quaternion. The product of a 
quaternion w -f- ai + + ck and a vector xi + y] + sk is of special 

interest. It is expressed as follows: 

(o; “f ai + 6j + ck) {xi + y) zk) = — (aa; + by cz) 

+ {oox bz — cy) i 
+ {<^y cx — az) j 

+ (o)z + ay — bx) k. 

By a proper choice of the four parameters w, a, b,Cy this quaternion 
can be reduced to any assigned vector a:'i + y' j + z'k ; the criterion 
of equality of two quaternions requires that the coefficients of 
each of their four units, +1, i, j, k, shall be respectively equal; 
hence, to effect the reduction we must have : 

ax by + cz — 0 , 
oox -i- bz — cy = x\ 

(xy cx — az = y\ 

(xz ay -- bx — z\ 

These four equations suffice to determine the four parameters 
w, a, bj Cj in terms of x, y, z and x\ y\ z'. 

This result is of special importance since it supplies the operator, 
viz: the quaternion co + ai + 6j + ck, which will rotate a line- 
vector through a given angle about a given axis in space through 
its initial point and stretch it in a given ratio. 

By forming on Hamilton's scheme the product of two vectors, 
a quaternion results, thus: 

(ai + 6j + ck) (xi + ?/ j + 2 k) = — (ax + 5?/ + cz) 

+ {hz - cy) i 
+ (cx — az) j 
+ {ay-bx)k; . 

the negative of the scalar part of this quaternion would now be 
called the scalar product, and the vector part the vector product 
of the two vectors. 
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A scalar function w (a;, y, t), where a;, y, z are the co-ordinates 
of a point P{Xj y, z) in space, is called a scalar point function. 
Hamilton introduced the corresponding idea of a vector point func- 
tion, say v{Xi 2/, z)^ having a value at each point P(a:, y, z) of space, 
depending on the position of the point. 

In his development of the calculus of quaternions Hamilton 
was led to the invention of the important differential operator : 


•A 

^dx 




^dy dz 

If u denote a continuous scalar point function, then : 

.a . .a . , a' 


Vu= 

,du 


^dx ^a^ 


- 4. 4. 

dx ^ hv ^ ^dz ^ 


and V acting upon a continuous scalar point function u therefore 
produces a vector point function, now known as the gradient of 
u; it represents in magnitude and direction the greatest space rale 
of increase of u. 

If v( = Vii + + vzk) denote a continuous vector point 

function, then: 

= (tx + % + 4 ) 

_ _L. ^"2 

W dz) 

(bvi 5t)2\ . 

\dy ~dz ) 

^\dx dy/^^ 

and the result of operating with V upon a continuous vector point 
function v is to produce a quaternion; the scalar part of this qua- 
ternion is the negative of what is now called the divergence of v, 
and the vector part is what is now called the curl of v* 

In spite of the many beautiful and suggestive results brought 
forward by Hamilton in his development of the algebra and calculus 
of quaternions, a few of which have been noticed above, the qua- 
ternionic scheme failed to meet in an entirely satisfactory way the 
requirements of mathematical physicists, notwithstanding able 
advocates. 
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Hamilton, in his Lectures on Quaternions (1853), developed the 
subject from a geometric point of view, but there is little doubt 
that his invention of quaternions was the result of algebraic rather 
than geometric reasoning, in following which he was actually 
engaged in the development of a quadruple algebra. 

Vector and tensor algebra can be considered as a branch of 
multiple algebra, their common origin being found in the early 
attempts at geometrical representation of complex numbers, in 
which are involved the fundamental notions of double algebra, 
as the method of Wessel, outlined above, clearly shows. Long 
before the invention of quaternions, August Ferdinand Mobius 
(1790-1868) published (1827) his remarkable treatise on Der 
Barycentrische Calcul in which the initial steps were taken in the 
development of a quadruple algebra, but he was unable to discover 
appropriate rules to govern the formation of products of multiple 
quantities, such as Hamilton found later for his quaternions and 
Grassmann for his Extensive Grossen. 

In the year 1844, the next following that in which Hamilton 
announced his discovery of quaternions, Hermann Grassmann 
(1809-1877), professor of mathematics in the gymnasium at Stettin, 
Germany, published the first edition of his celebrated treatise on 
space analysis, entitled Die Lineale Ausdehnungslehre^ ein neuer 
Zweig der Mathematik. In this edition he developed a non-metrical 
geometry of points, applicable to space of any number of dimen- 
sions, from a somewhat abstract philosophical point of view which, 
apparently, was distasteful to the mathematicians of his time, for 
in spite of its remarkable originality and suggestiveness the book 
attracted little attention for many years following its publication. 
On this account, probably, the book was revised and rewritten in 
more readable form and a second edition, entitled Die Ausdehnungs- 
lehre, vollsidndig und in strenger Form hearheitet, was published in 
1862. Our discussion here must be confined to mention of that 
part of Grassmann’s great work which is specifically concerned 
with the algebra of vectors and tensors. 

At the beginning of the second edition of the Ausdehnungslehre, 
Grassmann introduced the notion of a sort of hyper-number which 
he called an Extensive Grosse, An example of such a hyper-number, 
called a primary hyperHnUmber, is furnished by the polynomial 

n 

OCltl + 0:262 + . • • + 0£„e„ = ^ OrCr, 

r 

where the o-coefficients denote ordinary numbers and the e's certain 
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primary units upon which, as will be explained below, various 
conditions may be imposed. 

Two such primary hyper-numbers are added as follows: 

^ oirOf + 

r r r 

Multiplication and division of hyper-numbers by ordinary num- 
bers are subject to the laws of ordinary algebra. 

The general product of two primary hyper-numbers is formed 
as follows: 

n n n 

r r r,s 

where the products 6,6, of two primary units are called units of the 
second order, the number of such units being equal to n^. Upon 
these units special conditions may be imposed in a variety of ways, 
and according to the nature of such conditions special products 
may be derived, among which here are two of special importance 
in vector and tensor algebra, viz: the Inner Product and the Outer 
or Combinatory Product. 

In the case of an inner product the units of the second order are 
subject to the following conditions: 

CrlCr = 1, Crle. = 0, (S f), 

where the vertical line between two units indicates that their inner 
product is to be understood. 

In the case of an outer product the conditions to which the units 
of the second order are subject are as follows: 

[er6r] = 0, == [e«er]) 

where the square brackets enclosing two primary units indicate 
that an outer product is to be understood. 

The significance of such products (and of others of higher order 
formed in similar ways) with relation to the affine geometry of a 
space of n-dimensions was defined and explained in great detail by 
Grassmann. For the purposes of the present review it will suffice 
to consider the significance of the inner and outer products of two 
hyper-numbers representing vectors in space of 3-dimensions. 

Consider the two primary hyper-numbers: 

a = aiBi -f a2C2 + OEaCa, 

5 = 



HISTOEICAL INTEODUCTION 


xxi 


where ei, €2, es are primary units, represented geometrically by 
directed line-segments of unit length drawn from a common origin 
so as to determine a right-handed orthogonal system of axes; 
aiCi, a2e2i ^363 are multiples of the primary units, represented 
geometrically by orthogonal projections upon these axes of a 
directed line-segment in space representing a, drawn from the origin, 
and /SiCi, ^2^2} have a corresponding significance for a second 
directed line-segment representing the term Strecke, for which 
the term line- vector will be substituted, was used by Grassmann 
to designate a directed line-segment. 

With the aid of the inner product rules for primary units stated 
above the inner product of a and 3 can be expressed as follows : 


Evidently: 


al3 == + a2i^2 + QCa03. 


31a = al3. 


The numerical value or magnitude of a hyper-number is defined as 
the positive square root of the inner product of the hyper-number 
by itself. Hence, if a and /3 denote the magnitudes of a and 3 
respectively: 

a ~ Vo!? + 0:2 + ^ -{- /3| + ^ 2 . 


The magnitudes of the hyper-numbers a and 3 are therefore numeri- 
cally equal to the lengths of the line- vectors which represent them 
geometrically. If d denote the angle between these line-vectors, 
then: 


Nap a p a p / 


cos 9 , 


With the aid of the outer product rules for units of the second 
order the outer product P of the hyper-numbers a and 3 can be 
expressed as follows: 

p = [ag] == {a 2 pz — az^ 2 ) [6263! 

+ — ai/Ss) [0361] 

+ (oii^2 “• 0f2/3i) [eiCa]- 

This product is a hyper-number of the second order and is expressed 
in terms of independent units of the second order. Its numerical 
value (magnitude) P is defined as \/P\P\ the definition of the 
inner product of two hyper-numbers of the second order is such as 
to give; 
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P = VPIP = KaziSs - «3i32)" + (asjSi 
{ai Pi . az p2 


2 ii 


= 0:^1 


I ^ , 

a a 0 a 


■ aifizY + (aift - a 2 i 3 i)=^ { 
az Pz 


yf 


= sin 6 . 

Hence, the magnitude P of the outer product [aj] is represented 
geometrically by the area of the parallelogram constructed upon 
line-vectors which are the geometrical representations of a and 
This area together with a unit line-vector normal to it was 
called by Grassmann a Plangrdsse, for which we use as an equivalent 
term Vectorial Area; the direction of the unit line- vector normal is 
usually chosen by convention so that, if the line-vector representing 
a undergo a rotation about it toward that representing 5, then the 
directions of the normal and of the rotation will be related as the 
thrust and twist of a right-handed screw. With this convention 
the vectorial area representing the outer product [ga] is the negative 
of that representing the outer product [ag], as it should be since 
[5a] = —[ag]. 

Referring again to the expression found above for the outer 
product of a and 5, viz: 

p = [ag] = [6263] 

+ (« 3 ^i — OLifiz) [6361] 

+ (o:i/?2 — OL^^l) [6162], 


the units of the second order on the right represent vectorial areas 
on the co-ordinate planes, having for their associated unit normals 
the unit line- vectors representing the primary units Ci, es, respec- 
tively; the quantity [6263] is represented geometrically 

by a vectorial area in the 62, es-co-ordinate plane whose associated 
unit normal is ±ei, according as the numerical coefficient ~ 
^3102 is positive or negative, and this vectorial area may be con- 
sidered as the orthogonal projection on the €2, e 3-co-ordinate plane 
of that representing [ag] 5 corresponding quantities involving 
the units [0361] and [0162] each have a similar significance. Con- 
sequently, vectorial areas may be resolved into components much 
in the same manner as line-vectors are resolved into components. 
It follows that vectorial areas may be added in a manner quite 
analogous to that in which line- vectors are added. 

Another product possessing an important geometrical signifi- 
cance was formed by Grassmann by taking the inner product 
of an outer product [aj] of two primary hyper-numbers a, 5> 
with a third primary hyper-number y. This product (Q) for 
3 -dimensional space is evaluated as follows: 
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“ i(X2pz —. 0 : 3 ^ 2 ) 7i + («3/5 i — aiffz) 72 + (aA ^ OL2ffi) 73,* 

hence, expressing the result in determinantal form: 

Q == cii fii 7i 

0C2 02 72 
az 0 z 73 

Consequently, Q can be interpreted geometrically as the volume of 
a parallelepiped constructed upon line- vectors which are the 
geometrical representations of the primary hyper-numbers a, T> 
the volume being reckoned positive or negative according as the 
numerical value of the determinant possesses a + or ~ sign; this 
sign will be + or — according as the line-vectors representing 
a, 5 , 7 , when drawn from a common origin, form a right- or a left- 
handed system. 

Grassmann’s inner product of two primary hyper-numbers for 
the case of 3-dimensional space is equivalent to the negative of the 
scalar part, and the outer product is equivalent to the vector part, 
of Hamilton's quaternionic product of two vectors. 

While the geometric algebra of Grassmann for 3-dimensional 
space and the quaternionic algebra of Hamilton have much in 
common, they differ essentially, as Professor J. Willard Gibbs often 
and forcibly pointed out, with regard to the status allotted to vectors 
and vectorial operations. In the theory of quaternions the vector 
makes its appearance as a subsidiary affiliate of the quaternion, 
in spite of the fact that the concept of a vector is far simpler than 
that of a quaternion, while in Grassmann^s geometric algebra the 
vector appears naturally as a basic quantity. 

Grassmann must also be given credit as the originator of the 
idea of treating matrices as hyper-numbers, an idea which was later 
developed independently by the great English mathematician 
Arthur Cayley (1821-1895), Sadlerian professor of mathematics at 
Cambridge. Cayley’s great paper A Memoir on the Theory of 
Matrices was published in the Philosophical Transactions in 1858; 
in this paper he showed that the multiplication law for matrices 
of the same order and with complex elements includes the qua- 
ternion as a special case. The importance' of matrix theory in the 
mathematical machinery (including vector and tensor algebra) of 
modern physics need not be specially emphasized here, but in this 
connection a prophetic statement made by Cayley’s friend, Pro- 
fessor Tait of Edinburgh, is of interest, viz: ^‘Cayley is forging the 
weapons for future generations of physicists.” From the point 
of view of vector and tensor algebra Cayley’s contributions to the 
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theory of invariants must be considered of outstanding importance; 
vectors and tensors are, perhaps, most satisfactorily defined through 
their invariant properties, in accordance, for example, with the 
procedure followed in Chapter X of the present book. 

Chronologically, it would be appropriate to mention here the 
contributions of the German mathematician Riemann and his 
followers to the geometric theory of n-dimensional non-EucIidean 
manifolds, which are basically associated with the development of 
tensor analysis. This development, however, did not take place 
until much later, and it therefore seems preferable to defer further 
reference to these contributions until the historical development of 
vector analysis for space of 3-dimensions has been more fully traced. 

Peter Guthrie Tait (1831-1901), sometime professor of mathe- 
matics in Queen’s College, later professor of natural philosophy in 
the University of Edinburgh, attracted to Hamilton’s theory of 
quaternions by its promise of usefulness in physical applications, 
became, after Hamilton, its chief advocate. From the time when 
he began the study of quaternions, shortly after his appointment in 
1854 to the chair of mathematics in Queen’s College, Tait’s thought 
was largely devoted to this subject, and many articles from his pen 
urged the adoption of quaternions by physicists as the physical 
calculus par excellence^ but notwithstanding his able championship 
the quaternionic cause was doomed to ultimate failure in this 
direction; quaternions were not precisely what the physicists 
wanted. In his loyal and enthusiastic support of Hamilton and his 
quaternionic ideas Tait was not inclined to give proper recognition 
to Cartesian co-ordinate methods in connection therewith. Apropos 
of this matter, the following quotation from Hamilton is contained 
in a letter from Tait to Cayley ‘^I regard it as an inelegance, or 
imperfection in quaternions, or rather in the state to which it has 
been hitherto unfolded, whenever it becomes or seems to become 
necessary to have recourse to x, y, etc.” Cayley could never 
understand Tait’s position in this connection, nor could Tait under- 
stand that of Cayley, and many letters relating to the matter 
passed between them, but their points of view remained irrecon- 
cilable. Incidentally, in one of his letters Cayley made the follow- 
ing significant statement: “I certainly did not get the notion of a 
matrix in any way through quaternions: it was either directly from 
that of a determinant, or as a convenient way of expression of the 
equations: 

The letter is quoted in full in Chapter IV of The Life and Sdeniific IForib of 
F, G. Tally published in 1911 by the Cambridge University Press. 
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x' — ax by, 
yf ^ cx + dy.^' 

Professor James Clerk Maxwell (1831-1879), Cavendish pro- 
fessor of physics in Cambridge University, was no doubt greatly 
influenced in his attitude toward quaternions by his friend Professor 
Tait. In his celebrated theoretical treatise Electricity and Mag- 
netism, published in 1873, he made use in some measure of the 
notation and terms of quaternions but little of its operational 
methods, perhaps on account of his fear that they would not be 
properly understood by the great majority of his readers or, perhaps, 
because he was not himself fully convinced that quaternionic 
methods were best adapted to the exposition of his theory. 

To Maxwell we owe the significant terms Convergence (negative 
Divergence) and Curl of a vector — terms which have become perma- 
nent in the nomenclature of mathematical physics and of vector 
analysis. 

While a great admirer of Hamilton’s quaternionic system as 
presented and advocated by Tait, his letters to Tait touching upon 
the subject indicate that Maxwell himself never became a thorough- 
going quaternionist; in one of these letters he whimsically sum- 
marizes some of his difidculties relating to quaternions as follows : 

Here is another question. May one plough with an ox and an 
ass together? The like of you may write everything and prove 
everything in 4nions, but in the transition period the bilingual 
method may help to introduce and explain the more perfect. 

But even when that which is perfect is come that which builds 
over three axes wiU be useful for purposes of calculation by the 
Cassios^^ of the future. 

^^Now in a bilingual treatise it is troublesome, to say the least, 
to find that the square of A B is always positive in Cartesians and 
always negative in 4nions, and that when the thing is mentioned 
incidentally you do not know what language is being spoken. 

Are the Cartesians to be denied the idea of a vector as a sensible 
thing in real life till they can recognize in a meter scale one of a 
peculiar system of square roots of — 1? 

^^It is always awkward when you are discussing, say, kinetic 
energy, to find that to ensure its being -+• ve you must stick a 
— sign to it, and that when you are proving a minimum in certain 

The letter is quoted in full in Chapter IV of The Life and Scientific Work 
of P. G. Tail, published in 1911 by the Cambridge University Press. 

An allusion to a passage in Othello, Act I, Scene 1, 1. 18: 

“And what was he? 

Forsooth, a great arithmetician,*^ 
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cases the whole appearance of the proof should be tending toward a 
maximum. 

What do you recommend for El. and Mag. in such cases?'^ 

In the same letter Maxwell asks of Tait: 

'^Do you know Grassmann’s Ausdehnungslehref Spottiswood 
spoke of it in Dublin as something above and beyond quaternions. 
I have not seen it, but Sir William Hamilton of Edinburgh used to 
say that the greater the extension the smaller the intention.” 

Unfortunately, Tait’s replies to these searching questions of 
MaxwelPs, striking at the very roots of the difficulties which mathe- 
matical physicists were finding in the applications of quaternions, 
are not available. 

The question relating to Cartesians appears to indicate a feeling 
on Maxwell’s part that what mathematical physicists really wanted 
was a vector algebra not divorced from but rather closely associated 
with Cartesian methods. Had Maxwell himself been acquainted 
with Grassmann’s Ausdehnungslehre, it seems probable that he 
would have been led to adopt a system of vector algebra closely akin 
to those developed by J. Willard Gibbs in America and Oliver 
Heaviside in England. 

Josiah Willard Gibbs (1839-1903), professor of mathematical 
physics in Yale College, had printed (1881-84) for private distri- 
bution among his students small pamphlets on the Eleme7its of 
Vector Analysis, His viewpoint is set forth in an introductory 
note as follows: 

‘^The fundamental principles of the following analysis are such 
as are familiar under a slightly different form to students of quater- 
nions. The manner in which the subject is developed is somewhat 
different from that followed in treatises on quaternions, being 
simply to give a suitable notation for those relations between vec- 
tors, or between vectors and scalars, which seem most important, 
and which lend themselves most readily to analytical transforma- 
tions, and to explain some of these transformations. As a prec- 
edent for such a departure from quaternionic usage Clifford’s 
KineTmtics may be cited. In this connection the name of Grass- 
mann may also be mentioned, to whose system the following method 
attaches itself in some respects more closely than to that of 
Hamilton,” 

Although printed for private circulation, Gibbs’s pamphlets on 
vector analysis became fairly well known generally, and in course of 
time there arose a considerable controversy on the issue of Quater- 
nions vs. Vector Algebra. On one side were aligned the leading 
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supporters of quaternions, and on the other Professor Gibbs and Mr. 
Oliver Heaviside, who stoutly maintained the advantages of a 
vectorial over a quaternionic treatment of vectors. The question 
at issue was eventually decided in favor of the advocates of the 
treatment of vectors by purely vectorial methods. 

The vector algebra developed by Gibbs, based on fundamental 
ideas of both Grassmann and Hamilton, is essentially that now to be 
found in most textbooks dealing with this subject, and there are 
indications that even his notation in its most important details 
may at last receive fairly universal acceptance. 

The treatment of the linear vector function with the associated 
subject of dyadics, a branch of multiple algebra, constitutes without 
doubt the most original part of Gibbses contributions to vector 
analysis. A rather extended treatment of this phase of his work is 
given in the text of the present book, sufficient it is hoped to enable 
the reader to obtain a fair idea of the remarkable power and use- 
fulness of the dyadic method. It may be of interest in this connec- 
tion to mention a remark attributed by Professor Bumstead to 
Gibbs himself, to the effect that he (Gibbs) had more pleasure in 
the study of multiple algebra than in any other of his intellectual 
activities. 

The presentation in book form of his work on vector analysis 
was not undertaken by Gibbs himself, but in 1901 an extensive 
treatise on the subject based on the lectures of Gibbs was published 
by Professor E. B. Wilson. This book proved to be of inestimable 
value in advancing the vector cause. 

During the long drawn out controversy over the merits of 
vectorial and quaternionic methods in physical applications the 
leading supporter of vectorial methods in England was Oliver 
Heaviside (1850-1925) who in the early part of his scientific career 
was a telegraph and telephone engineer. He retired to country 
life in 1874 and devoted himself to writing, principally on subjects 
relating to electricity and magnetism. In his book entitled Electro- 
magnetic Theory^ published in 1893, the tenth chapter, consisting 
of about 175 pages, is devoted to an exposition of the elements of 
vectorial algebra and analysis with applications. Here, in the 
beginning, he makes a vigorous argument in favor of vector methods. 
The subject itself, with which he had been occupied since 1882, 
he developed along lines which are quite in harmony with the point 
of view of Gibbs, although as regards the notation introduced by the 
latter he frankly states that he does not like it, and adopts one of his 
own based upon Tait’s quaternionic notation. A characteristic 
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feature of his treatment of the subject is the blending of vectorial 
with Cartesian methods. The theory of the linear vector function 
is given by Heaviside in a distinctive form of his own. 

The first significant use of vector methods in textbooks on 
mathematical physics in Germany is found in A. FoppFs Geometrie 
der Wirhelf elder ( 1897 ), published as an extension of his earlier book 
Einleitung in die Maxwellsche Theorie, which was rewritten by Max 
Abraham, and published in two volumes in 1904 . The first chapter 
of the first volume contains a remarkably clear presentation of the 
algebra and calculus of vectors. 

By the beginning of the present century, physicists everywhere 
were quite convinced that a vector analysis in some such form as 
that of Gibbs or Heaviside was what they really wanted rather than 
quaternions. Consequently, textbooks on vector analysis began 
to make their appearance in America, England, Germany, Italy, 
and France in numbers too numerous to allow of individual niention 
here; references to some of them will be found at the end of the 
present book. 

The influence of physical science upon the development of vector 
analysis during the period which has now been reviewed cannot 
have escaped the notice of the reader. Without such influence it is 
quite probable that the subject would have evolved in the hands of 
pure mathematicians in a manner more logical, perhaps, or at any 
rate more satisfactory as regards mathematical form. It . '’trht, 
for example, have been developed as a geometric algebra and calcu- 
lus based upon an invariant theory of orthogonal substitutions 
along some such lines as those sketched by Professor Felix Klein in 
his interesting book Vorlesungen iiber die Entwicklung der Mathe- 
matik im 19. JahrhxLndert, and from the point of view of its appli- 
cations in modern physics it would, perhaps, have been better had 
this been the case. 

Albert Einstein (I879”|f55)> while engaged as an engineer 
in the Swiss patent oflBice, greatly stirred the scientific world by 
the announcement of his Restricted Relativity Theory (1905) in 
Wiedermann^s Annalen, 17. In 1914 Einstein accepted a call to the 
Prussian Academy of Science, Berlin, as successor to the celebrated 
physical chemist van^t Hoff. Two years later his General Relativity 
Theory ( 1916 ) was announced in Wiedermann^s Annalen^ 49* 

Einstein's revolutionary views on the relativity of physical 
phenomena created interest of a most lively sort among physicists, 
philosophers, and mathematicians throughout the world. Mathe- 
maticians were specially interested on account of the nature of the 
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mathematics which Einstein found it expedient and even mandatory 
to use in the exposition of his theories. 

The exposition of the restricted theory, involving the necessity 
for the discussion of the properties of 4-dimensional pseudo-Eucli- 
dean manifolds (space-time), is best made with the aid of vectors 
and tensors associated with such manifolds; and the exposition of 
the general theory, involving the discussion of the properties of 4- 
dimensional non-Euclidean manifolds (space-time), actually 
demands the use of a special calculus of vectors and tensors asso- 
ciated with such manifolds; fortunately, the calculus required had 
already been developed by mathematicians in pre-relativity times, 
but had not then attracted particular notice from physicists. It is 
essential for the purposes of the present review at least to mention 
the activities of the various mathematicians which led to the 
elaboration of this calculus. 

A surface represents the only variety of non-Eucidean manifolds 
capable of actual visualization, and the origin of the metrical geom- 
etry of non-Euclidean manifolds in general is found in the work of 
the German mathematician Karl Friedrich Gauss (1777-1855), 
professor of mathematics in the University of Gottingen, in which 
the metrical geometry of an ordinary surface is developed from the 
standpoint of its intrinsic properties, whereby is meant properties 
which require for their specification no elements which lie outside 
the surface itself. Gauss showed that all the metrical properties 
of any surface figure could be expressed through the coefficients of a 
differential quadratic form associated with the surface, viz: 

—2 

ds = giiduidii 2 -f gi 2 duidu 2 + g 2 ].du 2 diii -f g 22 du 2 du 2 , {gii = gn), 

where d~s^ represents the square of the distance between two 
infinitely near points of the surface, and the du’s the differentials of 
co-ordinates intrinsic to the surface and now known as Gaussian 
co-ordinates (defined in Art. 31). 

The metrical properties of surface figures remain undisturbed 
under any distortion of the surface which does not involve stretching 
or tearing, and Gauss showed how a curvature (Gaussian) at any 
point of a surface could be defined, and expressed in terms of the 
first and second derivatives with respect to the co-ordinates of the g- 
coefficients of its differential quadratic form, which also has the 
property of remaining invariant under such distortion. 

If new Gaussian co-ordinates for a surface be introduced, the 
metrical ^-coefficients will be altered, but the differential form itself 
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must be regarded as an invariant, since the distance between the two 
generic points will not thereby be changed. 

Guided to some extent by Gauss’s intrinsic geometry of surfaces, 
Bernhard Riemann (1826~'1866), also a professor of mathematics at 
Gottingen, developed an intrinsic geometry for non-Euclidean 
manifolds of any number of dimensions. A point in a manifold of 
n-dimensions is represented by special values assigned to n variable 
parameters, and the aggregate of all such possible points constitutes 
the n-dimensional manifold itself, just as the aggregate of the points 
on a surface constitutes the surface itself. The n variable para- 
meters are called co-ordinates of the manifold. It was Riemann ’s 
idea to endow any such manifold with metrical properties by defining 
the distance between two generic points, whose corresponding 
co-ordinates differ only by infinitesimal amounts, by making the 
square of this distance an invariant expressible as a differential 
quadratic form in the co-ordinate differences of the two points, 
corresponding to that of Gauss for a surface. 

Riemann’s differential quadratic form for an n-dimensional 
manifold is expressed as follows : 

-2 

ds = ^gijduiduj, {ga « ga, i,j =1,2,... n), 

where dP denotes the square of the distance between the two 
generic points and the dn’s denote co-ordinate differences for the 
two points. Following an analogous procedure to that used by 
Gauss for the case of a surface, Riemann showed how a metrical 
geometry could be developed with this differential form as a basis 
for an ? 2 ^dimensional manifold in which all its metrical properties 
are determined by the gr-coefficients of the form. He also defined 
what is to be understood by the curvature at any point of such a 
manifold; the curvature depends upon the first and second deriva- 
tives with respect to the co-ordinates of the coefficients of the 
differential quadratic form which determines the metrical properties 
of the manifold. 

If the coefficients of the differential quadratic form for an n- 
dimensional manifold are all constants or can all be made so by 
transformation of the co-ordinates, the manifold is said to be 
Euclidean. At all points of a Euclidean manifold the Riemannian 
curvature vanishes. 

In his Pariser Preisarbeit (1861) Riemann established the condi- 
tions under which the fundamental differential quadratic form for 
an w-dimensional manifold will reduce to a sum of squares of the 
co-ordinate differentials, in which case the manifold is Euclidean, 
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Riemann's fundamental ideas relating to non-Euclidean mani- 
folds were set forth at Gottingen in 1854 in his Hahilitationsvortrag, 
which was published as an article in the Gotiinger Abhandlungen in 
1868, two years after his death. The publication of this article 
created intense interest among the mathematicians of the time and 
some of them set to work to cultivate the promising field which 
Riemann^s original concepts disclosed. Among the most prominent 
of these were Beltrami, Christoffel, and Lipschitz. The contribu- 
tions of these mathematicians to the geometry and calculus of 
Riemannian manifolds were of special importance in connection 
with the subject matter of the present review in that they prepared 
the way for the development of an algebra and calculus of such 
manifolds — the algebra and calculus of tensors. 

This development was due chiefly to the great Italian geometer 
G. Ricci (1853-1925), professor of mathematics in the University of 
Palermo, who must be regarded as the founder of the tensor calculus, 
now fully recognized as one of the most important mathematical 
aids in theoretical physics. A memoir on the Methodes de calcul 
differential et leurs applications, published in the Math, Ann., Vol. 
54, 1901, written by Ricci in collaboration with his pupil Levi- 
Civita, gives a systematic account of Ricci’s classical researches in 
the field now under consideration. 

Tullio Levi-Civita (1873- ), professor of mathematics in the 

University of Rome, contributed to the improvement of Ricci’s 
absolute calculus through his introduction of the notion of parallel- 
ism in connection with the differential geometry of non-Euclidean 
manifolds. In his book entitled Lezioni di calcolo differenziale 
assoluto (1925) his concept of parallelism is expounded at length 
and a presentation is given in extenso of the principles of tensor 
algebra and calculus. An excellent English translation of this book 
was made by Miss Marjorie Long and published under the title 
The Absolute Differential Calculus. 

References to other important texts dealing with the absolute 
calculus and its relativity applications will be found at the end of 
the present book. 

The present review cannot be brought to a close without a 
specific reference to a paper entitled Vektorielle Begrilndung der 
Differentialgeometrie by Gerhard Hessenberg of Breslau, which 
appeared in 1916 in volume 78 of the Mathematische Annalen. In 
this paper Hessenberg directs attention to the advantages secured 
by regarding tensors as hyper-numbers in the sense of Grassmann’s 
Extensive Grbssen (see above) . Conformably to Hessenberg’s views, 
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a tensor can be identified with a homogeneous multilinear form in 
primary base-vectors which is invariant under co-ordinate trans- 
formations; the scalar coefficients of this form are commonly known 
as tensor components. For example, a homogeneous linear form 
represents a tensor of the first rank, or vector; a homogeneous 
bi-linear form represents a tensor of the second rank, or dyadic. In 
co-ordinate transformations the components of a tensor do not 
behave as invariants, but the tensor itself is an invariant, and to this 
fact can be traced the chief advantages arising from the considera- 
tion of tensors as hyper-numbers in the Grassmannian sense. 

The treatment of tensors in the last chapter of the present book 
is in conformity with the point of view of Hessenberg. 
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CHAPTER I 

THE ELEMENTS OF VECTOR ALGEBRA 

§1 

Scalar and Vector Quantities — Line-Vectors 

Among the quantities dealt with by mathematicians and 
physicists there are many which, for their purposes, are adequately 
characterized by the specification of their magnitudes^) only; such, 
for example, are mass, volume, temperature and entropy. Quan- 
tities of this sort are called Scalar Quantities. 

They have also continually to deal with many quantities each 
of which, for their purposes, requires the specification of a magni- 
tude and a direction; such, for example, are displacement, velocity, 
acceleration, force, and electric field intensity. Quantities of this 
sort are called Vector Quantities. 

The simplest example of a vector quantity is one which in this 
book will be called a Line- Vector. 

If P be any point in space and Q any other 
point, then a directed straight line-segment from P 
to Q is called a Line-Vector. 

The pure number expressing its length in terms 
of the unit of length adopted is called the magni- 
tude of a line-vector. 

Two line-vectors of the same magnitude and 
direction are said to be equal. 

Two or more line-vectors are said to be collinear 
when parallel to the same line, and coplanar when parallel to the same 
plane. 

A line-vector from P to Q can be represented graphically, as in 
Fig. 1, by an arrow with its tail at the initial point P and its tip 

at the terminal point Q. It may be designated by PQ. For the 

The magnitude of any quantity is a pure number expressing the ratio of 
the size of the quantity to the size of the unit adopted for its measurement. 

1 
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present a line«veotor will usually be denoted by a single letter, v 
for example, in bold-faced type and its length by the same letter, 
r, in italic type; later, when it becomes necessary to make a dis- 
tinction between line-vectors and vectors, an underlined letter in 
bold-faced type will be used to denote a line- vector. 

The primary operations of Vector Algebra are concerned with the 
addition and subtraction of line-vectors in accordance with rules 
which, as will be seen, are analogues of those governing the cor- 
responding operations of Scalar Algebra. 

§2 

Addition and Subtraction of Line-Vectors 

A line- vector b is added to a line- vector a by adjoining its 
initial point to the terminal point of a as shown in Fig. 2(a), and 
then drawing a line-vector from the initial point of a to the 
terminal point of b ; this line-vector is called the resultant or sum 
obtained by adding b to a and is denoted by a -1- b. 

In a similar manner a can be added to b as shown in Fig. 2(b), 
and the resultant or sum denoted by b -f a. It is evident that 


b a 




figures (a) and (b) are equal triangles which may be adjoined, as 
shown in Fig. 2(c), to form a parallelogram with a vector diagonal 
equivalently represented by a -f b or by b -f a. Therefore, the 
resultant or sum of two line-vectors can be obtained by drawing 
them from a common origin, completing a parallelogram upon them 
as sides, and drawing a line-vector from their common origin to the 
opposite vertex of the parallelogram, this line-vector being the 
resultant or sum required. The two line- vectors are therefore said 
to be added in accordance with the parallelogram law*^ of addition. 
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Since a + b — b + a, the commutative law of addition is 
obeyed in the addition of two line- 
vectors. 

To add three hue-vectors a, b, c 
in the sequence given, let them be 
adjoined as shown in Fig, 3; then 
from the initial point of a draw a line- 
vector to the terminal point of c to 
obtain the resultant or sum, denoted 
by a + b -f c. From Fig. 3 it is 
evident that the associative law of 
addition is valid for three line-vec- 
tors, and with the aid of the com- 
mutative law of addition for two line-vectors it follows that: 
a + b + c = a+(b + c) = (b-l-c)-f-a = b + c-j-a, 
b-|-c-l“a=b + (c + a) ~(c + a)-fb = c + a + b, etc. 

Hence: In the addition of three line- vectors the order in which they 
are added is immaterial, and the commutative and associative laws 
are both valid. 

By induction it follows that four or more vectors can be added 
in a similar way, that the order of their addition is immaterial, 
and that their addition is subject to the commutative and associa- 
tive laws. 

If v denote any line- vector, then — v represents (definitionally) 
a line-vector of the same magnitude as v but oppositely directed, 
and —V is called the negative of v. 

Subtraction of a line-vector is the same thing as addition of its 
negative. For example : 

Vi - V2 = Vi + (-V2). 

The operation of subtraction of line-vectors requires no further 
discussion, since it can always be reduced to one of addition. 



§3 

Multiplication of Line-Vectors by Numbers 

If a line- vector be multiplied by the number —1, the product is 
a line-vector which is the negative of the original vector. The 
product of a line-vector v and any real number m is (definition- 
ally) a line-vector mv(= vm) whose magnitude is \m\ times as great 
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as that of V and which is like or oppositely directed according as m 

is positive or negative. _ 

In the multiplication of line-vectors by pure numbers the dis- 
tributive law is valid; for example; 

(w + n) V = mv + nv, , 
rn(vi + Vs) — mvi + wvs; 

the associative law is also valid; for example; 

7 n{nv) = {mn) v = mnv. 

These statements are capable of easy geometrical verification. 


§4 

Resolution of a Line-Vector into Components 

If a, b, c denote any three non-coplanar line-vectors and if 
a;, y, z be positive or negative pure numbers, suitably chosen, then 
any' line-vector v can be expressed in the form; 

V = a;a + 2/^ + 

For it is evident that v is the line-vector diagonal of a paxaUelepiped 

having edges of lengths xa, yb, zc parallel respectively to a, b, c, 
Having cage e. terminal point 

of the diagonal can be 
reached from its initial point 
by taking the steps xn, ^b, 
zc in any order along the 
corresponding edges. 

The line-vectors xa, yb, 
zc are called the Compon- 
ents of V in the directions of 
a, b, c, respectively. The 
positive or negative pure 
numbers x, y, z are called 
the Measure-Numbers of the 
respective components. 

The line-vectors a, b, c 
when drawn from a common 
origin determine a frame of reference called the a, b, c-Base- 
System. The line-vector v can be represented on this base-system 
as shown in Fig. 4. 
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When the base-system is given, it is evident that the measure- 
numbers for the components of a given line-vector are unique. 
It follows that two line-vectors referred to the same base-system 
will be equal if the measure-numbers of their corresponding com- 
ponents are equal in pairs, and vice versa. 

If the measure-numbers of the components of a line-vector 
are all zero, it is called a Null Line- Vector. 

§6 

Resultant or Sum of any Number of Line-Vectors in Terms 
of their Components 

Let n line-vectors Vi, V2 . , , v^ be expressed in terms of their 
components on an a, b, c-base-system as follows: 

Vi = a;ia + 2/ib -{- 2iC, 

V2 = + 2/2b + 22C, 


Vn = Xna + ynh -f ZnC. 

If V denote the resultant or sum of these line-vectors, then 
by addition: 

V == Vi -f V2 -h • • • -f V„ 

= (2:1 + ^2 + • * • + :rn) a 
+ (2/1 + 2/2 + • * • + 2/0 b 
-f- (^l -j- 22 + • • * + 2:n) c 

Hence: The measure-numbers of the components on a base-system 
of the resultant or sum of any number of line-vectors are found by 
adding the measure-numbers of the corresponding components 
of the individual vectors. 


§6 

Specification of Vector Quantities — Definition of a Vector 

Any vector quantity has two distinct aspects, one of which 
may be called its Numerical Aspect and the other its Physical 
Aspect. 
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In the case of a line-vector the numerical aspect is specified 
by three pure numbers which just suffice to determine uniquely 
its magnitude and orientation or direction with respect to a given 
franle of reference or base-system. These three pure numbers 
specify the numerical aspect of the line-vector. But a line-vector 
has also a physical aspect, since it is defined as a directed line- 
segment, and a line has the physical attribute of length. 

If the numerical aspect of a line-vector is known (through the 
specification of three pure numbers) then, since its physical aspect 
(a length) is implied in its definition, the specification of the line- 
vector may be considered complete. 

The numerical aspect of any vector quantity, such as velocity, 
force, momentum, etc., can be specified, as in the case of the line- 
vector, by three pure numbers, from which its numerical value 
(magnitude) and its direction with respect to a given base-system 
can be inferred. 

A vector, by definition, is a set of three pure numbers which 
specifies uniquely the numerical aspect of a line-vector with respect 
to a given frame of reference or base-system; its magnitude and 
direction are those of the line-vector. 

By this definition a vector is a sort of hyper-number,^^ and may 
be classed as a vector quantity capable of graphical representation 
by the line-vector whose numerical aspect it specifies. 

The definition taken in conjunction with the properties already 
given to line-vectors tacitly ascribes to vectors the following 
properties: 

(a) Two vectors are equal if the line-vectors representing them 
are equal. ^ 

(b) A unit vector is one whose magnitude is unity and which can 
therefore be represented by a line-vector of unit length. 

(c) A null-vector is one whose magnitude is zero. 

(d) The product of a vector by a positive pure number m is a 
vector capable of representation by a line- vector m times as great 
as that which represents the original vector, 

(e) The sum of two vectors is a vector capable of representation 
by a line-vector which is the sum of the two line-vectors which 
represent the two vectors. 

The concept of a vector furnished by this definition will be generalized in 
Chapter IX. 

In the sense of Grassmann; as explained in the Histoiical Introduction. 
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(f ) Equations expressing relations of line-vectors can be replaced 
by vector equations by substituting for each line- vector the vector 
which specifies its juumerical aspect. 

In the interests of brevity we shall often use expessions such 
as: parallel vectors, perpendicular vectors, coplanar vectors, the 
angle between two vectors, etc., and, in the light of what has just 
been said, the meaning of jsuch expressions will be obvious. 

In order to bring out more clearly the significance of the concept 
of a vector as defined above, consider any line-vector v and let it be 
expressed in terms of its components on an a, b, c-base-system as 
follows: 

V = xa + 2/b -f 2C. 

The measure-numbers x, 2/, z of the components constitute a 
vector; for, when they are given, the magnitude of v and the direc- 
tion of V with respect to the base-system will be determined. 

If $if 02} ^3 denote the angles made by v with the base-vectors 
a, b, c, the sets of numbers {x, 62, ^3), (2/, ^3, ^i), (2:, ^1, 62) also con- 
stitute vectors, each specifying the numerical aspect of the line- 
vector v; for each set, when known, determines the magnitude of 
V and its direction with respect to the base-system. 

Three numbers which constitute a vector on a given base-system 
will of course become different numbers upon passing to any other 
base-system, but the latter can be expressed in terms of the former, 
and vice versa, with the aid of simple rules. These rules, as will 
be seen later, might be made the basis for the definition of a vector. 

The numerical aspect with respect to a given base-system 
of all vector quantities (whatever their nature) which are of the 
same magnitude and like-directed is the same, and consequently 
their numerical aspects can be individually specified by the same 
vector, and they can be represented graphically by the same 
line-vector. 

In geometrical and physical applications of vector algebra, 
it is sometimes necessary to deal with a vector quantity which 
is definitely associated with a given point or line, and in such 
a case the vector quantity is said to be localized at the point or 
in the line. A force acting at a point of a non-rigid body is an 
example of a vector quantity localized at a point; a force acting 
at a point of a rigid body is an example of a vector quantity localized 
in a line, for the effect of the force on the motion of the body will 
not be altered by shifting its point of application along the line of 
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action of the force. In such cases, of course, the vector quantity 
will not be fully specified unless the point or line of application 
is given. 

Vector algebra as it will be developed in the following pages is an 
algebra of pure vectors, that is pure hyp>er“numbers. That pure 
vectors are capable of graphical representation by line-vectors is an 
incidental rather than a fundamental feature of the vector idea; 
in fact, such graphical representation is not possible for the 
generalized vectors met with in the later chapters of the book. 

Notation. In this book vectors and vector quantities will be 
denoted by letters printed in bold-faced Roman type, for example: 
A, B, C, . . , a, b, c, ... ; and their magnitudes by the corre- 
sponding letters A, J?, C, . . . a, 6, c, . . . printed in italic type, 
or sometimes as follows — | a|, |B|, |C|, . . . |a|, |b|, |c|, . . . . 
Line- vectors representing vectors or vector quantities will in future 
be denoted by letters in bold-faced Roman type which are 
underlined; for example, if A denote any vector or vector quantity, 
then A will denote the line-vector which represents it. A unit 
vector in the direction of A will be denoted by Ao or by A/A. 

To avoid possible misunderstanding in the future, it may be 
mentioned here that from now on, unless otherwise explicitly 
stated, all equations in which bold-faced characters appear are 
equations expressing relationships among pure vectors. 

§7 

The i, j, k-System of Unit Vectors 

Let three mutually perpendicular unit line- vectors i, Ji k be 
drawn from a common origin 0 to represent three mutually per- 
pendicular unit vectors (i, j, k). They must be disposed relatively 
to one another as in Fig. 5(a) or as in Fig. 5(b). If disposed as in 
Fig. 5(a), they constitute a right-handed orthogonal system of unit 
line- vectors, and if disposed as in Fig. 5(b), they constitute a left- 
handed orthogonal system of unit line-vectors. If the two sys- 
tems be oriented so that the i-vectors point to the south and the 
j -vectors to the east, then in the right-handed system the k- vector 
will point vertically upward and in the left-handed system verti- 
cally downward. 

If one of the vectors in either system be reversed in direction, the 
system will thereby be changed from a right to a left or from a 
left to a right-handed system, as the case may be. 
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Each system of unit line-vectors may serve to determine a 
corresponding J, 7, Z-system of rectangular Cartesian co-ordinate 
axes, one right-handed and the other left-handed, as shown in Fig. 5, 
(a) and (b). 

Whenever subsequently an i, j, k-system of unit vectors or the 
corresponding rectangular Cartesian system of axes is introduced, 
it is to be assumed that the system is right-handed unless other- 
wise stated. 

A vector r which specifies the numerical aspect of a line-vector 
drawn from the origin 0 of a base-system to a point P is called the 
Position-Vector of P with respect to 0. 



Fig. 6. 


If 0 be the origin of an i, j, k-base-system, we can write: 

(1) r - d + ?/j H- 2 k, 

where the measure-numbers x, y, z of the components of r are the 
rectangular Cartesian co-ordinates of the point P. 

For the magnitude of r we have: 

(2) r = + 2 ^; 

and for the direction cosines of r with respect to the axes of the 
i, j, k-base-system: 

(3) cos (r, i) = cos (r, j) = cos (r, k) 

r 

§8 

Simple Vector Equations 

Suppose a relation to exist among a number of vectors 1, m, 
n, . . . r, s,t, . . . whichisexpressedby the linear vector equation: 
(1) XI + /xm + m + • ■ ’ = pr -|- cfs + rt + • * • , 

where X, ju, • P? r, , . . are numerical coefficients. 



10 


VECTOK AND TENSOR ANALYSIS 


Such au equation can always be reduced to one in which the 
only vectors involved are j, k* For any vector can be uniquely 
resolved into a sum of i, js k-components and, if we suppose this to 
have been done for each of the vectors in equation (1), it will take 
the form : 

(2) aii + iSii + 7ik == aai + /Saj + Tak, 

where oti, /Ji, 71, az, P2, 72 are new coefficients. 

The coefficients of like vectors on the two sides of this equation 
can be equated, since i, j, k, are non-coplanar vectors. Hence: 

(3) cti = az, = fizy 7i = 72. 

The process of equating coefficients in this manner is pernaissible, 
of course, only when the number of vectors involved in the equation 
is not greater than three, and then only, if these three be non- 
coplanar. If two vectors only are involved in a vector equation, 
it is permissible to equate the coefficients of like vectors in the two 
members of the equation provided the two vectors are non-collinear. 

If so desired, all the terms on the right of an equation such as 
(1) may be transposed with change of sign to the left, giving an 
equivalent equation with the right-hand member equal to zero. 


Geometrical Applications 

(a) Vector relations independent of the origin. Suppose 
Ay By C, Dj E , . . to be a set of points fixed with respect to some 
frame of reference, and let a, b, c, d, e . . . be the position-vectors 
of these points with respect to some origin 0 ; furthermore, suppose 
it has been discovered that some property connected with the points 
is expressed by the equation: 

(1) aa + /?b + 7c + 5d + €6 + • • • = 0, 

wherea,i8, 7, 5, € . . . are numerical coefficients. Will the property 
thus expressed be dependent in some measure upon the choice of 
origin, or will it be quite independent of where the origin is taken? 
It will be seen that the position of the origin has nothing to do with 
the matter provided the coefficients satisfy the equation: 

( 2 ) + = 0 . 

For, let o', b', c', d', e', . . . be the position-vectors of A, By C, 
DyE , . . with respect to a new origin O' whose position-vector with 
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respect to the origin 0 is q : then, since a = a' + q> b =* b' + q, 
. . . , it follows from equation (1) that: 

aa' + i(3b' + 7 C' + 5d' + ce' + • • • + (a + + 7 + 5 + e + • • ■)q=== 0, 

and hence, if condition (2) is satisfied: 

(3) an' + jSb' -{- 7c' + M' -h ce' + ' • • =0. 

It is now evident upon comparison of equations (1) and (3) that, 
if equations (1) and (2) are both satisfied, then (1) will represent 
some property of the points A, jB, C, D, £ . . . which is independent 
of the origin. 

(b) To divide a line in a given ratio. Referring to Fig. 6, let 
AjB be a line which it is desired to divide in such a manner that 



mAP « nFP. Let P be the point of division required and let 
a, b, p be the position- vectors of the points A, B, P with respect 
to an arbitrary origin 0. We must then have: 


and hence: 
(4) 


m(p — a) = n(b — p), 


mg + nh 
VI ^ n 


This equation can be written in the form: 

(m 4“ ?i) p — mg — nh == 0, 

in which the sum of the coefficients of the vectors is zero. The 
property expressed by equation (4) must therefore be independent 
of the origin, as is otherwise obvious. 

Should the point P divide the line AB externally, then the ratio 
m:n must be taken with a negative sign prefixed. 
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(c) Vector equations of a straight line. Let the position in 
space of the line be specified by requiring it to pass through two 
points A, B whose position- vectors are a, b with respect to an 

arbitrary origin 0. See Fig. 7. 

Let P be any point on the line 
(the running point), and let r be the 
position-vector of P with respect to 
0. To obtain the vector equation 
of the line it is only necessary to 
find an expression for r in terms of 
a and b and some scalar variable 
whose value depends upon the posi- 
tion of P. This is done as follows: 
Noting that the line- vector b — a is 
collinear with the line, it is clear that 
P can be reached from 0 by taking 
successively the steps a and s(b — a), 
provided the value of s is such that s(b — q) = AP; and upon noting 
further that P may also be reached from 0 by taking the single 
step r, it is evident that the required equation of the line can be 
written in the form: 



r == a -h s(b — a), 
or: 

(5) r =* (1 — s) a -f- sb. 

The line- vectors representing the two vectors on the right of this 
equation are indicated by dotted lines in the figure. If s == 0, then 
r = a;ifs = 1, thenr = b. To any value of s there will correspond 
a point on the line, and to each point on the line will correspond 
a definite value for s. Of course the rbles of a and b in this demon- 
stration can be interchanged without introducing anything essenti- 
ally new. 

Writing the equation of the line in the following form: 


r — (1 ““ s) a — sb = 0, 


it is seen that the sum of the coefficients of the vectors on the left 
vanishes, as it should, since the equation simply expresses that the 
point P is some point on the straight line determined by the points 
A and P, a property independent of the origin. 
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A symmetrical form for the equation of the line can be derived 
as follows: Since the equation must express a relation independent 
of the origin, assume it to be: 


with: 


-h 2/b -h = 0, 

x -f 2 / 4 - 2 = 0, 


where x, y, z are variable scalars. Upon elimination of z these two 
equations give : 

rr(r - a) 4- yir - b) =.0, 


which shows that r — a and r ~ b must be collinear, and hence 
that a, b, and r terminate in the straight line through A and B. 
Solving this equation for r, we find the following symmetrical 
equation for the line: 

(6) r = 

X + y 


If X = 1, 2 / = 0, then r = a; if x = 0, ^ == 1, then r = b. To any 
pair of values for x and y except x = 0, 2 / = 0, there will correspond 
a point on the line, and the values obtained by multiplying each 
of these values by any scalar will give another pair of values for 
X and y corresponding to the same point, as is evident upon 
inspection of equation (6). 

(d) Vector equations of a plane. Let the position in space 
of the plane be specified by requiring it to pass through three 
points A, Bj C whose position-vectors are a, b, c with respect 
to an ariCtrary origin 0. See Fig, 8. Let P be any point on the 
plane (the running point), and let r be the position- vector of P 
with respect to 0. Noting that the line-vectors b — q, c — q 
and c ““ b all lie in the plane, and that any pair of these, say b — q 
and c “ q, may be used as a base-system in specifying the 
position of P in the plane, it is evident that we can write as the 
equation of the plane : 

r == a + ts(b — a) 4- t{c — a), 


or: 

(7) r = (1 — 5 — 0 u -h sb 4- ^c, 


where s and t are variable scalars. The line-vectors representing 
the vectors on the right of this equation are indicated by dotted 
lines in the figure. If s = i = 0, then r — a; if s = 1, t = 0, then 
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r = b; if s == 0, i - 1, then r = c. To any pair of values for s and 
t there will correspond a point on the plane, and vice versa. 

The equation of the plane can be written in the form: 

[I ^ s -- t) a + sh tc — T ^ Oy 

and it will be noticed that the sum of the scalar coefficients of 
a, b, c, and r vanishes, showing that the equation expresses a relation 
independent of the origin. 



Fig. 8. 


The equation of the plane can be derived in a symmetrical 
form as follows: Since the equation must represent a relation 
independent of the origin, assume it to be : 

xa + 2/h + J2C + = 0, 

with: 

a; -f 2/ + 2 + = 0, 

where z, y, z, u are variable scalars. Upon the elimination of u 
from these two equations we find: 

x{t -a ) + yir -h) + z(r - c) = 0, 

which shows that r — a, r — b, and r — c must be coplanar, and 
hence that a, b, c, and r terminate in the plane through A, R, and C. 
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Solving this equation for r, we find the following symmetrical equa- 
tion for the plane: 

(S') -xa + yh + iXi 

X + y + z ' 


U X = 1, y = z = 0, then r = a;ifj/ = l, z = z = 0, then r = b; 
if z = 1, a: = ^ = 0, then r = c. To any set of values for x, y, z, 
except X = y = z = 0, there will correspond a point on the plane, 
and if each of these values be multiplied by any scalar, a new set 
of values for x, y, z will be obtained which will also correspond 
to the same point, as is evident upon inspection of equation (8). 

(e) Vector proof of the proposition that the diagonals of a 
parallelogram bisect each other. Referring to Fig. 9, let A, B,C, D 


B C 



Fig. 9. 


be the vertices of the parallelogram, and let a, b, c, d be the position- 
vectors of these points with respect to an origin 0 not in the plane 
of the figure; also, let Q be the point of intersection of the diago- 
nals, and q its position-vector with respect to 0. Then, by inspec- 
tion of the figure it is seen that: 

q = a -f a(c - a), 
q = b + /S(d - b), 
q = c -h 7(a - c), 

q = d -I- «(b - d), 


( 9 ) 
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where a, /S, 7 , 6 are constants whose values it is now desired to find. 
Subtracting the second from the first and the fourth from the third 
of these equations, we get : 

a — b + a{c — a) — iS(d — b) = 0 , 
c — d + 7 (a — c) — 5(b — d) = 0 , 

and upon addition of these two equations, noting that a — b = 
d - c: 

{a 7 ) (c - a) + (5 - fi) (d - b) = 0. 

Since the vectors c — a and d — b are not collinear, this equation 
requires a = 7 , iS = 6 . Upon subtracting the third from the first 
and the fourth from the second of equations (9), we get: 

Q c — (a -f 7 ) c) = 0 , a + 7 == 1 , 

b - d - (/3 -f 5) (b ~ d) = 0, + 5 = 1. 


Hence, a=jS = 7 = 5 = l/ 2 , and with these values the first and 
second or the third and fourth of equations (9) show that Q must 
be the mid-point of each of the diagonals. 

Noting that a = 7 and /? = 6 , we have, by addition of the first 
and third and of the second and fourth of equations (9) : 


( 10 ) 


a + c 


b + d 


From these equations the following symmetrical expression for the 
position- vector of Q is obtained: 

(11) q = q + fc + c + d 

The proof would have been somewhat shorter had the origin 
been chosen at one of the vertices of the parallelogram, but at the 
cost of loss of symmetry in the equations. 

As a general rule in the solution of geometrical problems by 
vector methods it is advisable to select the origin at random on 
account of gain in symmetry. 

(f) Vector proof of the proposition that the three median lines 
joining the middle points of the opposite edges of a tetrahedron 
meet in a point which bisects each of them. This problem is 
introduced in order to exhibit the operation of vedtor methods in 
a three dimensional problem. 
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Referring to Fig. 10, let ABCD be a tetrahedron and L, M, Nf 
U, Vy W the mid-points of its edges. Choose an origin 0 at random, 
and let a, b, c, d be the position-vectors of A, jB, C, D with respect 



to 0. Then, if 1, m, n, u, v, w are the position- vectors of L, M, N, 
IJ, V, W with respect to 0: 


1 

(12) 


b -h c 

a + d 

2 ’ 

u= 

c + a 

b + d 

2 ’ 

2 ’ 

a + b 

c + d 
w 


Now the mid-points of LU, MV, NW must be, respectively, points 
of intersection of diagonals of parallelograms on the sides (OL, OXJ), 
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{OMj OV)y (ON, OW), and for the position-vectors of these mid- 
points we therefore have : 

l+Ti a + b + c + d 
2 4 

m + v a+b + c-fd 
2 ~ 4 

n+wa+b+c+d 

Since the right-hand members of these equations are identical, the 
median lines of the tetrahedron must meet in a common point Q 
which bisects each of them, and whose position- vector q with 
respect to 0 is given by the equation: 

(13) ^ ^ a + b + c + d 


§10 

Centroids 


Let Pi, P2, . . . Pn be a system of points having the position- 
vectors ri, r2 . . . tn with respect to the origin 0 of an i, j, k-system 
of unit vectors which determines an orthogonal Cartesian system 
of axes X, F, Z. If the Centroid C of the System of Points Pi, P2, 
. . , Pn be defined as a point such that its distance from each of 
the co-ordinate planes is equal to the average distance of all the 
points from the plane, and if c be its position-vector with respect 
to 0, the problem of finding c in terms of ii, 12, . . . Tn presents 
itself. 

In accordance with the definition of the centroid C its Cartesian 
co-ordinates Ci, C2, C3 will be given by the equations: 

-h + aJn 

Cl = 


( 1 ) 


C2 


2/1 -f J/2 + 


Zi + 22 + + Zn 

Ca 


where the x, y, z's are co-ordinates of Pi, P2, . . . P«. Now: 

C = Cii + C2j + C3 k, 

^ ri = a;ii + yij -f zi k, etc. 
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Hence, upon multiplying equations (1) by i, j, k, respectively, and 
adding, we obtain for the position-vector of the centroid C: 


( 2 ) 


ri + r2 -f • • ‘ Tn 
n 


Since there is no reference in this expression to the orientation of 
Cartesian system of axes used in the definition of the centroid C, 
it is evident that the position of C is independent of the orientation 
of that system. Furthermore, the position of C must be independ- 
ent of the choice of origin; for, upon transposing the vector c to 
the right-hand side of the last equation, we obtain a vector equation 
with one member zero and the sum of the coefficients of the vectors 
in the other member equal to zero. 

Now suppose masses whose magnitudes are mi, m 2 . . . to be 
concentrated at the points Pi, P 2 . . . Pn. We shall then have a 
system of mass particles whose position- vectors with respect to the 
arbitrary origin 0 are ri, 12 . . . Tn. The Centroid of the System of 
Mass-Particles may be defined as a point such that its distance from 
each of the co-ordinate planes is equal to the sum of the product 
of each individual mass into its distance from the plane divided 
by the sum of the masses of all the particles. Let G denote the 
centroid of the system of mass particles and gi, g 2 , gz its Cartesian 
co-ordinates. Then, in accordance with the definition; 


(3) 


n\ixi 4- m2X2 + ^ 

mi + m 2 + • • • + win 
miyi + -h — • + m ^Vn 
mi -h m2 + • • • + m„ 




mizi + m2Z2 4 - - • - + m^Zn 
mi 4“ m 2 -}-•••+ mn 


Multiplying these equations respectively by i, j, k, and adding, we 
find for the position- vector g of the centroid G of the system of 
mass particles: 

( 4 \ « = mill 4- 4 - ... 4 . ^nTn 

^ ^ * mi + m 2 4 - • • • + mn * 


In this expression no reference to the orientation of system of axes 
used in the definition of the centroid G is involved, and hence its posi- 
tion must be independent of the orientation of that system of axes. 
Moreover, the position of G is independent of the choice of origin. 

The centroid as here defined is, of course, the center of gravity of the system 
of mass particles as defined in physics. 



20 


VECTOR AND TENSOR ANALYSIS 


For, upon transposing the vector g to the right-hand side of the 
last equation, we obtain a vector equation with one member zero 
and the sum of the coefficients of the vectors in the other member 
equal to zero. 


§11 

The Scalar or Direct Product of Two Vectors 

The Scalar or Direct Prodmt of two vectors by definition^ the 
scalar quantity equal to the product of their magnitudes into the cosine 
of the angle between their directions. 

It is denoted by writing the vectors with a dot between them 
and is therefore sometimes called the Dot-Product/^ 

In accordance with the definition, if a and b denote any two 
vectors: 

(1) a • b = b • a = cos (a, b). 

Obviously, the scalar product of any two vectors a, b is subject 
to the commutative law of multiplication: a • b = b • a. 

Multiplication of either vector of a scalar product by a scalar 
is equivalent to multiplication of the product by the scalar. 

If two vectors are mutually perpendicular their scalar product 
vanishes, since the cosine of the angle between their directions is* 
then zero; and conversely. 

If 1 and m are unit vectors, then their scalar product 1 • m is equal 
to the cosine of the angle between their directions. 

The scalar product of a vector by itself is equal to the square 
of its niagnitude : a • a == If a • a = 0, then a is a zero- or 
null-vector. 

For the scalar products of the three unit vectors i, j, k in pairs 
we have by equation (1): 

i-i = 1, i* j = j*i = 0, 

(2) j. j = j.k = k. j = 0, 
k*k = l, k*i — i«k = 0. 

The scalar product of two vectors obeys the distributive as 
well as the commutative law of multiplication. Thus, for example: 

a • (b + c) == a • b -f a • c. 

For, the scalar projection of the line- vector b + c upon any line 
parallel to a must be equal to the sum of the projections of the 



THE ELEMENTS OF VECTOR ALGEBRA 


21 


line-vectors b and c upon this line. Hence, if a denote the magni- 
tude of a : 

-• (b -1- c) = -‘b + -.c, 

Oi CL 0 / 

or: 

( 3 ) a • (b “h c) = a • b + a • c. 

By induction from this result it is easily proved that the dis- 
tributive law in the scalar multiplication of vectors is valid in 
general. For example: 

(ci'-|-b)*(c“l-d) ^Q^c-f-Q^d-f-b^c-j-b'd. 

Consider two vectors a and b expressed in terms of their compo- 
nents parallel to rectangular Cartesian axes: 

a = aii + (12} + ask, 

b = bii + 62j + 63k, 

the subscripts 1 , 2 , 3 , in the coefficients on the right referring to 
the X, Yj Z axes, respectively. Then: 

a • b = (aii -f a2j + ask) * {bii -f- 623* + 63k). 

Upon expanding the indicated product on the right with the aid 
of the distributive law and the scalar product relations (2), we find: 

( 4 ) a • b = a 5 cos (a, b) = ai6i + 02^2 + CLzh- 

This equation expresses the scalar product of a and b as a sum of 
products of the corresponding measure-numbers of their X, Y, Z- 
components. 

From equation ( 4 ), by taking b equal to a, we get: 

a , a = a^ = aj -h a^ a^. 

Hence, for the magnitude of a we have : 

( 5 ) a = Vaf + a| + a% 

and for the direction cosines of a with respect to the positive 
directions of the X, Y, Z-axes : 

(6) cos (a, i) = cos (a, j) = cos (a, k) 

CL CL (t 

Again, from equation ( 4 ) we have: 

(7) COS (Ct, D) == - v ~T — 1 — T' 

^ / a b a b a b 
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This equation expresses the cosine of the angle between the direc- 
tions of a and b as a sum of products of their corresponding direction 
cosines. 


§12 

Applications Involving Scalar Products of Two Vectors 


The scalar product of two vectors makes its appearance in 
physical and geometrical problems treated by vector methods 
whenever the cosine of an angle between two directions comes 
into consideration. 



Fig. 11. 


(a) Consider the parallelogram 
PQRS shown in Fig. 11. Let a, b and 
c, d be the vectors represented by the 

line-vector sides and diagonals 

PP, SQ- Then c == a + b and ,d = 
a — b. Hence, with the aid of the dis- 
tributive law, we have: 


c* = (a 4- b) • (a + b) = -f 2ab cos (a, b) -f 6^, 
d* = (a — b) • (a — b) « — 2a6 cos (a, b) -j- 6^. 


These are the familiar equations of geometry expressing the squares 
of the magnitudes of the diagonals of a parallelogram in terms of 
those of two of its sides and the cosine of the angle between them, 
(b) As a second example consider the projection of a plane area 



Fig. 12. 

S upon a plane F. See Fig. 12. If S' denote the projected 
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area and c, n unit vectors indicating the direction of normals 
to S and S', then S' is expressed in terms of S by the equation: 

S' - ±e.nS, 

where, since S and S' must be positive, the + or — sign is to be 
taken according as the angle between e and n is acute or obtuse. 


§13 

Orthogonal Transformation of an i, j, k-System of Unit Vectors 
with Origin Fixed 


By rotation about the origin 0 the orthogonal set of line- 
vectors representing an i, j, k»system of unit vectors is trans- 
formed into a congruent set representing the transformed system 
of unit vectors which will be designated the i', j', k' -system. It 
is assumed that in the transformation i goes into i', j into j', and 
k into k'. The transformation equations expressing i', j', k' in 
terms of i, j, k and vice versa are required. 

If r denote the position-vector of any point P with respect to 
the origin 0, then: 

(1) r = i • ri -h j • rj -f- k • rk, 

(2) r = i'.ri'-h j'*rj' + k'.rk'. 


If in equation (1) the vector r be taken in turn as i', j', k', 
and if in equation (2) the vector r be taken in turn as i, j, k, we 
obtain the required equations of transformation: 


i' = i* i'i + j* i'j + k* ilt, 

(3) = -bk-fk, 

k' = i-k'i-l- j.k'j-bk.k'k, 


i = i'.ii' + j'.ij' -l-k'.ik', 

3 + j'- jj' +k'-jk', 

k«i'.ki'-t- j'*kj' + k'.kk'. 


In these equations the dot-product coefficients of the unit vec- 
tors i, j, k are direction cosines of i', j', k' with respect to the i, j, 
k-system, and those of the unit vectors i', j', k' are direction 
cosines of i, j, k with respect to the i', j', k'-system. Since only 
three data are required to specify the configuration of one system 
relative to the other, there exist six independent relations among 
these nine direction cosines. Obviously,* there must be six rela- 
tions such as: 

(4) (i.iO"+ (j-r)^ + (k.iT = 1, (i'.i)2 + + (k'.i)" » 1; 
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and since the i, j, k and the i', j', k'-systems are each orthogonal, 
there must be six additional relations such as : 

i.i'i. j' + j.rj* f + k.i'k*j' = 0, 
i' . ii' • j + j' • ij' • j + k' • ik' • j =0. 

But six of these twelve relations among the nine direction cosines 
must be derivable from the other six, since only six independent 
relations can exist among them. 

§14 

The Vector Product of Two Vectors 

The Vector Product V of a vector A into a vector B ie defined 
as a vector whose magnitude is equal to the product of the magni- 
tudes of A and B into the sine of the angle between themy and whose 



direction is specified as follows: if A, B, V be line-vectors drawn from 
a common origin 0 representing respectively A, B, V, and if A undergo 
a rotation about V toward B, then the direction of V will be related 
to the direction of the rotation as the thrust to the twist of a right-handed 
screw. 

The direction relations of A, B, V are indicated by A, B, V in 
Fig. 13, 

The magnitude of the vector V is numerically equal to the 
area of a parallelogram constructed upon A and B as sides. 
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It should be noticed that a change of the unit in terms of which 
the magnitudes of A and B are expressed in the ratio 7 : 1 would 
involve a change in the number expressing the magnitude of A or 
B in the ratio 1 : 7, while the number expressing the magnitude of 
V would be changed in the ratio 1 : 7^. 

The vector product of A into B is denoted by A x B and is there- 
fore often called the ^‘Cross-Product” of A into B. 

If c be a unit vector in the direction of A x B, then: 

(1) A X B — cAR sin (A, B). 

From the definition of A x B it follows directly that: 

( 2 ) BxA=-AxB. 

The commutative law of multiplication is therefore valid in the 
vector multiplication of one vector by another, except for sign. 

Multiplication of either vector of a vector product by a scalar 
is equivalent to multiplication of the product by the scalar. 

The vector product of two parallel vectors vanishes, since the 
sine of the angle between them is zero. Conversely, if the vector 
product of two vectors, neither of which is a null vector, vanishes, 
then the two vectors must be parallel. 

The vector or cross products of the unit vectors i, j, k in pairs 
have, by equation (1), the following values: 

ixi = 0, ixj=-ixi = k, 

(3) jx j = 0, jxk = -kxj = i, 
kxk = 0, kxi = — ixk = j. 

The vectors A and B can be expressed in terms of their com- 
ponents on an i, j, k-system of axes as follows: 

A == Aii 4- A2j + Ask, 

B = J?ii + Bz] “h Rsk, 

and the vector product A x B can be expressed in terms of its com- 
ponents on the same system as follows . 

( 4 ) AxB = (A2R3 A3J52) i "h (A3B1 — AijBs) j -j- (Aii?2 — A2Ri)k, 

as will now be shown. 

Multiplying equation ( 1 ) by i •, we get for the Z-component of 
AxB: 

i.(AxB) -i^cABsin (A,B). 
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The right-hand member of-^this equation is numerically equal to 
twice the projected area on the j, k-plane of the area of the triangle 
whose vertices are (see Fig. 13) the origin 0 and the terminal 

points of A and B . The co- 
ordinates of these points are 
respectively (o, o, o), (Ai, 
A 2, As), and (Si, S2, S3). 
In Fig. 14 the shaded tri- 
angle OPQ represents this 
projected area, and the co- 
ordinates of its vertices 0, 
3) F, Q are (0, 0, o), (0, A2, As) 
and (0, S2, S3) respectively. 
This triangle is inscribed in 
a rectangle whose sides in 
pairs are numerically equal 
to A 2 and S3, and the area of the triangle is equal to the area of the 
rectangle less the sum of the areas of the three unshaded triangles 
which are also inscribed in the rectangle. Hence: 

i*EAS sin (A,B) = 2j^A2S3 — | IA2A3 H- (S3 — A3) (A2 — B%) + B^B^] j 
== A^Bz “ AsS2. 

The Z-component of A x B is therefore (A2S8 -* A3S2) i, and the Y 
and Z-components can be found by cyclical interchange of the 
subscripts. The sum of these components must be equal to 
A X B, and equation (4) is therefore valid. 

Equation (4) can be written in the determinantal form: 

AxB = i j k 
( 4 ') Ai A2 A3 

Si S2 S3 • 

With the aid of the relations (3) the magnitude V of AxB can be 
found in terms of the measure-numbers of its components by squar- 
ing both sides of equation (4) and extracting square roots. We thus 
obtain the equation: 

( 5 ) V * [(A2S3 — A8S2)* + (AaSi — AiBzY + (A A — AaSi)®]^. 

The direction cosines of A xB with respect to the i, j, k-axes are 
A2S3 — A3S2 A3S1 A1S3 A1S2 — * A2S1 

' T7 * tr * rr 



( 6 ) 
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If 1 and m denote two unit vectors, they can be expressed in 
terms of their i, j, k-components as follows: 

1 = M + ?2j + /3k, 

m = mii + m2j + Wak, 

where the measure-numbers of the components of 1 and m respec- 
tively are the direction cosines of 1 and m. By equations (1) and 
(4) the following formula for the square of the sine of the angle 
between the directions of 1 and m is found: 

(6) sin^ (1, m) = (hm - krth)^ + {hmi ~ hnizY + {lim2 - hmif. 

From equation (4), if C+D be written for B, we find: 

A X (C + B) = [A 2 {Cz + Da) - AziCz + Bz)] i 
+ lAziCi + Di) - AiiCz + Dz)]i 
-b [-4 i(C 2 + D2) — A2(Ci + Di)] k 
= (-42C3 AzC 2 ) i + (A3C1 — A1C3) j 4" (-4 iC 2 -- A2C1) k 

4“ {A2DZ — ^3^2) i 4" (AzDi — AiDz) j 4" {AiD 2 '-^ A2D1) k. 

Hence: 

(7) Ax(C+r)) - AxC4-AxD. 

The distributive law of multiplication is therefore valid if in 
the expansion of the indicated product on the left the order of 
the vectors be maintained. With the aid of this formula the dis- 
tributive law is easily seen by induction to be valid in the vector 
multiplication of any compound vector into any other compound 
vector, provided the order of the vectors be r^aintained. For 
example : 

(A-f-B)x(C-f-D) = AxC4-AxD-hBxC-hBxD. 

§16 

Applications Involving Vector Products of Two Vectors 

The vector product of two vectors makes its appearance in 
geometrical and physical problems treated by vector methods 
wherever the sine of the angle between two directions comes into 
consideration. We shall consider several examples by way of 
illustration. 

(a) Sine of the sum and the difference of two angles. Let 
it be required to derive the formulas for the sine of the sum and 
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of the difference of two angles a and jS. Referring to Fig. 15, let 
a, b, c represent unit line-vectors in the i, j-plane, a being the angle 
between g and i, /3 the angle between b and i and also that between 
c and u Then: 



Fig. 16. 


a = cos ai + sin aj, 
b = cos jdi — sin /3j, 
c = cos jSi + sin ft*. 

From these equations : 

b X a ~ (sin a cos + cos a sin jS) i x j, 
c X a = (sin a cos jS — cos a sin ft i x j, 

But, from the figure, and equation (1), Art. 
14, we also have: 

b X a = sin (oj + ft i X j ; c x a = sin (a — ft i x j. 
Consequently: 

sin (a + /3) = sin a cos + cos a sin 
sin (a — iS) ~ sin a cos 0 — cos a sin 0. 


(b) Moment of a localized vector. Let F be a vector which 
specifies the numerical aspect of any vector quantity localized at a 
point P whose position-vector with respect to an arbitrary origin 0 


F 



is r, and let F and r be represented by line-vectors as shown in 
Fig. 16. 

The vector-moment, M say, of the vector F with respect to the 
point 0 is expressed (conventionally as regards direction) by writing; 

(1) M - rxF =crFsin (r, F), 
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where e is a unit vector co-directional with the vector product of r 
by F, and which is therefore perpendicular to the plane determined 
by r and F. Since the vector-moment M is defined with respect to 
the point 0, it is conventionally represented by a line- vector 
localized at this point. The magnitude of M is the product of the 
magnitude of F by the factor r sin (r, F), which is numerically equal 
to the perpendicular distance from 0 to the line through P collinear 
with F. 

If ikfi, M 2 , Ms denote the measure-numbers of the components 
of M on an orthogonal Cartesian system of axes, Fi, F 2 , Fs those of 
the components of F, and x, y, z the co-ordinates of P, then by 
formula (4), Art. 14: 

Ml = yFz - ZF2, 

(2) M 2 = zFi - rcFa, 

Ms == XF 2 — 2/Fi. 

If F represent a force acting at the point P of a rigid body, it may 
be considered as localized in the line of action of the force instead of 
at the point P; for the effect of the force on the motion of the body, 
by the laws of mechanics, will not be altered by shifting its point of 
application along this line; it will be noticed that the vector- 
moment of F is the same for all points on this line. 

(c) Velocity of a point of a rigid body rotating about an axis. 
Let the vector v represent the velocity of a point P of a rigid body 
supposed rotating, with angular velocity specified in magnitude by 
oj, about an axis. Let <*> be a vector, called the Angular Velocity- 
Vector, locMizi^d iuLthis axis, having a magnitude w, and such that 
its direction is related to the direction , of rotation as the thrust 
and twist of a right-handed screw. Choose any point 0 on the 
axis as origin, and let r be the position- vector of P with respect to 
0. The radius of the circular orbit of P will be equal numerically 
to r sin (co, r), and the magnitude of the vector v will be cor sin (a>, r). 
The direction of v will be perpendicular to the plane determined by 
and r, and, in fact, in the same direction as the vector product 
of 6) by r. Hence : 

(3) V = o>xr. 

If the rigid body be subject simultaneously to rotations about a 
number of axes, each of which passes through the point 0, with 
angular velocities specified by the vectors <*>2 . . . , respectively, 
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and if Vi, V 2 . . . denote the corresponding vector- velocities of P 
due to the individual rotations, and v the resultant vector- velocity, 
then: 

v=:vi + v2+ • • • =<*>ixr-i-<i)2xr + * • • 

= (<*>i -}-<*) 2 + • • •) X r. 


The body therefore moves as if rotating with an angular velocity 
specified by the vector: 

( 4 ) 6 > = GJl +<*>2 + • • • . 

Hence, unlike finite rotations, angular velocities of rotation of a 
rigid body may be added vectorially. 

(d) Motion of a rigid body with one point fixed. Referring 
to Fig. 17, let 0 be the fixed point, P and Q any two points which 
lie on the surface of a sphere fixed in the body and with center at 0. 
Suppose that P moves to P' and Q to Q' in a given displacement of 
the body. Let J be a point of intersection of 
two great circles on the sphere which, respec- 
tively, bisect and are normal to arcs of great 
circles joining P and P', and Q and Q'. In 
the spherical triangles IPQ and IP ' the sides 
IP and IP', and the sides IQ and IQ', are 
equal by construction, and the sides PQ and 
P'Q' are also equal, since the body is rigid. 
The two triangles are, therefore, congruent, 
and in the displacement the original triangle 
IPQ moves into the position of the triangle 
IP' Q ' ; the point I and, consequently, all points on the line 01 occupy 
their original positions; the displacement is, therefore, equivalent 
to a rotation about the line 01. It follows that any infinitesimal 
displacement of a rigid body moving with one point fixed consists 
of an infinitesimal rotation about an axis, called the Instantaneous 
Axis, passing through the fixed point. Hence, taking account of 
equation (3), the velocity- vector v of a generic point Q of the rigid 
body can be expressed as follows: 

(5) V = a> X q, 

where the vector (o specifies the angular velocity of rotation of the 
body about its instantaneous axis, and q is We position-vector of 
Q with respect to the fixed point. 
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§16 

The Scalar Triple Product 

The scalar product of two vectors one of which is itself the vector 
product of two vectors is a scalar quantity called a Scalar Triple 
Product. 

Thus, for example, a • (b x c), (axe)* b, and b » (c x a) are 
scalar triple products of the vectors a, b, c. It is evident that the 
brackets in these expressions may be removed without ambiguity. 
For the only interpretation which gives sense to the expression 
a • b X c, for example, is that connoted by a • (b x c), since (a • b)x c, 
expressing the vector product of a scalar by a vector, has no meaning. 

The scalar triple product a • b x c can be expressed in terms of 
the measure-numbers of the components of a, b, c on an i, j, k-base- 
system as follows: 

a • b X c = aiih^cz — hzc^) 

( 1 ) + aiihzCi ~ biCz) 

+ az(biC2 - b2Ci), 

where the a^s, 6’s, c’s are the measure-numbers in question. By 
inspection it appears that in the expression on the right of equation 

(1) cyclical interchange of the letters a, 6, c is permissible. This 

implies that cyclical interchange of the vectors on the left is also 
permissible. Hence: ^ 

a-bxc == b*cxa = c*axb. 

It follows that interchange of • and x does not alter the value 
of a scalar triple product. Furthermore, since: 

a*bxc= — a*cxb, 

it follows that a single non-cyclical interchange of vectors in a 
scalar triple product does not alter the value of the product, except 
for change of sign. 

If hi c are line-vectors representing a, b, c, and a parallelepiped 
be constructed upon them as shown in Fig. 18, and if r denote the 
magnitude of its volume, then, as is geometrically evident : 

(2) a • b X c = -f T if u, b, c constitute a right-handed system, 

\ — if a, b, c constitute a left-handed system. 

The following Special cases should be upticed: A scalar triple 
product will vanish m any two of its vectors are collinear, since 
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the vector product of two collinear vectors must vanish; the product 
will also vanish if its three vectors are coplanar, for the triple prod- 
uct in this case will be equal to 
the scalar product of two perpen- 
dicular vectors. 

If a scalar triple product van- 
ishes, and if no two of its vectors 
are collinear, and if none of them 
is a null vector, then the three 
vectors of the product must be 
coplanar, since the vector product 
of any two of them must be per- 
pendicular to the third. 

Upon inspection of equation (1) it appears that the scalar 
triple product a* bxc can be expressed in determinantal form: 



a* b X c == 

ai 

a 2 

az 

( 3 ) 


bt 

62 

bz 



Cl 

C2 

Cz 


If A, B, C be any three non-coplanar vectors, a, b, c can be 
expressed in terms of them as follows : 

a = AiA A2B -f- A3C, 

b = BiK -j- BsQy 

c = CiA -h C2B 4 - C3C, 

where the A’s, fi^s, C^s are appropriate measure-numbers. Hence: 
a-bxc = (AiA + A2B + A3C) 

. (BiA + B^ + R3C) 

X (CiA -h e2B + C3C). 

Upon performing the operations indicated by • and x in the right- 
hand member of this equation, we find: 

a*bxc= Ai A2 Az A«BxC. 

(4) Bi B 2 Bz I 

Cl C 2 Cs 

In the special case when A, B, C are taken as i, j, k respectively, this 
equation becomes equivalent to equation (3). 

In wh^t follows, we shall often find it convenient to denote the 
scalar triple product of three vectors by enclosing them, when 
written side by side, in square brackets. For example: 

(5) [abc] s a»bxcsb«cxasEC* axb. 



Fig. 18 . 
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§17 

The Vector Triple Product 

The vector 'product of two vectors one of which is itself the vector 
product of two vectors is called a Vector Triple Product. 

Thus, for example, a x (b x c) and (a x b) x c are vector triple 
products. It is evident that the parentheses in a vector triple 
product cannot be removed without ambiguity. For, in general 
a X (b X c) is not the same as (a x b) x c and, therefore, the associa- 
tive law is not valid for such products. 

Obviously, a x (b x c) is a vector which is perpendicular to 
both of the vectors a and b x c. It must, therefore, be parallel 
to the plane determined by b and c, and consequently expressible 
in the form: 

(1) ax (bxc) = i3b + 7C, 

where ^ and y are scalars whose values can easily be found, as 
wiU now be shown. 

We can express the product a x (b x c) in terms of its com- 
ponents on an orthogonal Cartesian base-system as follows: 

a X (b X c) = [a2(&iC2 — ^2^1) — az{hzci — bicz)] i 

+ laz{b2Cz — hz02) — ai{hiC2 — &2C1)] j 
+ [ai(63Ci — biCz) - a^ib^cz - bzc-i)] k 
= (aiCi + a2C2 + azCz) (bii + + tsk) 

““ (aibi a2f)2 + dzbz) (cii + C2j + Csk), 

where the a’s, b^s, c's on the right are the measure-numbers of the 
components of a, b, c. Hence: 

(2) a X (b X c) = a • cb — a • be. 

Upon comparison of equations (1) and (2) we find: /3 = a • c and 
7 = — a* b. 

Equation (2) can be written in the form : 

(3) (b X c) X a = a • be — a • cb. 

The reduction formulas (2) and (3) are of fundamental impor- 
tance. With their aid products involving four or mdre vectors 
can easily be reduced. For example: 

(a X b) • (e X d) = a • b x (c x d) 

(4) = a. (b.dc - b.ed) 

= a • cb • d — a • db • c, 

(axb)x (cxd) = (axb. d) c - (axb* c) d. 


( 5 ) 
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§18 

Applications Involving Triple Products 


(a) Equation of a plane* By means of the scalar triple product 
the equation of a plane passing through the terminal points of 

three non-coplanar line-vectors a, 
b, c drawn from a common origin 
0 may be simply expressed. Let 
r be a line-vector from the origin 
to any point of the plane. See 
Fig. 19. Then the line-vectors 
r — oijb — a, c — a will all lie in 
the plane. Consequently, the 
scalar triple product of the vectors 
r — a, b — a, c— a which they 
represent must vanish. 

We therefore have for the equation of the plane: 

(1) (r — a) • (b — a) X (c — a) ~ 0. 

By expansion of the vector product the equation can be put in 
the form: 

(1') (r — a) • (a X b -{- b X c -f c X a) =0. 



It thus appears that axb + bxc-l-cxaisa vector perpendicular 
to r — a for values of r corresponding to all points of the plane, 
and is therefore perpendicular to the plane. Let this vector 
be denoted by q, and let p denote a vector perpendicular from the 
origin upon the plane. To find the value of p, we have from equa- 
tion (1'): 

(p — a) • q = 0. 


But. 


p = ^q* 


where x is some scalar. From the last two equations it follows that: 


( 2 ) 

(3) 


g* q 

q. q’ 


P = 


q 

— - ( 

q. q 


(b) Reduction of a system of forces to a resultant force and 
minimum couple. Any system of forces Fi, Fa, . . . Fn acting 
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upon a rigid body can be reduced to an equivalent system (as far as 
the effect upon the motion of the body is concerned) consisting of 
a single force, called the resultant force, acting through a given point 
(the point of reduction) and a single couple, called tbe resultant 
couple; in particular, by a special choice of the point of reduction the 
magnitude of the resultant couple may be made a minimum. 

Let fi, f 2 . . . fn denote vectors which specify the forces 
Fi, F 2 , . . . Fn supposed acting at the points Pi, Pa, . . . Pn, 
respectively, of the rigid 
body, and let ri, la . . . Tn 
denote the position-vec- 
tors of these points with 
respect to any arbitrarily 
chosen point 0 (the point 
of reduction). See Fig. 

20. The effect of the 
force Fi upon the motion 
of the body is evidently 
equivalent to that which 
would be produced by 
three forces, Fi acting at 
Pi, Fi acting at 0, and — Fi 
acting at 0, if this point 
be assumed in rigid con- 
nection with the body. 

The force Fi acting at Pi, 
and the force — Fi, acting 
at 0, constitute a couple 
whose vector-moment, by 
definition, is ii x f 1 . Since 
each of the forces may be 
reduced in the same manner, it follows that the original system 
of forces is equivalent to the forces Fi, Fa, . . . Fn acting at 0, 
whose vector representatives are fi, fa, . . . fn, together with a 
system of couples whose individual vector-moments are: 

rixfi raxfa TnXfn. 

As a matter of mechanics it is known that the effect of any 
number of forces acting at a point of a body is the same as that 
which would be produced by their resultant acting at the same 
point, and that the effect of any number of couples acting on a rigid 
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body is the same as that which would be produced by a resultant 
couple, the vectorial-moment of which is obtained by adding vector- 
ially their individual vectorial-moments. If R denote a vector 
specifying the resultant of the individual forces, and G a vector 

specifying the moment of the resultant couple for the point of 

reduction 0, then: 

(4) R = fl + f2 + * • * + fn, 

(5) G = Ti X f 1 -|- X f2 Hh ■ • * “f“ r2 X fn. 

We suppose R and G not to vanish, and now ask whether by 
special choice of the point of reduction it is possible to make the 
direction of G parallel to the direction of R, which is the same for 
all points of reduction. Supposing such a point to exist, call it O', 
and let c denote the position-vector of 0' with respect to 0, which 
we take as origin. The problem now is to find c. 

If G' denote the vector-moment of the resultant couple corre- 
sponding to the point of reduction O', then: 

G' = ri X f 1 -f r 2 X f 2 + • • • + r« x fn, 

where : 

ri = ri - c, r 2 = r 2 - c, 

Hence: 

rixfi-fr2xf2 + 

— cxfi — cxf 2 — • 
or: 

(6) G' = G + cx(-R). 

Now, if G' is to be parallel to R, we must have: 

RxG-4-Rx[cx (— R)] = 0, 
or, upon expansion of the triple vector product: 

R X G + R • cR ~ R • Rc = 0. 


* * fn — Tn 0. 

“f" rn X fn 
C X fn 


This is a linear vector equation in the unknown vector c. A general 
method for the solution of such equations will be found in Art. 22. 
Here, we proceed as follows: Multiply both sides of the equation 
by • R X G to obtain: 

RxG»RxG — R* Rc • R x G = 0, 
which is equivalent to: 


( 7 ) 



RxG\ 

R.R/‘ 
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This is the equation of the straight line perpendicular to a vector p, 
equal to R x G/R • R and passing through the terminal point of 
the line-vector P drawn from 0 to represent this vector, c being 
the running vector for the line. Therefore, any point 0' on this 
line will be a point of reduction such as to make G' parallel to R. 
This line is called the Central Axis of the system of forces. 

The magnitude of the vector-moment of the resultant couple 
for a point of reduction which lies on the central axis must be a 
minimum. This is proved as follows: Multiply equation (6) by 
R • to obtain: 

R. G' = R. G. 

This equation shows that R • G is invariant to the point of reduction. 
Since G' is parallel to R, it follows that the magnitude of G for 
any point of reduction not on the central axis must be greater than 
for a point of reduction on the axis. 

§19 

Reciprocal Systems of Vectors 

If Qi, 02, 03 denote any three non-coplanar vectors, and ab 
a^, o^ three other vectors defined in terms of Oi, 02, 03 by the 
equations : 

_ Q2X 03 03x01 ^3 „ ciix 

[010203]’ [010203]’ [OiOoOs]’ 

then the systems of vectors (oi, 02, 03) and (oh o^, o^) are called 
Reciprocal Systems. Evidently, the vectors oh 0% o® are respec- 
tively perpendicular to the planes determined by the pairs of vectors 

(02, 03), (03, Oi), (Oi, O2). 

Upon forming the scalar products of the above expressions for 
oh oh o® in all possible combinations with Oi, 02, 03, and remember- 
ing that a scalar triple product vanishes when it contains the same 
vector twice, we find: 

O^ • Oi = O^ • 02 = O® • 03 = 1, 

(2) o^* oi = a®‘ 02 = o^* 03 = 0, 

O® • Oi = O^ • 02 = 0^*03 = 0. 

From the last six of these equations it appears that Oi, 02, 03 
are respectively perpendicular to the planes determined by the pairs 

The justification for the practice here introduced for the first time of using 
superscripts as identifying indices will appear later. 
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of vectors (a^ a^), (a^ • (ciS a^), and are therefore respectively 
proportional to x x a\ x a^; consequently: 

ai = kia^x a^y 02 = x = ha^ x a^, 

where ki, k^, k^ are factors of proportionality. Upon forming the 
scalar product of these expressions with the vectors a^, a^, 
respectively, and taking account of the first three of equations ( 2 ), 
we obtain: 


The vectors Ui, 02 , 03 can therefore be expressed in terms of the 
vectors ab a^, as follows: 


(3) 


Oi = 


X 

[aW]’ 


02 


X 


U 3 


o^x ^ 
[a'a^a^]* 


It is on account of the reciprocal nature of the relationships 
expressed by equations (1) and (3) that the systems of vectors 
(qi, 02 , Og) and (o^ o^ a^) have been called Reciprocal Systems. 

It can easily be shown that equations ( 2 ) are sufficient as well 
as necessary conditions that (oi, 02 , 03 ) and (a^ o^, a^) shall be 
reciprocal systems of vectors. For, let Ab A^, A^ be any three 
vectors which satisfy these equations when substituted for o^, a® 
respectively. Since aS o^, a*"* are non-coplanar vectors, A^, A^, 
can be expressed in terms of them as follows : 

= aiiu^ + «i20^ + cKisu^ 

(4) A^ = a2ia^ + 0220 ^ + a230'\ 

A^ - asiO^ + a32a^ + assO'"*, 

where the a^s are appropriate scalar coefficients. Upon forming 
the scalar products of these expressions in all possible combina- 
tions with Ui, 02 , 03 , and taking account of equations ( 2 ), we find: 

o£ii = ai«A^ = 1 , 0:12 = 02 • A^ = 0 , oji 3 = 03 • A’ = 0 , 

^>^21 = Oi-A^ = 0, a22 = 02 -A^ — 1, 0:03 = 03 • A^ = 0, 

031 = ai*A® == 0, 032 == a2*A3 = 0, 033 = Os- A^ = 1. 

It follows then from equations (4) that A^ = A^ = a®, A® == o®. 
Hence, the system of vectors (A^ A^, A^) must be reciprocal to the 
system (oi, 02 , 03 ). 

The reciprocal system to the i, j, k-system of unit vectors is 
the i, j, k-system itself, as is seen at once by replacing Oi, 02 , 03 
by i, j, k in the defining equations ( 1 ) for o^ o^, o^ Conversely, 
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if (Qi, a2, and (a^, are self-reciprocal systems it follows 

from equations (2) that each system must constitute either a right- 
handed or a left-handed orthogonal system of unit vectors. 

A relationship of considerable importance between the recipro- 
cal systems of vectors (qi, 02, 03) and (ab a^, a®) is that the corre- 
sponding scalar triple products [010203] and [o^o^o^j are reciprocally 
related. This is proved as follows: 

« I - «2 .. ..3 _ (^2j< Os) • (03 X Oi) X (Oi X 02) . 

Cl • Q. X d — r , V. 

[010203]^ 

but: 

(02 X Os) • (Oa X Oi) X (oi X 02) = (02 X 03) • [(03 x Oi) • 0201 

-(OsX Oi)* 0102] 

= (02 X Os) • 0i(03 X Oi) • 02 
= (Oi • 02 X Os) (Oi • O2 X 03) 

= [010203]^; 

therefore: 

(5) [o^o^o^] [010203] = 1. 

§20 

Reciprocal Base-Systems 

The two reciprocal systems of vectors (oi, 02, o.O and (ob ob o^) 
serve to determine two base-systems which are called Reciprocal 
Base-Systems. 

Any vector v can be referred to both base-systems by writing: 

(1) V = z;^Oi 'h v^a2 + v^asj 

(2) V = «;iO^ + + 2/30®, 

where the v^s are the measure-numbers of the components of v. 
Making use of the properties (equations (2), Art. 19) of vectors 
belonging to reciprocal systems, the measure-numbers in these 
equations can be expressed as follows: 

= CL^ . V, • V, 2;® == a® • V, 

Vi = Oi- V, Vz = 02 •v, Vi = 03* V. 

Consequently, equations (1) and (2) can be written: 

(iq V = o^ • voi + a®* va2 + • vos, 

(20 V = Oi • va^ + 02 • VO® + 03 • vob 
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Either base-system or both may be used in connection with the 
vectorial treatment of a given problem. Suppose, for example, that 
the work done by a constant force in a displacement is a matter for 
discussion. The work in question is expressed numerically by 
f*s, if f, s are vectors specifying the force and displacement. 
Expressing f and s in terms of their components on the two base- 
systems, we have : 

f - /^ui + pa2 + fas, f == /la^ + + ha\ 

S = S^Qi + 5^02 + 5^03, s = + S^a^ -f 

If the first forms for f and s be selected, then: 

f • s == fs^ai • Qi + fs^ai • 02 + fs^ai • Ua 
-h fs^a2 • ai + /Va2 • 02 + fs^a2 • Ua 

+ /VQs • Qi + fs^as • 02 + • 03*, 

and a corresponding form with nine terms for f • s would be obtained 
if the second forms for f and s be selected. But, if we select, let 
us say, the first form for f and the second form for s, then: 

f.s ==fsi-^fs2+fs,, 

and a corresponding simple form with three terms would be obtained 
in case we select the second form for f and the first form for s. 

This example suggests that cases may arise when oblique axes 
are used in which it may be advantageous to have at disposal two 
reciprocal base-systems. 


§21 

Scalar Equations of the First Degree in an Unknown Vector 

A scalar equation involving but a single unknown vector, and 
that not more than once in each of its terms, is a scalar equation 
of the first degree in the unknown vector; we suppose the unknown 
vector to be the only unknown quantity in the equation. 

Such an equation in its various terms may contain the unknown 
vector in a large variety of ways, but in all cases the equation may 
be reduced to a form expressing that the scalar product of the 
unknown vector and a known vector is equal to a known scalar 
quantity. It will suffice to illustrate the process whereby this may 
be done by a single example. 

Consider the equation: 

0!a*r4”/3b»cxr + 5(d x e) • (f x r) + m 


( 1 ) 
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where all quantities are supposed known except the vector r. We 
have: 

b-cxr = bxc*r, 

(d X e) • (f X r) = (d x e) x f • r. 

Hence, the equation in question can be written: 

[aa + /3b X c -h ^(d X e) X f] • r == n — w, 

or, upon writing u for the known vector expression in square 
brackets and I for the known scalar n — m: 

(2) r = Z. 

This equation does not, of course, determine a unique value for r ; 
in fact, equation (2) is the equation of a plane perpendicular to u 
for which r is the running vector. 

A unique value for r will be determined by three scalar equa- 
tions, such as: 

Ui • r = Zi, U2 • r = Z2, U3 • r = Z3, 

where Ui, U2, U3 are known non-coplanar vectors and Zi, Z2, h are 
known scalars. For, by equation (2'), Art 20, we can write: 

r = Ui • ru^ + U2 • ru^ + U3 • ru®, 

where u^, u® is the reciprocal system to Ui, U2, U3. Hence: 

(3) r = Ziu^ -h hn^ -H Zsu^ 

an equation which determines a unique value for r. 


Vector Equations of the First Degree in an Unknown Vector 

A vector equation involving a single unknown vector, and that 
not more than once, if at all, in each of its terms, is a vector equation 
of the first degree in the unknown vector; we suppose the unknown 
vector to be the only unknown quantity in the equation. 

In such an equation, if v denote the unknown vector, we may 
have terms of the following types. 

(1) (2) (3) (4) 

de*v sv gxv h. 

Terms of types (2) and (3) can be expressed as the sum of three 
terms of type (1). For, by equation (2'), Art. 20: 

V = a^Ui • V + a%2 • V + 0*03 • v, 
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where ai, a2, as and aS a^, a® are the vectors of reciprocal base- 
systems; hence: 

sv = sa^Qi • V + sa^a2 • v + sa^as • v; 
g X V = g X a^Qi • V + g X 0^02 • V + g X a^Qs • v; 

the terms on the right of these equations are each of type (1). Sup- 
pose, then, that all terms of types (2) and (3) in the vector equation 
of the first degree in the unknown vector have been thus reduced 
to terms of type (1). For the typical term of type (1) we can write: 

de • V = dei Ui • v + de2a2 • v + des as • v, 

where eiOi, 6202, are the components of e on the ai, 02, Us-base- 
system. Suppose such a reduction to have been made for each 
term of type (1), and let li, I2, 13 denote the sum of the cofactors of 
Ui • V, a2 • V, Qs • V, respectively, in the resulting expression. The 
equation under consideration can then be put in the form: 

liQi • V 4- l2a2 • V + Las • V = q, 

where q includes all terms of type (4). Taking in turn the scalar 
products of each member of this equation by F, P, P, where the 
system (P, P, P) is reciprocal to the system (L, I2, I3), we obtain: 

qjl • V = q • P, 02 • V = q • P, as • v = q • P. 

But, in virtue of equation (2'), Art. 20, we can write: 

V = Qi • va^ + a2 • va^ + as • va^ 

Hence, the required solution is given by the equation: 

V = q • Pa^ + q • IV + q • Pa^ 

It has here been tacitly assumed that L, I2, 13 are non-coplanar 
vectors. Should this not be the case, these vectors will have no 
reciprocal system and the method will fail; in this case it would be 
necessary to resort to special methods. 

EXERCISES ON CHAPTER I 
§§ 1-6 

1. If the sum and the difference of two line- vectors are given, show 
graphically how the line-vectors themselves can be found. 

2. Verify graphically that the associative and commutative laws are 
valid in the addition of three coplanar line- vectors. 
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3. Three line- vectors of lengths a, a, \/ a, respectively, are mutually 
perpendicular. Determine the magnitude of their resultant and the angle 
between its direction and that of each of the line-vectors. 

4. Under what conditions will a system of vectors of magnitudes 7, 
24, and 25, respectively, have a vanishing resultant? 

6. If A, R, C, D, R, ¥ represent points at the vertices of a regular 
hexagon with sides of unit length, find the magnitude and direction of the 


resultant of the system of forces represented by the line- vectors AB, AC. 
AD, AR, Ir. 


6. The point 0 is any point in the plane of a triangle ARC, and the 
points D, R, F are middle points of its sides. Show that the system of 

forces represented by the line- vectors OA, OR, OC is equivalent to the 

system represented by the line-vectors OD, OR, OF. 


§§ 6-10 

7. Find the direction and magnitude of a vector whose component 
measures numbers on an i, j, k-base-system are 3, 5, and 7, respectively. 

8 . Show that the vectors 

a = cos 0 A sin </>, 
b == iP cos <^> + jP sin 0, 

are parallel. 

9. Write out in the form 

Q == Gii A U2j A c^sk 
the expressions for three different unit vectors. 

10. Write out in the form 

a = aii A « 2 j A aik 

the expressions for three different pairs of mutually perpendicular vectors. 

11. Show that the bisectors of the angles of a triangle meet in a point. 

12. Show that a line from a vertex of a parallelogram to the middle 
point of a non-ad jacent side trisects a diagonal. 

13. Show that among any four vectors there must exist at least one 
relation expressible in the form of a vector equation with scalar coefficients. 
Discuss the cases for which there are, respectively, one, two, and three 
such relations. 

14. Find the vector equation of the line which passes through a given 
point and which intersects any two given lines. 
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15. If A, C are three weighted points in a plane, show that any 
point in their plane can be made their centroid, provided the weights 
of the points can be chosen positive or negative at will. 


§§ 11~16 

16, In the orthogonal transformation from an i, j, k- to an jj k'-system 
of axes expressed by the first set of equations (3), Art. 13, the determinant 
of the transformation is as follows: 

i • i' j • i' k • i' 
i’j' j*j' 

i-k' j.k' k-k' 

Show that this determinant has the value unity; show also that: 


k'.i - 

i' • j i' • k 

K 

• 

II 

i' . k i' • i 

k'-k = 

i'.i i'.j 


r-j j'*b 

. 

j'.k j'.il 

, 1 



with similar relations for i' • i, i' • j, i' • k and for j' • i* j' * j» j' • k; finally^ 
show that the vector: 

i' . kj - i' • jk = j' . ik' - k' • ij' 

is collinear with the line of intersection of the j, k-plane and the j', k'-plane, 
and that its magnitude is equal to the sine of the angle between these planes. 

17. If 0 designate a fixed point and AB a, given line, and if a point Q 
is taken in the line OP through a point P in the line AB such that 

I -q = k^, 

where r, q denote the position vectors of P, Q with respect to 0 and fc is a 
constant, find the locus of the point Q. 

18. Show that a system of forces represented in magnitude, direction, 
and position, by the sides of a plane polygon, considered as line-vectors, 
all directed clockwise (or counter-clockwise) is equivalent to a couple 
whose moment is equal in magnitude to twice the area of the polygon. 

19. Find the point of intersection of a given line and a given plane. 

20. Find the equation of the line of intersection of two given planes. 

21. Show that: 

[axbbxccxa] = [abc]^. 

22. The position vectors of the vertices A, B, C, D of a tetrahedron are 
given with respect to an i, j, k-base-system as follows: 

a = xii + 2/ii + 2ik, 

b = + 2/sd + i^ak, 

c = ajgi + f/aj + ^ak, 

A ^ X4i + t/ij + Zikf 
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where the a;, aj-measure-numbers are rectangular Cartesian co-ordinates 
of the vertices. If V denote the volume of the tetrahedron, show vecto- 
rially that: 

V ^ I xi yx zx 1 
X2 y% zi 1 
Xs yz 23 1 

X4 2/4 24 1 

23. Show that: 

a X (b X c) + b X (c X a) + c x (a x b) =0. 

24. Show that: 

[pqr] [abc] = p • a p • b p • c| 
jq»a q*b q 
|r • a r • b r 


26. Show that: 

[pqr] (axb) p«b p 

q • a q • b q 

r*a r*b r 


26. Deduce the fundamental formulas of spherical trigonometry from 
the relations: 

(axb)-(cxd) = a-cb-d ~ a»db*c, 

(a X b) X (c X d) = [acd] b - [bed] a 
= [abd] c - [abc] d. 

Hint: Assume a, b, c, d to be unit vectors represented by line-vector 
radii of a sphere of unit radius. 

27. Let Txj r 2 , rs, 14 denote the position vectors of any four non-coplanar 
points Pi, P 2 , P 3 , P 4 , with respect to an arbitrary origin 0. Define three 
non-coplanar vectors Oi, 02 , as, as follows: 

tti == 12 - ri, 02 = 13 - ri, Qs = 14 - ri, 

and let aS o^, denote the vectors of the system reciprocal to the ai, 02 , Og- 
system. Show that the distance of the point P from the plane determined 
by the points Pi, P2, P3 is given by the expression 

a^.ui 

Vo® • 0®’ 

also show that the shortest distance between the two lines P1P2 and P3P4 
is given by the expression 

g® * Oi 

V (o^ + o®) • (g^ + a®) 
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THE ELEMENTS OF VECTOR CALCXILUS 
§23 

Vector Differentiation 

The basic principles underlying the operations of differen- 
tiation and integration in vector calculus are similar to the cor- 
responding principles of diffentiation and integration in ordinary 
calculus, a subject with which the reader will be assumed already 
familiar. 

We consider a vector v which is supposed related to a scalar 
parameter s in such manner that as s varies continuously so also 
does V. The dependency of v upon s is indicated by writing: ' 

(1) v = v(s). 


If Av denote the increment in the vector function v due to an incre- 
ment As of the parameter s, then the vector dv/ds defined as follows: 

dv ^ It It y(s+As) -y(s) 

^ ds As ^ 

is called the Derivative of the vector v with respect to the parameter s. 

The derivative of the product of a constant and a vector function 
of a variable parameter is by this definition equal to the product of 
the constant and the derivative of the vector. 

The vector v can be expressed in terms of its components on a 
fixed a, b, c-base-system by writing: 

(3) -v = xa + yh + zc, 

where the measure-numbers x, y, z of the components are continuous 
scalar functions of the parameter s. By successive differentiation, 
assuming x, y, z differentiable to the n’th order, we find: 

46 
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(4) 


dv dx ,dy, dz 


dH dH , d^y. , dh 
ds^ ds^^ ds^ ds^ 


C?”V 

ds"' 


d^x , d^ . , d^z 


If is a continuous scalar function of a parameter s and v a 
continuous vector function of the same parameter, then: 


(5) 

and hence: 

( 6 ) 


ds 


d{u7) __ dv du 

ds ^ds ds 


This formula is precisely analogous to that in ordinary calculus for 
the derivative of the product of two scalar quantities each of which 
is a function of a given parameter. 


Consider now a line-vector r, drawn from a fixed point 0 to 
represent a vector r which is a continuous function of a single param- 
eter s. As s varies continuously, the ter- 
minal point of r will trace out a curve C m 
space, shown in Fig. 21. When the param- 
eter s increases by the amount As, the 
vector r represented by r will change by a 
corresponding amount, represented in the 
figure by Ar, a vector chord of the curve C 
from the terminal point of r(s) to the termi- 
nal point of r(s + As). As As approaches 
zero, Ar will tend toward coincidence in 
direction with uhe tangent to the curve C 
at the extremity of r(s) and, therefore, the 
vector derivative di/ds will be a vector 
whose direction is that of a tangent to the curve in the direction 
of s increasing. 

As a special example we take the case in which the curve C is 
represented by the equation: 

(7) r = a cos s -f b sin s, 
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where a and b are constant vectors and 5 a parametric angle. By 
differentiation with respect to a we get: 

dx • I u 

-j- == — a sm s + b cos s. 

ds 

It is evident that: 

r = a 

dt - for s = 0, dx for 5 = ~* 

sss b = —a 

ds 


These equations show that the tangent to the curve at the extremity 
of q is parallel to b, and vice versa. The curve is an ellipse with 
a and b, as vectorial conjugate radii. 

If the parametric angle s be taken proportional to the time 
parameter t, we can write 5 = coi where cu represents a scalar 
factor of proportionality, and the terminal point of the vector r 
will move in the ellipse as orbit with the vector- velocity : 

dr 

(9) ^ == aj( — a sin cui + b cos coi); 

and, with the vector-acceleration: 
d^Hn 

(10) ^ ~ — 6j^(a cos o)t + h sin wt) = —co^. 

We consider next the differentiation of the scalar product of two 
vectors u, v, each of which is a continuous function of a single 
scalar parameter s. We have: 

d(u» v) Lt (u -f Au) • (v Av) — u • v 


and hence : 

( 11 ) 


d(u* v) 
ds 


dv , du 


In like manner it can be shown that, if u, v, w are continuous 
functions of a single scalar parameter s, we shall have : 


(12) - 7 -(u-VXW) U*VX-3-+tl»-T-XW4-'7~*VXW> 

^ ' ds^ ds ' ds ds 

( 13 ) [u X (V X w)l = n x(v X g) + U X (^^ X w) + g X (V X w). 


for the derivatives of their scalar triple product and their vector 
triple product respectively. 
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A continuous vector function of more than one independent scalar 
parameter may be differentiated with respect to any one of them on 
the assumption that all the others are held constant. The resulting 
derivative will be the partial derivative of the vector function with 
respect to the parameter which is supposed to vary. 

A simple example will suffice to exemplify the process. Suppose 
a vector v to be expressed in terms of any three constant non- 
coplanar vectors a, b, c as follows: 

V = -j- 2/b + ^c, 


where x, y, z are independent variable parameters, 
entiation with respect to a:, y, z in turn gives : 


dv 

dx 


— a. 


dv 

dy 


d^v 

^2 


= 0 , 


d^ 

d2/2 


= 0, 


dy 

bz 


= c; 


and further partial differentiation gives : 


d^v 


= 0 . 


Partial differ- 


It is often convenient in vector calculus as in ordinary calculus 
to operate with differentials rather than with derivatives. The total 
differential of the continuous vector function: 


V = xa -f 2/b + 20, 
can, for example, be expressed in the form : 

(14) dv = dxa + dyh -h dzc^ 

where dx, dy, dz are independent differentials of the variable scalar 
parameters x, y, z. 


§24 

Vector Integration 

The process of vector integration is the inverse of vector 
differentiation. 

Consider a vector v(s) which depends on a single scalar param- 
eter s, and suppose it to be a finite, single-valued, continuous 
function of By an integral, say q(s), of the vector v is meant 

All functions here dealt with are supposed subject to these conditions; 
cases in which they are not satisfied must receive special treatment just as in 
corresponding cases in ordinary calculus, with which the reacfer is supposed 
familiar. 
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a vector function of « which when differentiated with respect to s 
gives the vector v. Since the differential of a constant vector is 
zero, the result of adding any constant vector c to the integral 
q(s) will also be an integral of the vector v or, in other words, the 
integral is only determinate to a constant vector. Hence, the 
indefinite integral of v is expressed by writing: 

(1) J v(s) ds = q(s) 4- c. 

If the parameter s vary continuously from a definite value a 
to a definite value 6, then: 

( 2 ) 

expresses the definite integral of the vector v between the limits a 
and 6; it represents the vector sum of the vector differential incre- 
ments v(s)ds ( == dq(s)) as s varies from a to 6. 

Suppose v(s)j q(5), and c to be expressed in terms of any three 
constant non-coplanar vectors (1, m, n) as follows: 

v(s) = Vi\ -h 4- VrOX, 

q(s) = qil 4- qmTa 4- ^nn, 
c = c J 4“ c«m 4- CnXiy 

where, of course, the coefficients of 1, m, n in the equations for 
V and q are finite, single-valued, continuous functions of the variable 
parameter s. Then, instead of (1) and (2) we can write: 

J* Vids = qt{s) 4" cij Vids = qi{b) — qiia), 

(3) J = qmis) 4->m, (4) f^Vmds = q^nib) - g^(a), 

Jvnds = qn{s) 4- Cn} fa “ ?«(«)• 

The process of vector integration can thus be reduced to scalar 
integration. 

Now suppose the vector v{s) to be affected by a scalar coefficient 
f(s), subject to the same restrictions as v(s), and that the value of the 
integral 


ffis) v(s) ds 
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is required. The method of integration by parts can be applied in 
two ways as follows: If q(s) is 8 a integral of v(s) and F{s) an integral 
of /(s), then: 


(5) 

f /■(«) v(s) ds = /(s) q(s) - ^ 


(6) 

j/(s)v(s)rfs = F(s)v(s) - 

jFis)v'{s)ds, 


as is at once evident upon differentiating the right-hand members 
of these equations with respect to s. 


The validity of the following equations is evident upon 
inspection : 

(7) J*a • vds = a • J yds, 

(8) J*a X yds = a x J* yds, 

where a is a vector which does not depend upon the parameter s. 


§25 

Line, Surface, and Volume Integrals Involving Vectors 

Let V denote a vector function of the co-ordinates of any point P 
and r the position-vector of the point. Let dx denote a differential 
increment of the position-vector r. If A and B denote any two 
points, then the integral 

taken along some path connecting A and S is a scalar line integral 
involving v. If 5 denote the numerical measure of the distance along 
the path from A (or some other fiducial point) to the point P, and 
if the position-vector r be considered as a function of s as a param- 
eter, then dx/ds will be a unit vector (t) whose direction is that 
of a tangent to the path at P in the direction of increasing s. We 
can then write: 

^V.dT=fuvd,. 

The line integral in question is therefore nothing more than an 
ordinary integral along the path from A to J5 of the component of v 
tangential to the path. 
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A line integral will in general depend upon the path as well as the 
initial and terminal point of the path. We shall consider later 
the conditions under which the value of a line integral is independent 
of the path when its initial and terminal points are given. 

Consider now a surface S, closed or un-closed, with each point 
of which is associated a value of a vector function v of the co-ordi- 
nates of the point, and call one of its sides positive and the other 
negative. Let n denote a unit vector whose direction is that of a 
normal to the positive side (determined by convention) of the 
surface. Then the scalar value at this element of the normal 
component of v in the direction of n will be n • v, and the scalar 
integral 

J n • vdcr, 
s 

where d<r denotes the magnitude of an element of area of S, taken 
over the surface S represents the surface integral of the normal 
component of v, a quantity which is sometimes called the Flux 
of the Vector v through the surface 5 from its negative to its 
positive side. 

As an example of a line integral which itself defines a vector, we 
take the case of the integral of a scalar function of position along 
a space curve. If / denote the function and r the position-vector 
of a point on the curve, then the integral 



is a vector which represents the vector sum of fdr along the curve 
between two points A and B, 

Similarly, if / denote a scalar point function and n a unit vector 
directed normally to the positive side of a surface S for which da 
is the magnitude of the typical element of area, the integral 

j fnda 

taken over the surface S represents a vector. 

As a final example, consider a region of space V in the field of a 
vector point function v, and suppose V to be subdivided into 
differential elements of magnitude dr. The integral 

fvdr 

taken throughout V is a volume integral which itself represents 
a vector. 
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In the following pages many examples of line, surface and volume 
integrals will be found, and in Chapter IV several transformation 
theorems relating to such integrals will be derived. 


§ 26 « 

Rotating Axes 


We consider two systems of axes with a common origin 0 
designated respectively as the A-system and the R-system, and 
suppose the two systems to be in relative motion but with the com- 
mon origin 0 fixed. 

Let q denote the posit ion- vector of a point Q fixed in the R-system, 
and t a time parameter, then the vector dq^/dt will represent the 
velocity of Q with respect to the A-system, if dq denote the differen- 
tial increment of q corresponding to the differential increment 
di in the time parameter for an observer A fixed in the A-system. 
For an observer B fixed in the R-system the velocity of Q will of 
course be zero, since for him Q is a fixed point. 

The J5-system may evidently be considered as fixed in a rotating 
rigid body whose instantaneous axis passes through the fixed point 
0. Hence, by equation (6), Art. 15: 


( 1 ) 


dt 


(oxq, 


where the vector <•> specifies the angular velocity of the R-system 
with respect to the A-system, 

Let bi, b 2 , bs denote the base-vectors of a unit orthogonal 
right-handed base-system fixed in the R-system. The angular 
velocity-vector co can be expressed in terms of its components 
on this base-system by writing: 

(2) (0 == ci^ibi -|“ £*j2b«5 -f* wsbs, 


The present article and the remaining articles of the present chapter are 
concerned with various geometrical and physical applications of vector calculus. 
As in preceding applications of vector methods given in the present book, the 
symbols representing geometrical or physical quantities, whose relationships 
are objects of investigation, generally denote pure scalars or pure vectors. It 
is, however, often more convenient to consider the symbols used to represent 
geometrical or physical quantities as carrying the physical dimensions of these 
quantities. If this procedure is followed, care must be taken to ensure that 
all equations introduced shall balance dimensionally. 
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where the co-coefficients are the measure-numbers of the components. 
From equations (1) and (2), by taking q as bi, b 25 bs in turn, we find : 


dhi 

dt 


= C*J3b2 — W2b3, 


dbg 

dt 

dhz 

dt 


= coiba — c«j3bi, 


= wsbi — aJib2. 


Upon multiplication of these equations by b 2 • , bs • , bi • , respec- 
tively, we get for the measure-numbers of the vector o> : 


== bs* 


db2 

IT’ 


C02 ” bi • 


dhz 
dt ’ 


Ci)3 = bs* 


dt 


Hence, for the vector o> itself we can write: 

(3) <0 = b3-|2bj + bi.-|-'b2 + b2-'^b3, 


an equation which will be of use later. 


§27 

Relative Motion Due to Rotation 

Now suppose a point P with position- vector r to be in motion 
with respect to both the A and the jB-system. The velocity- vector 
(dr/dt) for P with respect to the A-system will, of course, be different 
in general from its velocity-vector (dr/dt) with respect to the 
B-system. The relation between these two velocity- vectors is 
expressed by the equation 

... dr dr . 

* = + 

for the velocity of the point P with respect to the .4-system must 
evidently be equal to its velocity with respect to the P-system 
increased by the velocity which it would have if it be supposed fixed 
at the instant under consideration with respect to the P-system, 
and this by equation (1), Art. 24, is specified by the vector <.» x r. 
It is assumed the units of measure for observers A and B are the same. 
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From a purely kinematical point of view the two systems are 
on a basis of parity in the sense that the symbols of differentiation 
d and 8 can be interchanged, provided at the same time the angular 
velocity- vector ( — 6>) be substituted for the angular velocity- 
vector < 0 . 

If the vector r specify in magnitude and direction any vector 
quantity R, whatever its nature, then, by equation (1) : 


( 2 ) 


dt 


8t 


+ <0 X R. 


This equation gives the relation of the estimates of the changes per 
unit time in R which would be made by the observers A and B. 

For example, if R = g>, it follows from the last equation, since 
o> X “ 0, that I 

d<*> 5<*) 

This equation implies that the estimates of the angular acceleration 
of the R-system with respect to the A -system as made by A and 
B would be the same. 

As another example, if we take R = dr/dt, we obtain by equa- 
tion (2) : 

^ 5 ^ dr 


Making use of equation (1), this equation can be written in the 
form: 

/<\ ^ dr . 

di^ = u ^ 

The term on the left and the first term on the right of this equation 
specify, respectively, the total acceleration of the point P as esti- 
mated by observers A and B, . The second term on the right specifies 
a contribution to the total acceleration observed by A which is 
commonly called the Compound Acceleration of Coriolis; its direc- 
tion is perpendicular to the directions of the instantaneous axis 
and of the velocity of the point P as seen by observer B, The 
sum of the two remaining terms on the right specifies a contri- 
bution to the total acceleration of P observed by A which is 
sometimes called the Acceleration of Moving Space for, if the 
point P is supposed fixed in the R-system, the sum of these two 

This terminology implies that the space of A is considered as fixed and 
that of B as moving. 
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terms would represent the total acceleration observed by A, since 
the first two terms on the right of equation (4) would then vanish ; 
in the particular case of uniform rotation the acceleration of 
moving space is represented by the single term <*> x (<«> x r) which 
is equivalent to c*> • rw — <*> • 6>r or co^p, if p specify a vector-per- 
pendicular from the instantaneous axis to the point P, whose posi- 
tion-vector is r, and the acceleration of moving space in this case 
is nothing more than the familiar Centripetal Acceleration of a 
point rotating uniformly about a fixed axis. 


§28 

Theory of Curves in Space — Frenet’s Formulas 


Referring to Fig. 22, let r be a line-vector representing the 
position-vector of a point P on a space curve with respect to an 
arbitrary origin 0, and s a parameter of the curve representing 
the distance of P measured along the curve from a fiducial point 
Po. The vector r represented by r can be considered as dependent 
upon the parameter s, and it together with its first and second 

derivatives with respect to 5 will be con- 
sidered as differentiable functions of 5. 

Let t represent a unit vector t at P(s) 
in the direction of increasing s; then: 

( 1 ) ■ * 



t = 


ds 


where dr represents the increment in r in 
passing from the point P(5) to the point 
P'{s + ds). 

We define a unit vector: 

/n\ dt 


where dt denotes the increment in t in passing from the point Pis) 
to the point P'is + ds), and k a positive factor of proportionality; 
since t is a unit vector, dt will be perpendicular to t 

The two vectors t and c determine a plane at P called the 
Osculating Plane of the curve. 

Finally, let n represent a unit vector n at P, perpendicular to the 
osculating plane in a direction such that: 


(3) 


tx c. 
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The three unit vectors t, c, n constitute a unit right-handed 
orthogonal system associated with the point P, t being a vector 
tangent to the curve, c the principal vector normal, and n a vector 
bi-normal. 

In passing along the curve from the point P(s) to the neighboring 
point P'(s + ds), the system at P may be supposed to move so as to 
bring it into the configuration appropriate to P'. A vector u at P 
fixed in this system will thereby experience in general an infini- 
tesimal translation and rotation, and if <o denote the angular velocity 
of the rotation and dn the change in u due to the rotation only, 
then, by equation (1), Art. 26: 


where, by equation (3) of the same article: 

dc. , ^ dn . dt 

Hence, upon introducing the curve parameter s in place of the time 
parameter t as independent variable, we get : 


W 

where : 
(5) 


du 

ds 


= u, 


^ dc ... dn , dt 
as as as 


The vector iX is called the Darboux Vector of the curve. 

Since t*c==c*n==n*t = 0 , and since, by equation (2), dt 
is parallel to c, we have, by diflFerentiation, the following relations: 

t*dc=—c*dtj c • dn = — n • dc, n • dt = — t • dn = 0. 

The last of these equations shows that dn must be perpendicular 
to t and, since n is a unit vector, it must also be perpendicular to 
n; it therefore follows that dn must be collinear with c. The 
Darboux vector can now be written as follows : 


( 6 ) 


a = 


dn ^ , dt 
► y- 1 4“ c • ~r n, 
ds ds 


showing that O is coplanar with t and n. 
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We now define two characteristic quantities £:..ssociated with the 
curve at P by the equations: 


(7) 

( 8 ) 


Cl 


dt 



Here, Ci is equal to the reciprocal of the positive factor of propor- 
tionality k in equation (2), and is called the First Curvature or 
Flexure of the curve at P; C 2 is called the Second Curvature or 
Torsion of the curve at PP 

Cl is always positive and, since c is a unit vector collinear with 
dt, is equal to \dt/ds\ or, since t is a unit vector, to the angle turned 
through by the tangent to the curve per unit distance traversed 
along it. 

C 2 can be either positive or negative according as dn, which is 
collinear with c, is oppositely or like-directed to c; furthermore, 
since c is a unit vector, C 2 is equal to + |dn/ds| and, therefore, 
since n is a unit vector, is numerically equal to the angle turned 
through by the osculating plane per unit distance traversed along 
the curve. 

A third characteristic quantity associated with the curve at P 
is defined by the equation : 



and, for a reason which will be given presently, is called the Total 
Curvature. 

The Darboux vector by equations (6), (7), and (8) can now be 
expressed in the simple form: 

(10) Gti — C it CiTi. 

From equations (4) and (10), by taking in turn t, c, n for the 
vector u, we get : 


( 11 ) 


= a X t = Ot -k Cic + On, 
dc 

=jQxc= — Cit-|~ Oc -k C 2 n, 
= Ot — C 2 C + On. 


Strictly, since we are considering the curve parameter s as a pure number, 
Cl and Co are the numerical magnitudes of the flexure and torsion of the curve 
at P rather than the torsion and flexure themselves, w'hich have the physical 
dimensions of an inverse length. 
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These equations are known as Frenet's Formulas. From them 
all the geometrical properties of a space curve can be derived. 

Upon squaring both members of the second of equations (11) 
and taking account of equation (9), we get: 

(12) , C2 = Cf + C|. 

This equation is known as Lancret^s Law, and it is in virtue of this 
law that the quantity C is called the total curvature of the curve. 
The three quantities p, pi, p 2 defined by the equations 

(13) ^ ~ ^ 

are the magnitudes of the Radii of Curvature of the curve at P. 
The point at a distance pi from P in the direction of c is called the 
First Center of curvature, and that at a distance p 2 in the direction 
( ± c) of dn is called the Second Center of Curvature of the curve 
at P. 

Expressions for the flexure and the torsion of a curve in space 
at any point P(<s), whose position- vector is denoted by r, in terms of 
derivatives of r with respect to the curve parameter 5, can be directly 
obtained from Frenet’s formulas as follows: 

Squaring both members of the first of equations (11), we get: 

^2 — d't dt 
ds^ ds 

and, upon taking the square root and using equation (1), we find: 

(14) 


Multiplying the second of equations (1 1) by n • , we get : 
dc 


n • _ = t X c 
ds 


dc ^ dc 


but, taking account of equations (1), (2), and (7): 

1 d^T d 


dc _ ^ 

^^ds ds Cids^^ds 


i / 7 

Is \Ci ds^/ 


1 dr dh d¥ 
C?ds'd?^d?’ 


hencOj taking account of equation (14): 


dr dh dh 

• — X — 


(15) 


Co 


ds^^ds^ 
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If the position-vector r of the point P be referred to a fixed i, j, 
k-base-system with origin at 0, then : 

r = xi -f 2/j -r : 2 k, 

where y, z are Cartesian co-ordinates of the point P. Using 
this expression for r, we get directly from equations (14) and (15) 
their Cartesian equivalents : 


(16) 

and: 


( 17 ) 




dx 



ds 

ds 

ds 



d‘^z 

ds^ 

ds^ 


d^x 

d^ 

d^z 

ds^ 

ds^ 

ds^ 

'd^xy 

.ds^J 

, (<fy> 



In the next article a concrete example will be considered in 
which the flexure and torsion of a given space curve are worked 
out in detail. 


§29 

The Flexure and Torsion of a Circular Helix 

In Fig. 23 is represented a right-handed circular helix. The 
axis of the helix is collinear with the unit vector k of an i, j, k-system 
of axes with origin at 0. If r be the position- vector of any point 
P on the helix, q the vector projection of r upon the i, j -plane, 
6 the angle between i and q, reckoned positive in the direction from 
i toward j, and p the- pitch of the helix, then: 

(1) - r = g cos ^ i + O' sin 0 j -f 0 k 

will be its vector equation; and the vector q can be expressed in 
the form : 

(2) q = g cos ^ i + g sin 6 j. 

The scalar q represents the magnitude of the radius of the helix. 

If s be the parameter of the curve representing the distance of 
P measured along the curve from a fiducial point Pq on the i-axis, 
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and if dr be the increment in r corresponding to the increment ds 
of this parameter, then : 


where: 

(3) 


dr « {—q sin ^ i + g cos ^ j + pk) dS^ 
ds = v^dr • dr = + p^dO = ^ d$, 


= COnstaHt. 

vr + ?>* 



By successive differentiation of both members of equation (1) 
with respect to the curve parameter s, we get : 

dr • 

^ = h( — q sin ^ i -f g cos ^ j + pk), 

(4) ^ = h\—q cos ^ i — g sin ^ j) = — 

d®r 

— = Ji^^q sin ^ i — g cos d j). 

With the aid of these equations the flexure and the torsion of the 
helix can easily be calculated from equations (14) and (16), respec- 
tively, of Art. 28, with the following results: 
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The flexure and torsion of the helix are positive in accordance with 
the conventions adopted above. 

Eor p == 0 the helix degenerates into a circle in the i, j-plane 
for which the flexure is equal to the reciprocal of its radius, and 
for which the torsion vanishes. 


§30 

Velocity and Acceleration of a Moving Particle 


Referring to Fig. 22, let the point P, whose position- vector is r, 
denote the position at any time of a particle supposed moving along 
the curve in space there represented. For the velocity- vector 
and the acceleration- vector of the particle we have : 


( 1 ) 


V — 

a = 


dt dt ds dt ’ 

<iv _ d^T _ ds dt 

dt dt^ dP dt ds* 


where t denotes the time parameter. But we can write : 

dt _ ds dt ^ ds 
dt dt ds ^dt 


where C i is the flexure of the path of the particle at P. 


( 2 ) 


a 




t + C 



c, 


Hence: 


where the first term on the right is a vector which specifies the 
component of the acceleration of the particle along its path due 
to its change of speed, and the second term is a vector which specifies 
the component directed toward the center of curvature of the path 
and proportional to the square of the speed and the flexure of the 
path. 

It should be noticed that the velocity and acceleration- vectors 
both lie in the osculating plane of the path. 


§31 

Elements of the Theory of Surfaces 

It is proposed to give in the present article a short presentation 
of the elements of the theory of surfaces which will enable the 
reader to form some idea of the usefulness of vector methods in 
In this connection see the foot-note in Art. 28. 
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connection with the differential geometry of surfaces. In partic- 
ular, the important subject of curvature of surfaces will receive some 
attention, and results will be found which will be of use subsequently. 

It will prove convenient to introduce at the beginning of our 
brief discussion of this subject special parametric surface co-ordi- 
nates, commonly called Gaussian Co-ordinates after the German 
mathematician Karl Friedrich Gauss (1777-1855), whose contri- 
butions to the theory of surfaces were of fundamental importance 
and far reaching significance. 

(a) Gaussian surface co-ordinates. Let x^, x® denote ortho- 
gonal Cartesian co-ordinates of any point on a surface S, and suppose 
that to every point on the surface there corresponds a pair of values 
of two parameters and and vice versa, that to every pair of 
values of and within limits depending on the boundary of 5, 
there corresponds a single point on the surface. Then, as in analytic 
geometry, the surface can be represented by the parametric 
equations 

( 1 ) 

x^ = x^(u^, u^). 

It is to be understood that the surface is regular in the sense 
that the functions x^j in equations (1), together with their 
derivatives with respect to the parameters and to any order 
required in the discussion of the metrical properties of the surface, 
may be considered as continuous. 

In order that equations (1) may actually represent the surface 
Sj any two of them must be capable of solution for the parameters 

and u^y and the values for u^y thus obtained, when substituted 
in the third of these equations, must furnish an equation in the 
variables x^, x^, in fact, the equation of the surface. 

If either one of the parameters, say wh is supposed held constant, 
then equations (1) together with the additional equation, = const, 
will represent a line on the surface S, Such lines are called Co-ordi- 
nate Lines. Through any point P of the surface there will pass 
two co-ordinate lines, as shown in Fig. 24 ; one of these, along which 
w® is constant and varies, is called the u^-curve; the other, along 

Readers who may wish to go further into this subject are referred to the 
treatise of W. Blaschke-Differentialgeometrie, Band I; or to the treatise of 
Lagally — Vektor Rechnung, §5. 

The use of superscripts as identifying indices in these equations conforms 
to usage which will be justified later. 
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which is constant and varies, is called the w^-curve. The 
parameters and may be considered as surface co-ordinates of 
the point P; parametric co-ordinates of this sort are called Gaussian 



Co-ordinates. 

If r denote the position-vector 
of the point P with respect to any 
arbitrary origin, then, since P is a 
surface point, r can be considered 
as a function of the parameters 
so that: 

r = r(wh v?' 

By differentiation : 

( 2 ) 


where dt denotes the differential increment in r which occurs in 
passing from the point P(uh u^) to any infinitely near surface point 
P'{u^ + du^j + du^). The vectors dx/du^ and dr/du^ are vectors 
directed tangentially to the and ii‘^-curves, respectively, in the 
directions of and increasing. 

These vectors will be called Unitary Vectors, and will be denoted 
by Oi and 02 respectively, so that: 

/ON 

(3) Oi - as - 


The unitary vectors may be considered as constituting an Qi, 02- 
base-system at the point P. 

Any vector associated with the point P which can be represented 
by a line-vector tangent to the surface at P will be called a Surface- 
Vector. Such a vector (A) can be expressed on the Ui, a2-base- 
system by writing: 

(4) A = A%i -f A®a2, 


where, for reasons that will appear later, and are called the 
Scalar Contravariant Components of A. As a special example 
we have from equation (2) for the infinitesimal surface vector dr 
the expression: 

( 2 ') dx == KXidu^ + a^du^. 

(b) The first differential quadratic form. By forming the scalar 
product of both members of the last equation, we find: 

(5) ds^ = giiduHv} + 2gnduHu^ -f* g%*ijduHu^j 
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where ds denotes the magnitude of dr and: 

(6) ^11 = Cli- Qi, gi2 = ^21 = Cll* Cl2j ^22 = <l2* 02. 

From the first and last of these equations the magnitudes of the 
unitary vectors Oi, 02 are expressed by \/gn, \/^227 respectively. 

The differential quadratic form (5) is called the First Differ- 
ential Quadratic Form for the surface. The full significance and 
importance of this form was first recognized by Gauss, who pointed 
out that all the metrical properties of any surface figure can be 
expressed in terms of its coefficients. 

If dr be taken in turn in the directions of u‘^ increasing along 
the li^-curves, and if ds(i), ds( 2 ) denote the corresponding magni- 
tudes of dr when so taken, it follows from equation (5) that: 

(7) ds(i) = Vgndu^, d.s*(2) = V922 du‘^. 

The cosine of the angle between the unitary vectors at P is 
given, with the aid of equations (6), by the equation: 

( 8 ) cos (qi, 02) 

/ 911922 

If, therefore, the coefficient gi 2 vanishes over the surface, the 
and u^-curves will form an Orthogonal System of parametric lines. 

If ds and ds denote any two infinitesimal surface vectors asso- 
ciated with the point P, so that : 

(9) ds — du^ai -j- du^a 2 y ds = 4- du^a 2 't 

then: 

^ V ds* 5s Qiidu^du^ + q\ 2 {du^du^ + du^du^) + g 22 du^du^ 

(10) cos(ds,6s) = = 

where dSy ds denote the magnitudes of ds, 5s. 

For the magnitude (do-) of the area of the infinitesimal parallel- 
ogram constructed upon line-vector elements representing ds and 
5s as sides we have: 

da = |ds X 5s| 

= Kdzi^ai 4 du^a 2 ) x (du^ai 5'w^a2)l 
= |aix a2(du^du^ — du^du^)\ 

= |aia 2 sin (ui, a2)(d'w^5w^ — du^du^)\y 

. and hence, taking account of equations (6) and (8) : 

(11) da == .v" giig 22 — (du^dn^ — du^u^)\> 
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In the special case that ds, ds coincide in direction with the 
u^-curves respectively we have du^ = 0, = 0, and hence: 


( 12 ) 


d(r ^ V 011022 - gffa du^du^. 


It is important to observe that the form (5) is not only an invariant 
as regards choice of co-ordinate system, but that it is also invariant 
to any possible distortion of the surface which does not involve 
stretching or tearing. 

(c) Sxirface curves — geodetics. In dis- 
cussing the properties of a curve which lies 
on a surface it is convenient to use a different 
reference system of unit vectors than that 
introduced in Art. 28 for space curves. 

We therefore introduce an orthogonal 
right-handed system of unit vectors t, t', e 
(see Fig. 25) associated with any point P of 
a curve on a surface S, the vector t being 
tangent to the curve in the direction of in- 
crease of a curve parameter 5 which specifies 
the distance of P from a fiducial point Po 
measured along the curve, the vector t' beiug perpendicular to t in 
the tangent plane to the surface at P, and the vector t being in the 
direction such that e = t x t'. 

In passing along the curve from the point P(5) to the neighboring 
point P' (s + ds), the t, t', e-system of unit vectors may be considered 
to undergo an infinitesimal translation and rotation which brings 
it into the configuration appropriate to the point P', and if q denote 
any vector at P which is fixed with respect to the t, t', e-system, it 
will experience a change dq due to the rotation only which, by 
analogy with equation (4), Art. 28, must be such that: 



Fig. 26. 


(13) 


$ = 


where, by analogy with equation (5) of the same article: 

(14) O' -..^1+14;,' + ,-. g.. 

The coefficients of the unit vectors t, t', e in this equation will be 
denoted by T, JSfj G, so that: 
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(15) 


and: 

(16) 


dt 


N = 


t* 


dt 


(? = t' 




ii' = rt + Nr + Gt. 


By taking q in equation (13) as t, t', t in turn, we get: 

^ = Q' X t = Ot + Gt' - JVe, 

ds 

(17) Q'xt' = -Gt + Ot' + Tt, 

^ = Q'xs = Art - Tt' + Oe. 


The quantities jT, N, G, respectively, are called the Geodetic 
Torsion, Normal Curvature, and Geodetic Curvature of the surface 
curve; T represents the angle of rotation of the t, t', s- system about 
the t-axis per unit distance traversed along the curve ; N is numer- 
ically equal to the ordinary flexure of the projection of the curve 
upon the t, £-plane, and G to the ordinary flexure of the projection 
of the curve upon the t, t' -plane. A few words relating to the signs 
of the quantities T, AT, G as defined by equations (15) are necessary. 
Except in the case of a closed surface, the choice of direction for the 
unit surface normal e is indeterminate, and consequently that of 
the unit vector t' is also indeterminate. The quantities N and G 
are therefore ambiguous as regards sign, while T is not. 

A geodetic line on a surface can be defined as a curve on the 
surface such that the length of an arc of the curve between any two 
points upon it is an extremum as regards the lengths of infinitely 
near curves connecting the same two points. In Art. 97 the differ- 
ential equations of a geodetic line on a surface will be derived. At 
present the discussion will be limited to showing that the necessary 
and sufficient condition that a curve on a surface shall be a geodetic 
line is that its geodetic curvature shall vanish at all points. 

Consider a curve drawn on a surface S between any two points 
Pi and P 2 . Let 5 be a parameter representing the distance measured 
along the curve from Pi to any. point P{s) between Pi and P 2 , and 
let r be the position-vector of P(s). 
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In the special case that ds, 5s coincide in direction with the 
24 ®-curves respectively we have du^ = 0, du^ == 0, and hence: 

(12) d<r = gu 922 - 

It is important to observe that the form (5) is not only an invariant 
as regards choice of co-ordinate system, but that it is also invariant 
to any possible distortion of the surface which does not involve 
stretching or tearing. 

(c) Surface curves — geodetics. In dis- 
cussing the properties of a curve which lies 
on a surface it is convenient to use a different 
reference system of unit vectors than that 
introduced in Art. 28 for space curves. 

We therefore introduce an orthogonal 
right-handed system of unit vectors t, t', c 
(see Fig. 25) associated with any point P of 
a curve on a surface S, the vector t being 
tangent to the curve in the direction of in- 
crease of a curve parameter s which specifies 
the distance of P from a fiducial point Po 
measured along the curve, the vector t' being perpendicular to t in 
the tangent plane to the surface at P, and the vector c being in the 
direction such that £ = t x t'. 

In passing along the curve from the point P(^) to the neighboring 
point P' (s + ds), the t, t', £-system of unit vectors may be considered 
to undergo an infinitesimal translation and rotation which brings 
it into the configuration appropriate to the point P', and if q denote 
any vector at P which is fixed with respect to the t, t', e-system, it 
will experience a change dq due to the rotation only which, by 
analogy with equation (4), Art. 28, must be such that: 

(13) ^ = 

where, by analogy with equation (5) of the same article: 

(u) 

The coefficients of the unit vectors t, t', e in this equation will be 
denoted by T, N, 0, so that: 


I- 



Fig. 26. 
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(15) 


T = 


£ • 




N 


t. 


dz 


G = t'. 


dt 


and: 

(16) Q' = Tt + M' + Ge. 

By taking q in equation (13) as t, t', e in turn, we get: 

^ = ft' X t = Ot + Gt' - JVt, 

(17) ^ = ft'xt' = -Gt + Ot' + Tt, 

= ft'xe = JVt- Tt' + Oe. 


The quantities T, V, G, respectively, are called the Geodetic 
Torsion, Normal Curvature, and Geodetic Curvature of the surface 
curve; T represents the angle of rotation of the t, t', e- system about 
the t-axis per unit distance traversed along the curve; N is numer- 
ically equal to the ordinary flexure of the projection of the curve 
upon the t, £-plane, and G to the ordinary flexure of the projection 
of the curve upon the t, t' -plane. A few words relating to the signs 
of the quantities T, iV, G as defined by equations (15) are necessary. 
Except in the case of a closed surface, the choice of direction for the 
unit surface normal e is indeterminate, and consequently that of 
the unit vector t' is also indeterminate. The quantities N and G 
are therefore ambiguous as regards sign, while T is not. 

A geodetic line on a surface can be defined as a curve on the 
surface such that the length of an arc of the curve between any two 
points upon it is an extremum as regards the lengths of infinitely 
near curves connecting the same two points. In Art. 97 the differ- 
ential equations of a geodetic line on a surface will be derived. At 
present the discussion will be limited to showing that the necessary 
and sufficient condition that a curve on a surface shall be a geodetic 
line is that its geodetic curvature shall vanish at all points. 

Consider a curve drawn on a surface S between any two points 
Pi and P%. Let « be a parameter representing the distance measured 
along the curve from Pi to any.point P{s) between Pi and P 2 , and 
let r be the position- vector of P(s). 
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Now suppose the points of the curve to undergo continuous 
infinitesimal displacements on the surface, perpendicular to the 
curve, the points Pi and P 2 being held fixed, however, so that a 
new curve connecting Pi and P 2 is generated upon the surface. 
The points P ( 5 ) and Q(s + ds), respectively, are supposed displaced 
to the points P'is') and Q'(s' + ds'), s' being the parameter of the 
new curve corresponding to the parameter s of the original curve. 
The vector dr of the original curve goes in the displacement into a 
vector dr' of the new curve. 

If Z denote the length of the original curve between the points Pi 
and P 2 and V that of the new curve, then: 

^ “ fp'Vdr^ dt, r = jT'ds' = 

and if the symbol 8 denote variations due to the displacements 
of quantities appertaining to the original curve, then : 

dr' = dr + 5dr; 81 V - I 

Hence : 

« = fp^‘V(dT + ddi)- (di + Sdt) - 

/•P2 

= {\/dT» dr + 2dr* 5dr — \/dx» dt), 

to quantities of the second order in the small quantity 5dr, and 
upon expanding by the binomial theorem the first radical in the 
last integral in terms of powers of 5dr, and neglecting terms of the 
second and higher powers in this quantity, we get: 


or: 


81 


81 - 


rPi dt • bdt rp^tdr 

J^ySdT, 


where t is a unit vector of the t, t', e'-system at P, tangent to the 
curve in the direction of increasing a. This expression can be put 
in a form involving the geodetic curvature as follows: For the 
displacement of the point P, which must be collinear with the unit 
vector t', write 8nt\ where 8n varies, of course, from point to point 
of the curve, and is, therefore, to be considered as a function of 
the parameter The displacement of the point Q(s + d^) will 
then be expressed by 


8nf -f- d(dntO- 
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Consequently: 

and 


Ml = <i(5nt') = 5ndt' + ddnt\ 
51 = dt'Sn + t- t'dSn), 


or, since t and t' are mutually perpendicular: 

- Ip/' 


or, in virtue of the third of equations (16) : 

(18) = —J^^GSnds, 

where G denotes the geodetic curvature of the curve at the point P. 

If the original surface curve connecting the points Pi and P 2 
be a geodetic line, then, in accordance with the definition of such a 
line given above. Si must vanish for arbitrary values of dn, and 
consequently (? = 0 at all points on a geodetic line; conversely, if 
for a surface curve connecting the points Pi and Pg, G - 0 at all 
points, then 51 = 0. Therefore, the vanishing of the geodetic 
curvature at all points of a surface curve is a necessary and sufficient 
condition that the curve be a geodetic line. 

(d) The second differential quadratic form. We consider any 
surface curve passing through the point P whose position-vector 
with respect to any arbitrary origin is r. As in Section (c) of the 
present article, let e denote a unit vector whose direction is normal 
to the surface at P, and which, in fact, can be expressed as follows : 


(19) 


Ql X 02 

|aix Qol 


In passing along the curve from the point P(u^, u^) to the 
infinitely hear point P'(u^ + du\ + du^), suppose, e and r to 
increase by the amounts dt and dr. Then: 

(20) de = ^ du^ + -1^, du\ dr = dui + du\ 


Upon forming the scalar product of dt and dr, we get: 
(21) dt* dx = IduHu^ + 2wduHu^ + nduHu^, 

where: 


, dt dx ir dt dx dt dxl 

^ 2Lda^ du^ dii^ daU’ 


dr 


_ d£_ 

Bii^ dii^ 
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The expression on the right of equation (21) is called the Second 
Differential Quadratic Form for the surface, the coefficients of the 
form being expressed by equations (22). These coefficients can be 
evaluated as follows : 

Since t is normal to the surface, and since the vectors dr/du^ 
and dx/du"^ are directed tangentially to the surface, therefore: 

n - 0 


and upon partial differentiation of these expressions, the following 
relations are found : 


ii A = ^ 

du^ dii^ * du^du^ 

dz ^ _ d^r 

dv^ du^ ^ dv?du^^ 


A. — _ d^r 
dvP' du^ ^ du^du^^ 


dz^ dr _ dh 

dv^ d^^^ ^ * du^du^" 


and hence, from equations (22), we have: 

^ ~dv}-dv}^ 
dh 

^ ^ du^du^^ 

d^r 

^’dwW’ 


but by equation (19), taking account of equations (3) and (8), 
£ can be expressed in the form : 


(23) 


£ 


A dr 
du^ 

V gn ga — g\i 


and consequently we have: 

r dr dr 1 

\-dv} du^ dn^dii' J 


( 24 ) - 

fdr dr I 

Ldw^ dw* dtt®du*J 

\/ giigzn — g\2 


V ^11^^22 — 9 \^ 

[A A, d% 1 

Ldu^ du^ du^du^j 

^ QiiQ%i ^12 
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If s denote a curve parameter which is the measure of the dis- 
tance along the surface curve from some fiducial point to the point 
F, then dt/ds will be a unit vector (t) directed tangentially to the 
curve in the direction of s increasing. Since the vectors e and dr/ds 
are mutually perpendicular, the equation: 



The first term of this equation is equal to minus the quantity 
defined in Section (c) of the present article as the normal curvature 
N of the curve at P, and V, with the aid of equations (21) and (5), 
can therefore be expressed in the form : 


(25) 


Idu^du^ + 2mdu^du^ + ndu^dv? 
giidu^du^ + 2guduHu^ + 


This equation gives the normal curvature of any surface curve 
through the point P whose direction ratio is du^\ du^ in terms of the 
coefficients of the two fundamental differential quadratic forms 
for the surface. 

(e) The Gaussian Curvature and the Mean Curvature of a sur- 
face. We now consider only those curves through F which are 
normal sections of the surface. Values of N for these curves will 
represent flexures of normal sections of the surface at F. 

Equation (25) can be written in the form : 


(26) (Z — Ng\i) duHv} + 2(??i — Vpw) du’^du^ + (n Ng^^ du^du^ = 0, 


which is quadratic in the direction ratio du^idu^. Values of N for 
which this equation has a double root are called the Principal 
Curvatures of the surface at the point F. For a double root the 
discriminant of the equation must vanish, so that: 

\l - Ngn m - ^ ^ 

m - Ngn n - Ng22\ ’ 
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or, upon expansion: 

(27) (ffiijij - N* - {gnn - 2gnm + g^J.) JV + (Zn - wi*) = 0. 


If Ni and Ni denote the two roots of this equation, then iVi and JVj 
are the principal curvatures of the surface at the point P. By the 
well known relations for the coefficients and the roots of a quad- 
ratic equation we have: 


(28) 

(29) 


= 


In — 

Z * 

^1X^22 — ^12 


^ 2gi2m + g2il 

+ ^2 = — ^ 

giig22 — ^12 


If K and H represent two new quantities defined by the equations : 


(30) K - N 1 N 2 , 

(31) H = iSTi + N 2 , 


then K is called the Gaussian Curvature, and H the Mean Curvature 
of the surface at the point P. 


EXERCISES ON CHAPTER II 


1. If r • dr = 0, show that r = const. 

If r X cir ~ 0, show that r = a vector const. 

If T * dcxdh = 0, show that r x dr has a fixed direction, and that 
r is parallel to a fixed plane. 

2. Show that: 

, to X (r X dr) 

dTo = o— — » 


where ro is a unit vector in the direction of r. 


3. Show vectorially that the area of the parallelogram determined by 
two conjugate radii of an ellipse is the same for all pairs of such radii. 

4. If r denote the position-vector of a point P moving in a plane with 
respect to an origin 0 taken in the plane, show that the velocity- vector of 
the point is expressed by the equation: 


^ _ dr 
dt dt 


. dS. 

ao + r^ho, 


where r, 6 are polar co-ordinates of P, and Uo, bo are unit vectors in the 
directions of r, 6 increasing; show also that the acceleration-vector of the 
point is expressed by the equation: 






THE ELEMENTS OF VECTOR CALCULUS 


73 


5. If r denote the position vector with respect to an arbitrary origin 
0 of a point P moving in space, and if r, d, <#> denote spherical co-ordinates 
of the point, show that the acceleration-vector of the point can be expressed 
in the form: 


fl'jL 

_ — [rS 2f6 — r<l)^ sin 6 cos Qq 

"h [2r4> sin 6 + 2r$<^ cos 6 + r<^ sin 0] bo 
-b [r — rd^ — r<i)^ sin^ 6] Co, 

where ao, bo, Co are unit vectors in the directions of r, <(> increasing. 

6. If r and r + 5r are position vectors of two neighboring points 
P{s) and P'(s -f Ssbon a space curve, 8s being the length of the arc PP', 
show that: 

t • is of the order of magnitude 5s, 

— 2 

c • 5r is of the order of magnitude 8s , 

— 3 

n • 5r is of the order of magnitude 8s , 


where t, c, n are unit vectors whose significance is explained in Art. 28. 

7. Show that the solutions of the differential equations: 


A 

dt^ 


±kh 


are: 

r = Ae** + Be"**', 
r = A cos + B sin kt, 


where A and B are vector constants of integration. Find the flexures 
of the orbits represented by the last two equations. 

8. Show that any space curve whose flexure and torsion are 
in a constant ratio must be a cylindrical helix. 

9. The circle of curvature at a point P of a space curve is a circle 
which passes through P and two neighboring points on the curve when 
they coalesce with P. Show that the locus of the center of the circle 
of curvature of a circular helix is itself a circular helix. 

10. Find the flexure and torsion of a helix on a cone which makes a 
constant angle with the elements of the cone. 

11. By means of formula (30), Art. 31, show that the Gaussian curvature 
of a sphere is equal to the reciprocal of the square of its radius. 

12. The position-vector r of a point P is expressed in terms of its 
i, j, k-components as follows: 

T = id + yi + zk. 
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Suppose that x, y, z are functions of three parameters w, Vj w whose Jacobean 
is: 

d(Xf y, z) _ Bx dx dx 
v, tt?) ”” du dv dw 

^ ^ 

du dv dw 

dz dz dz 
du dv dw 

Give the geometrical significance of this Jacobean. 
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SCALAR AND VECTOR FIELDS 
§32 

Scalar and Vector Point Functions 

The position of a point in space can be specified by three numbers 
expressing the values of a corresponding set of quantities (^i, qz) 
called co-ordinates; ordinary Cartesian and spherical co-ordinates 
are familiar special examples. 

Associated with each point of space let us suppose a scalar 
function u and a vector function v, the values of which at any point 
depend only upon the values of the co-ordinates of the point, so that: 

« = ■“( 9 i> Qi, 93), V = viqi, qz, qz). 

Such functions are called Scalar and Vector Point Functions respec- 
tively. In the preceding pages we have already had occasionally 
to deal with such functions. 

Examples of scalar point functions met with in Physics are pre- 
sented by: the density of a distribution of gravitational matter, the 
temperature in a body or system of bodies, the electrostatic potential 
of a distribution of electric charges; and examples of vector point 
functions by: the gravitational force associated with a distribution 
of gravitational matter, the velocity of a moving fluid and the 
electric field intensity due to a distribution of electric charges. 

Unless otherwise stated, scalar and vector point functions 
together with their first space derivatives will be considered to be 
continuous and singly valued functions. 

The ensemble of points in a given region together with the 
corresponding values of a scalar point function, or of a vector 
point function, constitute what is called the Field of the Scalar 
Point Function, or the Field of the Vector Point Function, in the 
region. 

Any point in the field of a scalar or a vector point function is 
called a Field Point. 


7fi 
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§33 

Relating to the Field of a Scalar Point Function 


In the consideration of the field of a scalar point function 
it is advantageous to introduce the concept of a level surface of the 
function : 

A Level Surface of a scalar 'point function is a surface for all points 
of which the function has the same value. 

Using rectangular Cartesian co-ordinates x, y, 2 , we can take 
for the equation of a level surface of a scalar point function u: 

(1) u(x, y, z) = c, 

where c is a constant; and the position-vector r of the field-point 
2/) with which u is associated can be expressed in the form: 

(2) r == a;i -f ?/j -h 2 k. 

Referring to Fig. 26, let P be a point on the level surface u = 
const, and P' a neighboring point on an infinitely near level surface 



Fig. 26. 


for which the value of u is greater by the amount du. Let the 
co-ordinates and position-vector of P' be denoted by a; + dx, y + dy, 
z -f- dzy and r'. Then : 


{x -h (ix) i + (2/ + dy) j + (2 + dz) k, 
r' — r = idx -h ]dy + kde, 


t 

dt 


, Bu . , Bu j , Bu ^ 


The form of the expression for du indicates that it can be written 
as a scalar product as follows: 


du = {idx + ydy + Mz ) . (ig + jg + kg). 


(3) 
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The, first vector factor on. the right represents the infinitesimal 
vector dx. The second represents a vector of fundamental impor- 
tance in the theory of scalar fields, called the Gradient of the 
scalar point function u at the point P; it will, following Hamilton, 
be denoted by Vw, so that: 


(4) 


_ .du , .du , , du 


The symbol V, read ^^del, defined by writing: 


(5) 


. d , d , . d 
^di + + ^dz 


is an operator which, acting upon the scalar point function Uj 
produces the gradient of this function. 

Equation (3) can now be written: 


( 6 ) 


= dr • • dr. 


In Art. 36 a definition of the gradient of a scalar point function 
will be given which shows that it is an invariant as regards the 
co-ordinate system with respect to which it is expressed. Meanwhile, 
it will be convenient to call attention to a geometrical interpretation 
which shows the real significance of this important vector. 

In Fig. 26 n represents a unit normal at P to the level surface 
of u through P in the direction of u increasing. Hence, if ds denote 
the magnitude of dr, and dn the value of ds when P' is so taken that 
dr coincides in direction with n, then: 


and: 


dn = n • dr, 


, du . du , 
du = dn = - 7 - n • dr ; 
dn dn 


but, as seen above: 
hence : 


du ^ yu* dr; 


yu»dt 


du 

dn 


n* dr. 


Since this equation is valid for all possible values of dr, it follows 
that: 



( 7 ) 
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The gradient of u is therefore a vector in the direction of n, which 
is that of the greatest space rate of increase of k, and, since n is a 
unit vector, its magnitude, viz. duldn, is equal to the greatest space 
rate of increase of u. 

The space rate of increase of u in the general direction indicated 
by a unit vector So can be expressed as follows: 


( 8 ) 


dll 

ds 


dt^ 

ds 


Vw = So • 


Owing to the fact that the space rate of increase of a scalar point 
function is dependent upon direction, it is often denoted by a partial 
derivative; thus: 

du 

( 9 ) 


but it is not, of course, hereby implied that u is an integral funcliion 
of s. 

As will be seen later, it is oftentimes advantageous to 
the field of a scalar point function u by drawing successive level 
surfaces of u, the difference in the values of w for two successive 
surfaces differing by a constant, small, finite amount, and then 
drawing a complementary system of curves in the directions of 
Vu; these curves are called Field Lines, and intersect the level 
surfaces orthogonally. 

The gradient of u at any point will have the direction of a 
corresponding field line at that point, and if dr represent a vector 
element of this line, the vector equation of the field line will be: 

(10) dr X 


the Cartesian equivalents of which are the equations: 


or: 


, Ou j du ^ 

dz^ — dx^ = 0 , 
dx dz * 

_ dyp = 0 , 
dy ^dx » 


j , j du du du 
dx idy :dz ^ 

dx dy dz 


( 11 ) 



SCALAR AND VECTOR FIELDS 


79 


§34 

Relating to the Field of a Vector Point Function 


Consider a vector point function y, z). At any field point 
F(a;, 2 /, 2 ) the corresponding value of the function can be represented 
by a line- vector with a length equal to the magnitude of v at the 
point, and drawn in the direction of v. The position-vector r 
of P with respect to the arbitrary origin of co-ordinates and the 
function v can be expressed in the forms: 

( 1 ) r = :ri -1- 7/j + v = 7;ii + vi} -f- 2 ; 3 k. 

In passing from Pfr, y, z) to a neighboring point P\x + doc, 
y + dy, z + dz) with position-vector r', the vector v undergoes a 
change corresponding to the change in r expressed by: 

(2) dr = idx -f ]dy + kd 2 . 


For the corresponding increment in v we can write: 


or: 


dv - 


dv , dv , dv 
ax ''•" + 32/ + 




dvi 

dy 


+ "Z! dy + dz ] 


+ 




(s’ +??"•: 


j 

k, 


(3) 


dv = dri + 2 . di] + drk. 


If ds denote the magnitude of dr and So a unit vector in the 
direction of dr, we have for the space rate of change of v (directional 
derivative) in the direction of So: 



dv 

dv 

JL 


ds 

” ds " 

dx ds dy ds dz ds^ 

or: 




(4) 

dv 

ds 

11 

> 

!i 

So • V^ji “b So • V'r2j + So“ V^'ak. 


The vector equation < 

of a field line of v is: 

(5) 



dr XV == 0, 


the Cartesian equivalents of which are the equations: 
(6) dx ; dy : dz = ?.»i : V 2 : ?-’ 3 * 
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The character of the field of a vector point function may vary 
greatly in passing from point to point. Peculiarities may he present 
at some points which are non-existent at others. But, if the 
function vanishes at infinity, it will be completely determined, 
as will be seen later, by the specification of the values of two quan- 
tities at all points; one, a scalar, called the divergence of the vector 
point function, and the other, a vector, called the curl of the vector 
point function. These quantities represent fundamental concepts 
relating to the nature of a vector field, and will be defined in Art. 36. 

§36 

Diagrams of Fields of Scalar and Vector Point Functions 

The diagrams shown in figures 27 and 28, from Maxwell’s 
treatise on Electricity and Magnetism, are introduced to illustrate 



Fig. 27. 


the method of ' ‘ mapping ” fields of scalar and vector point functions. 

The diagram in Fig. 27 represents equally well he gravitational 
field due to two small material spheres, A and R, of the same density 
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whose masses are in the ratio of 4 to 1, and the electric field due to 
two small conducting spheres carrying electric charges of the same 
sign whose magnitudes are in the ratio of 4 to 1. 

The field itself is symmetrical about an axial line through the 
center of the two spheres, and the diagram represents a section of 
the field in a plane through this axis. 



Fig. 28. 


The closed lines represent level surfaces of gravitational or 
electric potential, and the lines perpendicular to these represent 
lines of gravitational or electric force which at each point is co-direc- 
tional with the gradient of the corresponding potential. 

The level surface, indicated by* a dotted line consisting of two 
lobes meeting at the point P, separates the level surfaces which 
surround both spheres from those which surround the spheres A 
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and B individually. At P the resultant gravitational or electric 
force is zero. 

The dotted line, resembling an hyperbola, represents a surface 
dividing the lines of gravitational or electric force into two distinct 
groups. 

As with all diagrams of the sort here represented, the difference 
of potential between any two successive level surfaces is the same, 
and the lines of force are so drawn that their density is proportional 
to the force. 

The diagram in Fig. 28 represents the field due to electric charges 
on two small spheres, A and R, the charges being of opposite signs 
and with magnitudes in the ratio of 4 to 1. 

Here, again, the closed lines represent level or equipotential 
surfaces in any plane through an axial line passing through the 
centers of the two spheres, and the lines perpendicular to these 
represent lines of electric force. 

The level surface, indicated by a dotted line consisting of two 
lobes, one surrounding the sphere B and the other surrounding both 
spheres, and meeting in the point P, separates the equipotential 
surfaces which surround both spheres and those which surround the 
spheres A and B individually. At the point P the resultant electric 
force is zero. 

The lines of force are separated into two distinct groups by a 
surface indicated by a dotted line beginning and ending at the sphere 
A, and passing through the neutral point P. 

For the method of construction of such diagrams the reader is 
referred to Maxwell’s treatise, cited above, Art. 123. 

§36 

The Gradient of a Scalar Point Function and the Divergence and 
the Curl of a Vector Point Function 

These quantities will be defined below in ways which differ 
somewhat from those usually followed by writers on vector analysis, 
but which have the advantage of making evident their invariance 
as regards co-ordinate systems. 

Referring to Fig. 29, let P be a point in the field of a scalar point 
function u, or of a vector point function v, these functions together 
with their first space derivatives being assumed finite, continuous 
and single- valued. Imagine a small element of volume of magni- 
tude 5 containing the point P and bounded by a small closed sur- 
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face Let the magnitude of a typical differential element of 
area of « be denoted by d^, and let e denote a unit vector in the 
direction of an outward drawn normal to «. 

The gradient of the scalar point function u at the point P, denoted 
by grad u, is defined by the equation:'^'’ 


( 1 ) 





The divergence of the vector point function v at the point P, denoted 
by div V, and the curl of the vector point function v, denoted by curl Vj 
are respectively defined by the equations: 


(2) 

div V 

Ltl 

IE* vd<r: 

rui 

(3) 

curl V = 

= Ltl 

i — >05 m 

l*ex ydc. 


The significance of these definitions and the proof that they are 
really unambiguous have yet to be given. 

W e first fix our attention upon equation ( 1 ) . Let the co-ordinates 
of any point Q on the surface co be denoted by a: + /, t/ + ^, s + /i, 
the co-ordinates of the point P being y, z. The small quantities 
/, Qj h will thus be the relative co-ordinates of Q with respect to 

This surface may have a finite number of sharp edges as, for example, 
in the case of the surface of a cube. It will be assumed for simplicity that the 
surface is non-reentrant, but this restriction is not essential. 

The definition of the gradient of a scalar point function here given is that 
mentioned in Art. 33 in connection with a previous definition. 
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P, If Uq denote the value at Q of the scalar point function whose 
value at P is denoted by it, then, by Taylor^s theorem: 

(4) = ^ + + + 

where </> represents all terms of higher order than the first in /, g, A, 
and where the partial derivatives are supposed evaluated at P, By 
equation (1) we have: 

grad u = fntdff = fu(t • ii + £ • jj + £ • kk) d^. 
and hence: 

grad n = fut • ida + fue . jd<r + • kd<r. 


Now let dai and d<r 2 denote the magnitudes of the elements of area 
cut from the surface a? by an elementary prism parallel to the Z-axis, 
and let dcr» denote the magnitude of the projections of these elements 
upon the F“-?-plane, and w® that of the surface co itself; then, if ti 
and £2 denote the values of e associated with dai and ^ 0 * 2 , respectively: 

d<Xx = — £i* idci = £2* i<fcr2. 

Making use of these relations, the integral in the first term on the 
right of the preceding equation can be transformed into an equiva- 
lent one for which the domain of integration is Wa, instead of co. 
For, denoting quantities associated with dai and da^ by subscripts 
1 and 2, respectively, we can write: 

Jjxz • idor = ^ ('^2 — Ui) (hx\ 


or, with the aid of equation (4) : 


Hence : 


Ivz.Ma ^ j \^{S, 


2 — / l ) + <^>2 ““ 01 


du 

dx 


SJyh-h 


+ 


(02 — 0 l) I 
~du/dx ] 


dux 

d(Tx. 


Ltl 
3 — >05 


/ 


ut • idc 


^ Li 
dx 5"->0 



— /x + 


(02. — <^i) 

du/dx 



With the aid of Fig. 29, remembering the significance of 0, the 
limit of the expression in square brackets is seen to be unity; it 
follows that: 
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(5) 


Ltl 

5“+05 

Ltl 

5"-^05 

Ltl 



r du 

= Ty’ 

f ut’ kda = 

•/« dz 


the last two of these equations being obtained from the first by 
analogy. Hence : 

(6) gradM = i^+ + 

This expression for the gradient of u is identical with the vector 
defined as the gradient of a scalar point function u in Art. 33. 

Returning now to the defining equation (2) for the divergence 
of a vector v, we have : 

V = ft . vd<r = fv^t . id(r + I fj,t • jd<r + | fv,t. k&r] , 


where Vij vs are the measure-numbers of the i, j, k-components of 
v; and from equations (5), by taking u in turn as Vi, V 2 , vz, we also 
have: 


Idk = fe’ .-i X*'*' • = w 


3-— >o5 
Hence: 
(7) 


1 . , dv2 , dvz 

div V = -h ■ 3 -- 

dx oy dz 


Starting now with the defining equation (3) for curl v, we have: 
curl V = fex vdcr 

$—*Oo vtm 

= X V . i) idcr + I j](e X V. j) id<r + i j[(E X V. k) kda] 

= X^' • ^ ^ + 5 X^* * ^ + f X^^ • ^ ^ 

= i div V X i + j div v x j + k div v x k, 

with the aid of formula (2) ; and by formula (7) we have: 


div V X i = div — «^ 2 k) = 


dV2 

Bz 


')■ 


div V X i = div (vik - vai) = 
div V X k = div (Dji - sj) = 
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Hence ; 

/o\ 1 cbjN . , /di>i dvz\,,fdpi ^'’A , 

Since in the above demonstrations no special form has been 
assumed for the surface oj, and since no special assumption has been 
made as to the manner of shrinkage of the volumes toward its zero 
limit, it follows that the definitions given for the gradient of a 
scalar point function and for the divergence and curl of a vector 
point function are quite unambiguous. Furthermore, since the 
definitions themselves involve no reference to a co-ordinate system, 
grad Uj div v, and curl v must be invariants as regards co-ordinate 
systems. 

By taking 6 in the defining equations (1), (2), and (3) equal to 
dry the magnitude of a differential element of volume, the equations 
can be written in the following approximate forms: 


(9) 

gradw = i^^ 

fvzdxr, 

(10) 

div V = “ 

dr • 

fj-ydcr, 

(11) 

curl V =• 4- 
dr *> 



the approximation implied being as close as we please, since dr may 
be taken as small as we please. We shall return presently to further 
discussion of the significance of these quantities. 

Meanwhile, with the aid of equations (9) and (11), we shall 
derive two important relations which will be found of use later. 

At any point in the field of the scalar point function u, or the 
vector point function v, let us consider a surface element of area 
of magnitude dc' bounded by a contour c, and let ds denote a differ- 
ential vector directed along c in the direction around c arbitrarily 
chosen as positive, and n a unit vector normal to the element of 
area in the direction related to the positive direction around c 
as the thrust and twist of a right-handed screw. It will be shown 


that: 



(12) 

n X grad u = ~ 
ao" ^ 

l*tids; 

(13) 

n.curlv = Aj 

[v * d's. 

'c 
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Referring to equations (9) and (11), the form of the differential 

element of volume of magnitude dr can be chosen arbitrarily, and 

it suits our purpose to take it as a small 

right cylinder whose top surface is the sur- | — 

face element in question, and whose height ‘ 

h is infinitesimal. See Fig. 30. Consider 

now the two surface integrals over the sur- ^ 

face of the small c^dinder of the quantities 

unxt and n • e x v. It is evident that the j,. 

top and bottom surfaces will contribute 

nothing to these integrals, since for them n x e = 0 and n • e x v 
= 0. We find then for the integrals in question: 


I » 



Fig. 30. 


Jim X t(h — jT %dm x e|dsl = hj uds ~ J 

J n*£X Vf/c = ^/iv*nx£[dsl = • ds jTv 

and hence, from equations (9) and (11) : 

n X grad J unxtdcr = ~ 

n • curl V = i Tn • E X vdcr = -r > Tv • ds. 
dr Jc da' Jc 


The validity of equations (12) and (13) is thus established. 

The significance of the gradient Vu of a scalar point function 
u has already been discussed in Art. 33, where it was shown that 
Vu is a vector whose magnitude and direction are those of the great- 
est space rate of increase of the function. 

Some light is thrown upon the significance of the divergence 
and of the curl of a vector point function v upon closer considera- 
tion of equations (10) and (13). 

From equation (10) it appears that, if div v is to have a value 
different from zero at any point P, the vector v itself must behave 
in such a way in the neighborhood of the point that the surface 
integral of its normal component over the surface bounding a 
differential element of volume of magnitude dr, including the 
point P, shall not vanish in virtue of cancellation of plus and minus 
contributions from different parts of the surface. For example: 
let us consider the electric field due to a positive charge of elec- 
tricity with volume density p supposed distributed uniformly 
throughout the volume (A) of a small sphere with infinitesimal 



88 


VECTOR AND TENSOR ANALYSIS 


radius c and with center at P. If E denote electric field intensity, 
then the field lines of E will be directed radially outward at all 
points on the surface of the sphere, and P( = n • E) will be uniform 
over the surface. Consequently, the surface integral of u . E cannot 
vanish in virtue of cancellation of plus and minus contributions to 
the integral; in fact, the contributions from all parts of the surface 
will be positive, and in total amount equal to Aire^E; therefore, by 
equation (10) , we shall have for the divergence of E at P : 


div E 




In accordance with a fundamental electrical law, if E be supposed 
expressed in ^‘rational units,'' then E = pA/iire^, and hence:^^ 

(14) div E = p. 

From equation (13) it appears that the scalar component of 
curl V in a direction determined by the unit vector n is equal to the 
integral of v • dr around the contour of the element of area of magni- 
tude dcr' (for which n is the unit normal) divided by da'. If curl 
v has a value different from zero, and if n be taken in the direc- 
tion of curl V, then obviously the integral of v • ds around the con- 
tour cannot vanish in virtue of cancellation of plus and minus 
contributions from different parts of the contour. For example: 
let us consider the magnetic field due to an electric current in an 
infinitely long straight wire, with infinitesimal section. As is well 
known, the lines of magnetic force (H) in this case are circles in 
planes normal to the wire, and concentric with it. Now, by equation 
(13), if 0 } represent any section of the wire at any point: 

n* curlH = i Th* dr. 

CO Jc 

The integral on the right represents the work which the magnetic 
field would do upon a unit positive magnetic pole passing once 
around the contour c bounding and by a fundamental law of 
. electromagnetism this is proportional to the current (n • qco) 
embraced by the contour, q representing the current per unit area; 
if rational units be used, the constant of proportionality is equal 

the ‘‘rationaP' system of electrical units a unit of charge is defined as 
one which would repel a like charge at a distance of one centimeter with a force 
of dynes; a unit magnetic pole is defined in a similar way. 
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to the reciprocal of the velocity of light (c) in vacuo. Hence, in 
these units: 

n • curl H = - n • q. 

c ’ 

This result is valid for any section CO. Hence: 

( 15 ) curlH = -^q. 

Subsequently, from time to time, we shall meet with other 
examples which will serve to throw further light upon the signifi- 
cance of the divergence and of the curl of a vector point function. 


§37 

The Operator V and Some Related Operators 


The operator V is expressed on any i, j, k-base-system as follows: 


V - 


.d ,d d 
^dx ^dz * 


Operating upon a scalar point function u it produces, as we have 
seen, the gradient of the function: 


( 1 ) 


.du , .du 


du 


“ ^dx hy ^dM 


If s denote a vector point function, then : 


( 2 ) 


du , du , du 

S. vw = 


where Si, 52 , Ss are the measure-numbers of the i, j, k-components 
of s. 

It is sometimes convenient to regard V as a quasi- vector having 
i, j, k-components d/dx, d/d?/, d/dz, which in the formation of 
scalar and vector products behave in the same way as the corre- 
sponding components of real vectors. 

The divergence operator V*. The scalar product of V into the 
vector point function s is formed as follows: 

dsi dsz dsz 

^ dx dy dz 
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Hence: 

(3) V s = div s. 

The symbol V • can therefore be considered as an operator which 
acting upon a vector point function produces its divergence. 

The derivative operator s • V, For the scalar product of s into 
V we have: 

( S d d \ 

^dx + hTj + ^dd- 


Upon expansion of the indicated product on the right we find: 


(4) 


s • V 


d a d 


Hence, s • V is a new scalar differential operator. 

If w is a scalar point function and v a vector point function, 
then: 


(5) 

( 6 ) 


, , du , du , du 

(s.v)« = si^ + S2^ + S3^-; 

, . dv , dv , av 

^S. V)V = SlgJ+ +83^. 


If s be a unit vector, then Si, ^ 2 , will be the direction cosines 
of s, and (s • V) ti will be equal to the directional derivative of u in 
the direction of s, viz. du/ds; and (s • V) v will be the directional 
derivative of v in the direction of s, viz. dv/ds. 

It should be noted that: 


(7) 


(s • V) w = s • (vw). 


Assuming s to be a unit vector, this equation states that the direc- 
tional derivative of u in the direction of s is equal to the scalar 
value of the component of the gradient of u in the same direction. 

— 1> The curl operator Vx. In forming the vector product of V into a 

vector point function v, we find: 


vx V 


Hence: 


( d d d \ 

+ ^Fz) ^ 

— ( . ■ fdvi . /dv2 dvA 

\dy dz / \d2 dx/^'\ dx dy) 


k. 


(8) , V X V = curl V, 

The symbol Vx can, therefore, be regarded as an operator which 
acting on a vector point function produces its curl. 
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The Laplacian operator For the scalar product of V into 
itself we have : 




Hence : 
(9) 




a?/2 


i!. 


dz^ 


This is the well known Operator of Laplace. 

It acts upon a scalar point function u to give: 

2 dhi d^u 


( 10 ) 


V w 




This is the same result which is obtained when the operator V • acts 
upon the gradient of u. For: 

V • ivu) = div grad u 

(.du .du du\ 

= + ^dzh 


and hence : 
( 11 ) 


. . d^u . d^u 

V - (Vm) - + Qy2 


‘dy 

dhi 

dz^ 


= V 'w- 


If Vhi vanishes at all points throughout a given region, then u 
must satisfy the partial differential equation of the second order: 


(12) 


dx^ 


Tu = 5:::2 + + 


dy^ 


du 

dz^ 


0, 


vv = 


at all points of the region. This is the celebrated equation of 
Laplace. 

Operating with upon a vector point function v, we find: 

dV d^ dH 
^2 + ^ ^ 


+ 1 
+1 


dhx 

+ 

dhi 

+ 

dh{ 

.dx^ 

dy^ 

dz^ - 

'dhi 

+ 

3^2 

+ 

d^Vi 

^dx^ 

dy^ 

dz^ 

'dhz 


dhs 

+ 

d^vz 

s dx^ 

+ 

dy^ 

*dz^ . 


Hence : 
(13) 


yV = iv^vi + + kv^vs. 
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§38 


Special Examples Involving Differential Operators 

TO .Orth., e Wafy f 
.ar" , 

V" = 1^ + Jai/ 




Hence: 
(14) 


yr« == nr” 're- 


Operating with V • V upon r”, we find: 

V-vr“ = V-(Vr") =divV>^ 

= div (nr”^'ro) 


= div (nr” 


.H -h 2/i + 


I 


- ”[5 + 1 

rt- 3nr"-L 


•“' '’dy 

: n(n - 2) r”-* 


r2 + 2/2 + 3* 


Hence: 

(15) 

Ifn =-l, then: 

(16) 


V^r" = n(n + D r*^*- 


= 


0, r 0. 


The function 1/r, therefore, satisfies the equation of Laplace except 

TUSwing special formulas, in which a denotes a constant 
vecL, relating to differential operations on the position-vector , 
are left for verification to the reader . 

V.r = divr = 3, Vx (r x a) - curl r x a = -2a. 

V X r == curl i: = 0, 

= grad r* a 

V» fr X a) - div r X a = 0, 


r -a 

V • ra — div ra = 


Vxra = curl ra = 
(a. V) r = a* (Vr) = a- grad r = 


r 

rx g 
r 

g* 

—X * 
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§39 

Expansion Formulas Involving the Gradients of Scalar Point 
Functions and the Divergences and the Curls of Vector 
Point Functions 

The following formulas are collected for convenience of reference. 
Each of them can easily be verified by the method of semi-Cartesian 
expansion, as will be exemplified in the case of one of them. 

Let u and v be scalar point functions, and u and v vector point 


functions. 

Then: 


(1) 

grad (u + t;) 

« V(w + v) — xju + 

(2) 

div (u + v) 

sV*(u + v) = V»u + V*v 

(3) 

curl (u + v) 

sVx(u-hv)— Vxu + Vxv 

(4) 

grad {uv) 

s V{uv) = vVu -j- tiVv 

(5) 

div (i4v) 

s V • (wv) = • V + wV • V 

(6) 

curl (wv) 

s V X {uv) — Vu X V + wV X V 

(7) 

grad (u • v) 

s V (u • v) = (u • V) V + (v • V) u 

-f- u X (V X v) + V X (V X u) 

(8) 

div (u X v) 

= V(nxv) = v*Vxu — u- Vxv 

(9) 

curl (u X v) 

= Vx (u X v) = u(V* v) — v(V*u) 

+ ( V • V) u — (u • V) V 

(10) 

curP u 

^Vx(Vxu) =W*u-V% 

(11) 

div grad u 

= V • Vw == 

(12) 

curl grad u 

s V X Vw =0 

(13) 

div curl u 

sV-(Vxu) -0 

[Special attention is called to formula (12), which asserts that 
the curl of the gradient of a scalar point function vanishes, and to 


formula (13), which states that the divergence of the curl of a vector 
point function vanishes.] 

By way of example we give the proof formula (10) : 
curP u = V X (Vx u) 

[/dut duA (dui dm\ (dut ^UiV 1 
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Idy 


+ 


+ 


fdU2, 

dui\ 

^ i 

'dui 

i 

\dx 

dy' 


< dz 

dx / J 

fduz 


l{ 

^dU2 


\dy 

dz) 

ax' 

< dx 

dy/i ■ 

fdui 

duz\ 

1 

/dui 

■ $-41 ■ 

Xdz 

dx ) 

' "dp 

\dy 

dz / i 


k 




a 

^dx 


(> 

r/5%1 , 

- L W + dy^' + dz'^ f 

+ Va?+ V + 

/d^u, , , t 

+ V a?' + W + 30^ 


du 




Hence : ^ . 

curl^u = Vx(Vxtt) = VV*u - V% 

which is fomula (10). 

EXERCISES ON CHAPTER III 

1, Prove the formulas given in the text at the end of §38. 

2. If r is the magnitude of the position-vector r of a field point, 


show that: 


div 9"”r = (w 4" 3) 

curl r"r = 0. 


3. A scalar point function u is specified by the equation: 

u = CT-t- |log, (cxr)^ 

where r is the position vector of a field point and c is a constant unit 
tZ Find analytically the gradient of «, and then the divergence and 
curl of the gradient. Construct a diagram showing the level surfaces 
u and the vector lines of the gradient of u. 

4 Find the vector equation of the tangent plane at any point on the 

to the tangent plane at the point of tangency. 

6. If u is a scalar point function, show that: 

f(tt) VM = vJ/(«) 


6. If: 


pF = VP. 
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where p, p, F are point functions, show that: 

F • curl F = 0. 

7. If V is the velocity of a point in a rigid body which is rotating with 
angular velocity <o about an axis, show that: 

0 ) = ~ curl V. 

8. If V is a vector point function, show that : 

(v • v) V = ^ v(v • v) — V X curl v. 

9. Prove the formula : 

AxB-curlv = (A. V) V*B - (B« V) V. A, 
where v is a vector point function and A and B are constant vectors. 

10. In passing from one rectangular Cartesian system of axes to another, 
show that the v operator is an invariant; show also by actual transformation 
that the forms for the divergence and the curl of a vector point function 
are invariants. 



CHAPTER IV 


THEOREMS ON THE TRANSFORMATION OF VOLUME INTEGRALS 
INTO SURFACE INTEGRALS AND OF SURFACE INTEGRALS 
INTO LINE INTEGRALS— APPLICATIONS 


§40 

Derivation of Fundamental Theorems 


We consider first the transformation of certain volume integrals 
taken throughout a region of space V into equivalent surface 
integrals taken over a surface S bounding V. 

Let w and v respectively denote a scalar and a vector point 
function, these functions together with their first space derivatives 
being supposed finite, continuous, and single-valued. We shall 
show that: 


(1) 

( 2 ) 

(3) 


grad vdr = 

J div vdr = In* vdcr, 
\ curl vdr = I n x vda, 

jy Js 


where n is an outward unit normal to an infinitesimal element of 
S of magnitude dff, and dr is the magnitude of an infinitesimal ele- 
ment of V. 

We suppose the region V subdivided into infinitesimal elements. 
Each of the surface integrals must be equal to the sum of corre- 
sponding integrals taken over the surfaces (to) of these elements. 
For, except for the portions of the surfaces of the elements which 
abut on S, the bounding surface of each element will be integrated 
over twice, but with opposite directions for the outward unit normal 
(c) in the two integrations, cancellation resulting, while the sum of 
the contributions of the excepted portions will evidently be equiva- 
lent to the original surface integral over S. Consequently: 



J^n.vdff = Xje-vdff, 
J^nxvdv = Jj^exvdv, 


( 4 ) 
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where 2 denotes summation throughout the region 7. But from 
equations (9), (10), and (11) of Art. 36 we have: 

dor =2) ^ J 

grad udr, 

(5) 2} ^ X ^ J 

div vdT, 

^ X vdflT = ^ curl Ydr = j 

( curl Ydr. 
fy 


From equations (4) and (5) the validity of equations (1), (2), and (3) 
follows at once. 

Theorem (2) is of particular importance, and is commonly 
known as the Divergence Theorem or as Gauss’s Integral Theorem. 

We next consider the transformation of two important surface 
integrals into equivalent line integrals, the surface integrals being 
taken over an unclosed surface S, and the line integrals around the 
contour C bounding S. We shall show that: 


( 6 ) 

(7) 



where n specifies a unit normal to an element of S of magnitude (kr 
from the positive side of S, and dt an element of the contour in the 
direction around it which is reckoned positive. By convention: 

The positive side of an unclosed surface is related to the positive 
direction around its contour as follows: imagine a right-handed 
screw, with its axis coincident with a tangent to the contour at any 
point, to advance in the positive direction of the contour at the 
point — then the threads of the screw will pierce the surface from 
its negative to its positive side. 

Now suppose the surface S to be subdivided into infinitesimal 
elements of area. Then the line integral around the contour in 
equation (6) or (7) is equivalent to the sum of the line integrals 
taken in the same direction around the contours (c) of all the 
infinitesimal elements into which S is supposed subdivided. For, 
excepting those portions of the contours of the elements which abut 
on the contour C of S, the contours of the elements will be integrated 
over twice, but in opposite directions in the two cases, so that 
cancellation will result, save for the excepted portions, which col- 
lectively supply an integration equivalent to that around the contour 
itself. Consequently : 
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J vdt = "V / vds, 

c AJc 

where S specifies summation over S, c the elementary contour 
bounding an element of iS, and ds an element of this contour in the 
positive direction around it. But from equations (12) and (18), 
Art. 36, we have: 


( 9 ) 




== X grad uda = 



From equations (8) and (9) the validity of equations (6) and (7) 
follows at once. 

Theorem (7) is known as Stokes's Theorem, and is of fundamental 
importance. The converse of this theorem is also true : 

If a vector point function u is related to another vector point 
function v in such manner that the surface integral of the normal 
component of u over any surface S is equal to the line integral 
of V around the contour C bounding the surface, then u must be 
the curl of V. For: 

J^n • (u — curl v) dcr = J^n . uda — J\i • curl vda 

= 0 , 

and, since this result is true for an arbitrary choice of the surface 
S, it is necessary that: u == curl v. 


§41 

On the Connectivity of Space 

A region of space is said to be Singly-Connected or Acyclic 
when it is possible through deformation to bring any two lines 
connecting any two points within it into coincidence without either 
line cutting out of the region. Any region for which this is not 
possible is said to be Multiply-Connected or Cyclic. 

The region within an anchor ring (see Fig. 31) is an example 
of a cyclic region (doubly-connected). In this case the region 
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can be converted into an acyclic (singly-connected) region by the 
device of assuming a section of the ring (indicated by the dotted 
line) to constitute a barrier across which no 
line can pass; the two sides of the barrier 
being then considered as parts of the surface 
bounding the acyclic region thus produced. 

In like manner a doubly-connected area 
can be reduced by a line barrier to a singly- 
connected area. 

By the device of introducing one or more 
barriers, any cyclic region can be reduced to 
an acyclic region. 

Suppose, now, that the anchor ring is in the field of a vector 
point function v, and that: 

curl V = 0, everywhere inside the ring, 
curl V # 0, ever 5 rwhere outside the ring. 

Let C denote a closed path of integration inside the ring. Then, by 
Stokes’s theorem : 

j \ . dr = J\i • curl vda- 

Unless the region inside the ring be made acyclic through the intro- 
duction of a barrier, it will be possible to draw the path C so as to 
encircle the hole of the ring, in which case the surface S must lie, 
in part at any rate, in the region outside the ring in which curl v 
does not vanish everywhere; and the surface integral will there- 
fore have in general a value different from zero. If we call this 
value A, then: 

( 1 ) J^ydT==A, 

if the path C encircle the hole of the ring; if the path C doe? not 
do this, the integral will have a zero value, since it will then be 
possible to draw the surface S so as to lie wholly within the region 
inside the ring for which curl v is supposed zero. It follows that, 
if the region within the ring be made acyclic through the introduc- 
tion of the barrier, then, however the path C be drawn: 

(2) Lvdr-0. 

From this result it follows that the integrals of vydr along 
any two lines within the ring connecting two points Po and P have a 
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common value, and hence that we can define a single-valued 
scalar point function by the equation : 

(3) 4> = . dXy 

where Po is a fixed point and P any other point within the ring. 

If the region within the ring be not reduced to an acyclic region, 
the function must, in virtue of equation (1), be replaced by a 
multiple-valued function with values at P which differ by integer 
multiples of A (which can be shown to have a constant value), 
depending upon the number of times which the path of integration 
from Po to P encircles the hole. The proof of these statements is 
left as an exercise to the reader. 

A physical example of a multiple-valued scalar point function of 
this sort is furnished by the magnetic potential due to a distribution 
of electric currents, provided the region about the currents is not 
made acyclic through the introduction of appropriate barriers. 

We shall assume in general that the regions with which we deal 
in the future are acyclic to begin with or have been made so by the 
introduction of appropriate barriers. 

§42 

Discontinuous Scalar and Vector Point Functions 

The functions which we have dealt with in deriving the preceding 
general transformation theorems for volume, surface, and line inte- 
grals have been supposed, together with their first space derivatives, 
to be finite, single- valued, and continuous, and in using these 
theorems it is therefore necessary to pay special attention to any 
discontinuities possessed by functions to which it is proposed to 
apply them. It will suffice to illustrate the matter by a single 
example. 

In the case of the divergence theorem : 

div vdr == Jn * YcUr, 

suppose that v = x/r% where r is the position-vector with respect 
to a fixed point 0 of any point of the region V or the surface S, the 
point O being supposed within F. The function v will then take 
on infinite values at the point 0, for which r = 0. Hence, before 
using the theorem, the point 0, which gives trouble, must be 
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excluded from the field of integration by surrounding it by a small 
closed surface which is then to be considered as part of the surface 
bounding F. A case of this sort will be treated in detail in the 
following article. 

Multiple- valued functions must be treated with the same caution 
as discontinuous functions. 


§43 

Gauss’s Theorem 

From the general transformation theorems derived in Art. 40 
special theorems of great importance can be found. The first of 
these which we shall consider is known as Gausses Theorem. 

This well known theorem can be derived from the divergence 
theorem, equation (2), Art. 40, viz.: 

J* div vdr = J*n* vdcr. 

We take: 


where r is the magnitude of the position-vector r with respect to an 
arbitrary origin 0 of a field-point P; whereupon we obtain the 
formula: 

( 2 ) 

This formula is valid provided 0 lies without the surface S bounding 
the region V, the restriction regarding validity arising from the 
fact that all theorems in the present chapter have been derived on 
the assumption that the point functions considered, together with 
their first space derivatives, are continuous. 

If, then, the point 0 is outside S : 

div -3 = p div r 4- VpT = ^ = 0, 

and the formula therefore gives: 

(3) fJLl^ da = 0, for 0 outside S. 

If 0 be a point within S, then at this point 1/r will have an 
infinite value. But if we suppose the point 0 to be the center of a 
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small sphere with radius . and surface S' formula ® will be wJM 
lor the region bounded by the original surface S and the surface S 
of the small sphere. Consequently: 




but; 




= —At, 


and hence: 
(4) 


fn* ro 

Js 


do- = 4'r, for 0 inside S. 


Formulas (3) and (4) constitute the statement of a theorem 
often called Gauss’s Theorem. 


§44 

Green’s Theorem 

This celebrated theorem is easily derived with the aid of the 
divergence theorem : 

J div vdr = • \dcr . 

^ where W is a scalar and w a vector point function . ' ’ 

Then, by formula (5), Art. 39: 

div V = div Ww = F div w + VF* -w. 

Hence, by the divergence theorem: 

J*^F div wdr + • wdr = J^Wn • wdcr. 

Now suppose w to be the gradient of a scalar point function U, so 
that w = VU. Then, by formula (11), Art. 39 : 

div w = div VU = V“C/, 


and the preceding equation therefore gives: 

J WV^Udr + J^VU • VTfdr = • VUda . 

0 These functions, together with the function U introduced helow, and their 
first space derivatives are supposed finite, continuous, and single-valued within 
the region V, 
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On account of the symmetry of the second integral in V and W these 
quantities can be interchanged in each of the three integrals without 
prejudice to the equality sign. Consequently: 

(2) Sr UV^Wdr + VUdr = VWdc. 

From equations (1) and (2), by subtraction, we get: 

(3) f^(UV^W - WV2(7) Jr =: ^n. (UVJV - WVU) da. 

Formula (1) is known as Green's Theorem in the First Form, and 
formula (3) as Green's Theorem in the Second Form. 

§46 

Solenoidal Vector Point Functions 

If throughout a given region a vector point function v satisfy 
the condition : 

(1) div V = 0, 

the function v is said to have a solenoidal distribution within the 
region, and is called a Solenoidal Vector Point Function. 

If S denote any closed surface in the region, then, by the diver- 
gence theorem : 

(2) J^n • vda = 0, 

where n denotes a unit vector in the direction of an outward drawn 
normal to S, and da the magnitude of an infinitesimal element of S. 

If S be in the form of a tube (a Vector Tube) whose generators 
are vector lines of v, with ends >Si and S 2 , the lateral walls will 
contribute nothing to the integral, since for them n • v = 0. The 
contribution of the two ends is expressed as follows: 

j n • vdcri + I n • — 0. 

Si a/aSz 

Now suppose the vector lines of v to be directed from Si towards 
aS 2 , and let iii specify an inward drawn unit normal at Si and no an 
outward drawn unit normal at S 2 ] then, by the last equation : 

(3) . Ui • vda I = n 2 • vda^^ 

If we define the flux of a vector v through an unclosed surface S 
as follows: 
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Flux of V through S = Jn • vdcr, 


then equation (3) states that the flux of the vector through 
Si is equal to the flux of the vector through 82 - In other words, 
the flux of a solenoidal vector across a section of a corresponding 
vector tube is constant along the tube. 

If the flux through a vector tube be equal to unity, it is called a 
Unit Vector Tube. Evidently, the number of unit tubes of a 
vector V entering a closed surface S must be equal to the number 
leaving >S, provided condition (1) is satisfied by v throughout the 
region bounded by S. 

Examples of solenoidal vector point functions are furnished by; 
the velocity of an incompressible fluid, the gravitational field- 
intensity in a region containing no gravitating matter, and the 
electric field-intensity in a region containing no electric charges. 


§46 

Lamellar Vector Point Functions 

If throughout a given region a vector point function v satisfy 
the condition: 

(1) curl V = 0, 

the function v is said to have a lamellar distribution within the 
region, and is called a Lamellar Vector Point Function. 

When this condition is satisfied in an acyclic region and only 
when, there must exist a single-valued scalar point function, <#> say, 
such that:^^ 

(2) V = 

as can be proved as follows: 

By Stoke's Theorem, equation (7), Art. 40: 

j n • curl vcZcr == fv* dr. 
s Jc 

Hence, for all possible closed contours in any acyclic region: 

J*^v.dr = 0, 

if and only if curl v = 0 throughout the region. In this case, if Po 
denote a fixed point and P(x, y, z) any other point in the given 

If the region is not acyclic a function </> such that v * V0 will still exist, if 
curl V - 0 throughout the region, but it will not in general be single-valued. 
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region, and if (a) and (6) denote any two paths within the region 
connecting Po and P, then: 

J v • dr = f V • dr. 

(a) J(6> 

This equation shows that the value of the integral of v • dr along an 
acyclic path from Po to P is independent of the path, or, in other 
words, that the value of the integral depends simply upon the co- 
ordinates Xy yy z of P and the co-ordinates of Po, the latter point 
being supposed fixed. We can therefore write: 

(3) dr = ^(xy yy z)y 

where is a scalar point function. Hence, at any point P(a;, y, z) 
in the given region: 

(4) d<^ V • dr. 

But we have also, by equation (6), Art. 33: 

d<#> = • dr. 

Consequently : 

(5) V • dr = v<#> • dr. 

This equation is valid for all possible values of dr. Hence, equation 
(2) must be valid. 

It should be further remarked that curl v = 0 constitutes the 
necessary and sufficient condition that Vidx + v^dy + vzdz shall 
be a perfect differential of some function, <^> say, of the co-ordinates 
Xy y, Zy since the vector condition curl v = 0 is equivalent to the 
familiar Cartesian conditions for the existence of 4>: 

dy dz ’ dz dx ’ dx dy 

Lamellar vector point functions are frequently encountered in 
theoretical physics. Examples are furnished by : the velocity of a 
fluid in which no vortex motion is present, and by the gravitational, 
or electric field-intensity, due to a distribution of gravitational 
matter, or of electric charges. 


§47 

An Application of Green’s Theorem 

With the aid of Green’s Theorem we shall now show that a vector 
point function v is uniquely determined within a region V bounded 
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by a surface S when its divergence and curl are given throughout 
V together with its normal component over S, 

Let v' be a second vector point function having the same values 
as V for its divergence and curl throughout V and for its normal 
component over S, Denoting the difference of v' and v by q, we 
shall then have: 

div q = 0, curl q = 0, throughout 7, n • q == 0, over S, 

where n is a unit vector in the direction of an outward drawn 
normal to S, 

Since curl q = 0, therefore: 

q = Vw, 

where u is some scalar point function. Since div q = 0., it follows 
that : 

= 0, throughout F, 


and, since n • q = 0, that: 

n • = Oj over S. 


Now, in the first form of Green's Theorem, equation (1), Art. 44, 
take U = W = u, then, with the aid of the last two equations, we 
find: 

J* (V^)^ (It — 0. 


Hence, since the co-factor of dr in the integrand cannot be negative, 
it follows that: 

Vti - 0, and therefore q = 0, 

for all points throughout V and over S. Therefore, v' must equal 
V, and the uniqueness of v is established. 


§ 48 ^) 

The Hydrodynamical Equation of Continuity 

If q represent the velocity of a moving fluid at any point and p 
its density, then pq will represent its momentum per unit volume at 
the point. Consider a closed surface S bounding a region F, within 
the fluid but fixed in space. At any instant the mass of fluid 
flowing outward per unit of time through an element of surface 

The present and following article are concerned with physical applications; 
and the symbols introduced to represent physical quantities are supposed to 
carry the physical dimensions of these quantities. 
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dS is equal to that of the fluid which would be contained in an 
oblique cylinder on the base dS with axis in the direction of q, of 
slant height q, and of density equal to that existing at the element 
at the instant under consideration. The mass in question will, 
therefore, be represented by n • pqdS, where n is a unit vector in the 
direction of an outward normal at the element. Hence, the mass 
of fluid flowing outward per unit time through the closed surface 
will be represented by 

Jn-pqdS; 

and by the divergence theorem : 

(1) pqdS = div pqdV. 

But, admitting that fluid cannot be created or destroyed, the mass 
in question must also be represented by 

where t denotes the time. Consequently: 



The closed surface S is arbitrary as regards size, and therefore the 
volume V which it encloses is also arbitrary in size, and it follows 
from the last equation that at each point of the fluid : 

( 2 ) “ ^ 


This equation is valid whether or not the fluid is incompressible. 
It is a consequence of the assumption of the conservation of mass 
of the fluid, and is therefore called the Equation of Continuity. 

' If the fluid be incompressible, then : 


(3) 


dt ~dt dx dt dy dt dz dt dt ^ 


where dp/dt represents the time rate of change in the density of a 
particle of the moving fluid whose co-ordinates are Zy y, z. From 
equations (2) and (3) it follows that for an incompressible fluid: 

(4) div q = 0. 

If, in addition to being incompressible, the fluid is of uniform 
density throughout, p will be independent of the space co-ordinates 
as well as the time, and, by equations (1) and (4), in this case: 
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(5) J\i-pqdS = 0. 

This equation expresses that the mass of fluid leaving the closed 
surface S per unit time is equal to that entering it. 


Maxwell’s Electromagnetic Field Equations for Free Space 

An interesting application of Stokes’s Theorem is found in the 
derivation of two of Maxwell’s electromagnetic field equations for 
free space. These equations, by means of which Maxwell described 
variable electromagnetic phenomena in a region devoid of ponder- 
able matter, rest ultimately of course upon the results of experiment. 
They express the behavior in space and time of two fundamental 
vector quantities E and H representing respectively the electric 
force or field-intensity, and the magnetic force or field-intensity. 

In the first place, experimental results, by arguments which it is 
not our purpose to consider here, lead to the inference that in free 
space both E and H are to be considered as solenoidal vector point 
functions, so that : 

(1) div E - 0, 

(2) div H == 0. 

Experiments on electromagnetic induction by Faraday and by 
Henry indicate the truth of the following statement : 

The work which would be done by the forces of an electro- 
magnetic field in free space upon a unit positive charge, if made to 
pass in the positive direction once around a closed path (C), is 
proportional to the time rate of decrease of the flux of magnetic 
force in the positive direction through any surface (S) bounded by 
the path.^> 

To put this statement in mathematical form, take dr to repre- 
sent in magnitude and direction an element of the path in the 
direction around it reckoned as positive, and n as a unit vector in 
the direction of a normal to the surface from its positive side;^^ 
the statement can then be expressed by the equation: 

(«) 

where A is a positive constant. The integral on the left expresses 
the electromotive force around the closed path C, 

See the convention adopted in Art. 40. 



TRANSFORMATION THEOREMS 


109 


Maxwell, guided by the idea that all electric currents must be 
closed currents, possessing, therefore, the solenoidal property, and 
by the results of the electromagnetic experiments of Ampere, was 
led to make a corresponding statement in which, except for a 
matter of sign, the electric and magnetic field-intensities exchange 
r61es. The statement is equivalent to the following: 

The work which would be done by the forces of an electro- 
magnetic field in free space upon a unit positive magnetic pole, if 
made to pass in the positive direction once arouhd the closed 
path C, is proportional to the time rate of increase of the flux of 
electric force in the positive direction through the surface S bounded 
by the path. 

The mathematical expression of this statement is as follows: 

(W 

where R is a positive constant. The time rate of change of the 
integral on the right represents a quantity proportional to that 
called by Maxwell the Displacement Current through the surface S. 

The application of Stokeses Theorem which it is proposed to make 
consists in deriving the two field equations of Maxwell which 
follow from the statements expressed by (a) and (6). 

By Stokes's theorem, equation (7), Art. 40, we have: 

= ^n-curlEciS, 
and hence, with the aid of (a) : 

Xn . curl ErfS = . HdS = -a£ n . f 

Since the closed path C, and therefore the surface S, can be chosen 
in an arbitrary manner, it follows directly from this equation 
that: 

dH 

curl E = — 

Again, by Stokes's theorem: 

• dr = J\i • curl HdS; 
and hence, with the aid of (b) : 

Xn. curl HdS = ^ dS. 
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As l)6for6, sincB S csn be chosen in a-n arbitrary manner, it follows 
that: 

„aE 

curl H = 


On the so-called rational system of electromagnetic units 
A = B = 1/c, where c is numerically equal to the ratio oi a, C. G. S. 
electromagnetic unit to a C. G. S. electrostatic unit of charge, and 
has a numerical value 3 x lO'", which is that of the velocity of light 
on the C. G. S. system of units. 

The two field equations of Maxwell which follow from the 
assumptions expressed by (a) and (6) are, therefore ; 

1 an 

(3) curlE = ---^> 

1 

(4) curlH = --^- 

The equations (1), (2), (3), and (4) really represent a state of 
propagation with velocity c in free space of E and H in accordance 
with equations of propagation which are easily found as follows: 
By taking the curl of both members of equation (3), we get: 

/ iaH\ 1 a 

curP E = curl ( — , aJ j = " c a« ^ ' 
and hence, with the aid of equation (4) : 

1 a^ 

curP E = -^ 

But, by formula (10), Art. 39: 

curP E = V div E - V^E = - V^E, 

since, by equation (1), div E = 0. 


Hence : 

(5) 


1 


0 . 


This is the equation of propagation in free space for the electric 
force E. 

In a similar way the corresponding equation for the magnetic 
force H can be found to be as follows: 


V^H 


1 ^ 
dt^ 


( 6 ) 


0 . 
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EXERCISES ON CHAPTER IV 


1. Show that: 




where r is the position-vector of a generic point on any closed surface S 
bounding a volume V, and n is a unit vector in the direction of an outward 
normal to the surface, 

2. Show that: 

lr‘dr=0, 

where r is the position vector of a generic point on any closed contour c, 

3. If u and v are scalar point functions, show that: 

J uVv •dr — — I vVu • dr, 

c Jc 

4. If u is a scalar and v a vector point function, show that: 

• Va X vdcr — j* uv * dr — • curl v dcr, 

where c denotes the contour bounding the surface S, 

6. If is a scalar and v a vector point function, show that: 

J*^u div vdr = j* un • vdc — • vdr, 

where S denotes the surface bounding the volume V. 

6. If u and p are scalar point functions, and if v == Vit and Vhi =» 
— 4'jrp, prove the formula: 

jn • vdc = —47rj*^pdr, 

where S denotes the surface bounding the volume 

7. A scalar point function u satisfies the equation: 

VH + k^u = 0, (k = const.), 

and uo is the value of the function at the point 0. If r is the position 
vector with respect to the point 0 of a generic point, S a closed surface, 
and n a unit vector in the outward normal direction to the surface, show 
that: 




vw 


— un * j dor = or 0, (i = \/^^), 


according as the point 0 is inside or outside the surface S. 

8. Prove the following formula, known as Kelvin’s generalization of 
Green’s theorem: 
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X 


^VU’VWdr 



mn . VWda - j’^Udiv (4>V1V) dr 
• VUda - J^Wdiv (^VU) dr, 


where U, W are scalar point functions. 


9. If r is the position vector with respect to a point 0 of a generic 
point in a volume V bounded by a surface S and V a scalar point function, 
prove, with the aid of Green’s theorem in the second form, the following 
theorems, known as Green’s Formulas: 

£n>0VU - UV^'^dcr - = 4^i7o or 0, 

according as the point 0 is inside or outside S, the symbol Uo representing 
the value of the function U at the point 0. 

10. Prove that the necessary and sufficient condition that the surface 
integral 

J n» vd(T 
s 

shall be capable transformation into a line integral around the contour 
bounding the suHce S is: 

div V = 0, 

at all points ofHB surface. 
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SCALAR AND VECTOR POTENTIAL FUNCTIONS 


§60 

Definitions of Potential Functions 

Let u denote a scalar and g a vector point function, each subject 
to certain restrictions which will be specified below. We define 
another scalar (U) and another vector point function (G) by the 
equations: 

(1)' U{x,y,z) = p~dr, (2) G{x,y,z) J^dr, 

where r is the magnitude of the position-vector r of the field- 
point F(x, y, s) with respect to the Source-point 11 (f, f) at 

which the volume element of mag- 
nitude dr is supposed taken, and 
where the integrals are supposed 
taken over all regions of space 
within which u and g have values 
different from zero or, equiva- 
lently, over all space. The posi- 
tion-vectors of the points P and 11 
with respect to an arbitrary origin ^ 

0 are denoted by s and g respec- 
tively. See Fig. 32. The func- 
tions u and g together with their first space derivatives are sup- 
posed finite, single-valued, and continuous; furthermore, at infinity 
u and g are supposed to vanish to the order 1/r^. These condi- 
tions are sufficient to ensure the convergence of the integrals defining 
tlie functions U and G, and also the differentiability of these func- 
tions and of their first space derivatives at all points. For the proof 
of these statements the reader is referred to any standard treatise 
dealing with the theory of potential functions. 

At first sight it might appear that the value of U, or G, at the 
point n (for which r = 0) would be infinite in general, but this is 

For example, Gibbs- Wilson, Vector Analysis, p. 208 et seq. 




114 


VECTOR AND TENSOR ANALYSIS 


not so. For, using spherical co-ordinates (r, (j>) with origin at 

n, we can write : 


J J Jur sin 9 drddd<l>; G = ^ drd9dd>\ 


and these integrals are finite for all points, n included. 

The scalar point function U is called the Scalar Potential of Uy 
and the vector point function G is called the Vector Potential of g. 

It should be carefully noted that in the integrands of the integrals 
defining U and G the quantity r is the only one depending upon the 
position of the field-point P(x, 2J), the other quantities depending 
only upon the position of the source-point 11 (|, r?, f). 


The Equations of Poisson and of Laplace 
For the gradient of V at any field point P{Xy z) we have: 




Hence the contribution to the gradient of V at any field-point 
P{Xy y, z)y due to an element of volume of magnitude dr at any 
source-point n(J, ??, V , will be: 


Consider now the surface integral of the normal component of 
VJ7 over any closed surface S bounding a region V. For the 
contribution to this integral arising from the volume element of 
magnitude dr at 11 (|, 97, f) we have: 




where n specifies a unit outward drawn normal to S, and dcr the 
area of an infinitesimal element of S; this, by Gauss’s theorem, 
must be equal to — 47rudr, if n be inside, and equal to zero, if n be 
outside S, Hence, we have for the surface integral in question: 


— 47r I lid' . 

Jv 


But, by the divergence theorem: 


div vr; 


- fr 


V^Udr. 
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Since the region V can be chosen arbitrarily, it follows that at any 
field point F(x, y, z) : 


( 2 ) 


V®i7 


+ __ 


dKT , dW 
+ ^ = 


where u is evaluated at P, and is therefore to be considered now as 
a function of x, y, z. This is the celebrated partial differential 
equation of Poisson. In regions within which w = 0 everywhere 
it degenerates into Laplace’s equation: 


(3) 


V^U 


dW 

dx^ 


+ 


dW 

dy^ 


d^U 

dz^ 


= 0. 


It has thus been shown that Uy the scalar potential of Uy must satisfy 
Poisson^s equation at all points, and Laplace's equation at all points 
for which w = 0. 

For the vector potential G of g and for g itself we can write: 

G = Gii + G<i] -f C?3k» g = ^li + ^2j + 

where Cri, G^y Gz and giy g^y gz are respectively the measure-numbers 
of the i, j, k-components of G and g; and, from the defining equation 
for G, we then obtain: 

dr, = (?3 = p;dr. 


showing that Gi, G^, G 3 are the scalar potentials of gi, g^, gz, respec- 
tively. Hence, by equation (2) : 

= -Airg,, = -4xj(2, V^-Gz = -^Trgz. 


Multiplying these equations respectively by i, j, k, and adding, we 
find that at any field point P(x, y, z) G must satisfy the equation : 


(4) 


^ dy^ ^ dz^ 


--47rg, 


where g is evaluated at F, and is therefore to be considered now 
as a function of x, t/, z. This vector partial differential equation, 
which is satisfied by the vector potential of g at all points, is anal- 
ogous to Poisson’s equation. At points for which g = 0 the 
equation degenerates into the vector partial differential equation: 


(5) 


dx^ ^ dip ^ dz- 


0 , 


which is analogous to Laplace’s equation for the scalar potential 
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From the defining equations (1) and (2), Art. 60, and from equa- 
tions (2) and (4) above we fiiTd: 


(6) 

u = - A. 

4‘n'* 


(7) 

1 

11 

O 

r 


These equations, respectively, express the solution of Poisson’s 
partial differential equation (2), and that of the corresponding 
vector partial differential equation (4). 

§62 

Gravitational Potential and Field -Intensity 

The potential [7 at a field-point P{x, y, z) of a distribution of 
matter in a region V is defined by the equation: 

( 1 ) = 

where 8 represents the density of the matter at any point n(f, f) 
of V, and r the distance from n to P. 

We shall show that the gradient V [7 of 17 at the point P(x, z) 
specifies the gravitational field-intensity at P attributable to the 
matter in F. We have: 

< 2 ) 

The contribution to V f/ arising from the matter in a volume element 
dV at n will, therefore, be: 

bdV. 

Now, in accordance with Newton’s law of gravitation, this expres- 
sion also represents, to a factor of proportionality k (depending 
on the units), the gravitational force in magnitude and direction 
which the matter in dF would exert upon a unit mass of matter 
supposed concentrated at P. Hence: 

will represent the total gravitational force, or field-intensity, in 
magnitude and direction, attributable to all the matter within F. 
If f denote the field-intensity, we shall therefore have: 

(3) f = kVU, 

In absolute c.g.s. units k = 6.664 X 10”®, numerically. 
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or, equivalently, in Cartesian notation: 

(4) = = 

where /i, / 2 , /s are the scalar i, j, k-components of f. 

The gravitational potential U must satisfy Poisson's equation at 
all points : p 

(5) V^[7 = div VC/ = — 47r5. 

Consequently, f must satisfy the equation: 

(6) div f = —4:7rkd. 

Since the curl of the gradient of a scalar point 
function vanishes, it follows that: 


(7) 


curl f = 0, 


throughout the gravitational field. 

The work which would be done by the forces 
of the field upon a concentrated unit mass as it 
is made to pass from any point A to any other 
point B in the field furnishes a measure of the 
difference of gravitational potential between A 
and B. For, if ds represent an element of any path connecting A 
and jB, then: 



Fig. 33. 


( 8 ) 


ds = J^kVU-ds = kjyu = kiUs - Ua). 


As a concrete example we shall give the solution of the problem 
of finding U and f for a gravitational field due to a material sphere 
of radius a. See Fig. 33. 

Using polar co-ordinates (p, 6, 0) with origin at the center of the 
sphere, we have : 




dp ^ sin Sdpdddcf) 
r 


In place of 6 we introduce r as independent variable by means of 
the equation: 

=z + p^ ^ 2sp cos 6j 

where s = OP. Differentiating this equation, holding s and p 
constant, we find : 

p sin 6dd dr 

sa: , 
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For the limits of r, corresponding to the limits 0 and tt for 6, we 
have: 

when ^ = 0, r = ~ p, when 0 = tt, r = s + p, for s > a; 

when ^ - 0, r = s — p, when 6 — ir^ r == s + p, for a > s > p; 

when 0 = 0, r = p — s, when 0 = x, r = p + s, for a > p > s. 

Hence: 

rr P’" 8pdpdrd<l> 

Jo Js—p Jo s * 


+ 


n p-h8 p 

s J 0 


dpdpdrd<t> 


s ^ a; 


^ a. 


Integrating, we find : 

TT 4x5^^ m ^ 

( 9 ) ^ = -^ = 7 ’ 

(10) U = + 2r5(a^ - s*) = + ^> s ^ a, 


where m represents the total mass of the sphere. Using the values 
for U given by these equations in equation (3), we obtain the fol- 
lowing expressions for f at points outside and at points inside the 


sphere: 



(11) 

f == kVU = — 

s > a; 

(12) 

, km 

f = kvu = — ^ s, 

s ^ a. 


From the formulas found for f and TJ it appears that at the 
center of the sphere : 


(13) 


f = 0, 



and that, in the region outside it, the values for f and IJ are the same 
as they would be if the mass of the sphere were concentrated at its 
center. Furthermore, inside the sphere f varies directly as the 
distance from the center, while outside it varies inversely as the 
square of the distance from the center. 

In the treatment of this problem it has been assumed that 
S is discontinuous at the surface of the sphere, thus violating one 
of the sufficient conditions (Art. 50) imposed upon the point- 
function u, in order to secure the convergence of the integral defining 
its potential U, and the continuity of U and its first space deriva- 
tives. But these results are all secured in the above problem (in 
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which S replaces u)j in spite of the assumed discontinuity in 5 at the 
surface of the sphere, as is seen by inspection of the expressions 
found for U and VU, We have here an example of those cases for 
which sufficient conditions are not all necessary. 


§63 

The Vector Potential and the Magnetic Field -Intensity Due to a 
Distribution of Steady Electric Currents 


Consider a distribution of steady electric currents in a system 
of conductors. At any source-point 11 (f, 77 , f) in a conductor, let 
c represent the current per unit area in magnitude and direction. 
The vector potential G of the current distribution at any field- 
point P(x, y, z) is then defined by the equation: 

(1) G = f^dV, 

where the integration is to be extended throughout all conductors, 
and where r is the distance from n to P, and dV an element of 
volume. 

We shall now show that the magnetic force at P, represented by 
H, which is attributable to the currents, is proportional to curl G. 
We have: 

curl G = curl^"^ dV 

= /(v^xc + ^Vxc) dV, 


with the aid of formula (6), Art. 39. Hence, noting that V x c 
vanishes, since c is independent of the co-ordinates of P : 

(2) curlG== j*cx^dV. 


If we suppose dV to represent the volume of a very small right 
cylinder with axis parallel to c and of section co and length I, then : 


(3) 


cx^dV 


{c(t)l) sin (c, r) 




where t is a unit vector perpendicular to c and to and in the direction 
of c X To. The scalar value of the current in the cylindrical element 
of volume is co?, and this multiplied by I represents a current element 
(ca)J). Now, to a factor of proportionality k (depending on the 
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units)/> the contribution in magnitude and direction of the current 
element at II to the total magnetic force, or field-intensity, H at 
P is, by a well known law of electromagnetism, expressed by the 
right-hand member of the last equation. Hence, the integral of 
the left-hand member of this equation throughout the conductors 
must be equal to H//c. It follows, then, from equation (2) that: 

(4) H = /c curl G, 

As a simple example of the use of a vector potential function 
we shall calculate the vector potential G, and from it the magnetic 

force H, due to a steady electric current, 
whose density is represented by c, flow- 
ing in a very long straight wire of infini- 
tesimal section co. 

Referring to Fig. 34, let P be the field- 
point, and let the orthogonal projection 
of P upon the wire be taken as the origin 
0 of an i, j, k-system of axes, i having 
the direction from 0 toward P, and j the 
direction of c* Then the co-ordinates of 
the field point P and of the source point 
n will be X, 0 , Of and o, rj, o, respectively. 
If h represent the length of a portion of the wire extending from 
0 in the positive direction of the j-axis, and h that of a portion 
extending in the negative direction of this axis, then from formula 
(1) we shall have: 

where : 

r = -y/^2 ^2. 

and Cca represents the total current flowing in the wire; denoting 
this by C, we shall then have : 

drj 

-h \/ -j- 

Integrating, we find: 



=/: 


= c [loge ih + “ loge i-h + Vll + x^)] 

“ ^ [loge ih + ^11 + X^) + loge (^1 + 's/ll + — log 

rational’ ' units k = l/47rc, where c has the numerical value, 3 x 
10*®, of the velocity of light in vacuum. 
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We now assume both h and h to be very large in comparison with 
X. Under this assumption we obtain, with close approximation: 

(5) G - K ~ 2C log,.:r, 

where : 

K = C loge (Uih). 

From equations (4) and (5) we find: 

H = /c curl (K ~ 2C loge x) = — 2/c curl (C loge x) ; 

but by formula (6), Art. 39, remembering that C represents a 
constant quantity: 

curl (C loge x) = (Vlogea;)xC == -ixC = ~ixj = -k* 

X x~ X 


Hence: 



§54 

Helmholtz’s Theorem 

In bringing to a conclusion our brief discussion of scalar and 
vector potential functions, we shall give the proof of a celebrated 
theorem which is of importance in connection with the applications 
of these functions. The proof of the theorem was first given by 
Helmholtz in 1858 in his great paper on Vortex Motion. The 
theorem can be stated as follows; 

Any vector point function w whose divergence and curl have 
potentials can be expressed as the sum of a lamellar part and a 
solenoidal part. 

Let us assume it possible to express w in the form: 

(1) W = U + V, 
with: 

(2) curl u - 0, (3) div v = 0. 

Then u will be a lamellar, and v a solenoidal vector point function, 
and the theorem will be established upon showing that both u and v 
can be found when w is everywhere given. 

Since we assume equations (2) and (3) to be satisfied, we can 
take: 

(4) 


u = -VU, 


(5) 


V = curl G, 
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where 17 is a scalar point function, and G is a solenoidal vector 
point function, so that: 

(6) div G == 0. 

From equations (1), (3), and (4) we find: 

V^c; = — divw. 


This is Poisson's equation (2), Art. 51, with div w in place of iru; 
and U is therefore a scalar potential function which, by equation 
(1), Art. 50, is given by the equation: 


(7) 


U - 


1. f div w 
47r J r 


dr. 


Hence U, and therefore u , can be found when w is every- 

where given. 

From equations (1), (2), and (5) we find: 

curF G = curl w. 


But, by formula (10), Art. 39, and by equation (6): 


Hence : 


curF G = -V^G. 
V“G = —curl w. 


This is Poisson's equation (4), Art. 51, with curl win place of 47rg; 
and G is, therefore, a vector potential function which, by equation 
(2), Art. 50, is given by the equation: 

/ox ^ 1 r curl w , 

(8) G-jjJ dr. 

Hence G, and therefore v( = curl G), can be found when w is 
everywhere given. 

Since it has been shown that both u and v can be found when w 
is everywhere given, the theorem is established. 

As a corollary to the theorem we have the statement : 

The vector point function w is completely determined when its 
divergence and curl are everywhere given. 


EXERCISES ON CHAPTER V 

1. From the results found in Art. 52 show directly that the gravita- 
tional potential due to a sphere of matter of uniform density satisfies 
Poisson's equation at points inside the sphere and Laplace’s equation at 
points outside. 
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2. Find the gravitational potential of a very thin straight wire of 
linear density 7; then show that the magnitude / of the gravitational 
force at a generic point P is given by the equation; 


, 1 

— sm 2 6, 


where p is the distance of P from the wire, d the angle between lines drawm 
from P to its extremities, and k a factor of proportionality depending 
upon the units; show also that the direction of the force is along a line 
bisecting the angle d\ finally, show that the equipotential surfaces and the 
lines of force are, respectively, ellipsoids and hyberbolos with the ends of 
the wire as foci. 


3. If a and h are the inner and outer radii of a spherical shell of matter 
of uniform density 5, s a line-vector to a generic point P from the center of 
the shell, and U the gravitational potential due to the shell, show that the 
data in the following table are valid: 


s < a 

U 2Tdib^ - a2), 
VU 0, 


a < s .< b 


47r5 /a^ ^ \ 

T' (s« “ V ®> 



4. If ^ is an equipotential surface for a distribution of matter, show 
that the gravitational potential due to it at any point outside is the 
same as that due to a distribution of matter over S of surface density: 

where n • f represents the outward normal component of the gravitational 
force due to the original distribution; show also that the total mass of the 
imaginary surface distribution is equal to the actual mass within S, 

6, If the gravitational potential functions U and U' due, respectively, 
to two systems of matter outside a closed surface have the same values 
at all points on the surface, show that they will be equal at all points inside 
the surface. 

6. A distribution of electricity spherically symmetrical with respect to a 
point 0 possesses a potential which at a distance s from 0 is equal to 

where ^ is a constant; show that the law of variation of the density 
p with 5 is given by the equation: 

p = -'ke'’‘^(2s^ — 3)/27r. 

7. Write down the integral expression for the vector potential at a 
generic point P due to a steady current c flowing in a very thin circular 



124 


VECTOR AND TENSOR ANALYSIS 


turn of wire of radius a. By taking the curl of this expression find an 
integral expressing the magnetic force at P due to the current, and from it 
show that the magnitude H of the magnetic force at a point on the axis 
of the turn at a distance s from its center is given by the equation: 

2Trkah 

^ ^ (s2 + a2)§' 

where his a, constant depending upon the units. 



CHAPTER VI 

LINEAR VECTOR FUNCTIONS AND DYADICS 

§66 

Definition of a Linear Vector Function 

We consider a vector f which stands in relationship to a second 
vector V such that, when a value for v is specified, a corresponding 
value of f will be determined. Such a relationship may be expressed 
by writing: 

f =/(v), 

and f is said to be a vector function of v. 

Let us now suppose v to be expressed in terms of its components 
on a base-system, determined by any three non-coplanar vectors 
ai, ttj, Os, as follows : 

V = -h J’sUj 

where t>i, vi, vz are the measure-numbers of the components. Fur- 
thermore, let us suppose that f is continuous and that the relation- 
ship of f to v is such that: 

... f = /(v) = / {viai + 1)202 + vzaz) 

= V\j (Oi) ■+■ VzJ ( 02 ) -1- Vzf (oa); 

in this case f is said to be a Linear Vector Function of v. 

The quantities 

/(oO, 7 (a 2 ), /(as) 

are evidently vectors representing the values which f assumes when 
v is given the values ai, Os, as. When these quantities are known, 
the linear vector function /(v) will be completely determined. 
For, when any value of v is given, through specification of particular 
values of di, vz, vz, the corresponding value of f will be given by 
equation (1). Hence: 

A lineoT vector function /(v) is completely determined when its 
values for any three non-coplanar values of v are specified. 

It is evident that the specification of three values for /(v) will 
require in general nine parameters; for the specification requires a 
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knowledge of the magnitudes aud directions of three vectors which 
in general will be non-coplanar. The numerical values of these 
nine parameters will of course depend upon the base-system used 
in the specification. 

The simplest case of a linear vector function is one for which 
but one parameter is required for its specification. For example, if 

f = /(v) = kv, 

where ib is a constant, then f is a linear vector function of v in 
which the single parameter A; is a factor of proportionality. In this 
case for any given value of v the corresponding value of f will 
represent a vector k times as great as v. 

A case in which three parameters are required for the specifica- 
tion of a linear vector function is presented by the equation: 

V = <*> X r, 

in which v specifies the velocity of a point in a uniformly rotating 
rigid body, <*) the uniform angular velocity of the body, and r 
the position-vector of the point. Here, v is a linear vector function 
of r which requires three parameters for its specification, since 
three parameters are necessary for the specification of <*>. 

Physics furnishes numerous examples of linear vector functions, 
some of which will be considered in detail further on, 

§66 

A Linear Vector Function Represents an Affine Transformation 

Let the vectors r and q represent the position vectors of two 
points P and Q, and let them be expressed in terms of their compo- 
nents on a base-system, determined hy any three non-coplanar 
vectors, Qi, 02, Qa, as follows: 

(1) r = xiai H- X2a2 + 0:303, 

( 2 ) q = yiai + 2/202 + 2/3O3, 

where the measure numbers ari, 0:2, 0:3 and 2/1, 2/2, 2/3 of r and q may 
be regarded as the co-ordinates of the points P and Q. 

Supposing q to be a linear vector function of r, we can write: 

q = o:i/(ai) -I- rr2/(o2) + .rs/Coa) ; 
or: 

( 3 ) 


q ?= o*ibi + ^262 + 0:363, 
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where : 

( 4 ) bi = /(ai), b2 = /(a2), bs = /(as). 

The vectors determined by equations ( 4 ) can be expressed in terms 
of their components on the base-system by the equations : 

bi = CLiiCLi -f- (12102 “h CsiOs, 

( 5 ) b2 == 01201 + 02202 + O32O3, 
bs = OisOi + O23O2 + OssQs, 

where the a-coefficients are measure-numbers of the components. 
From equations ( 3 ) and ( 5 ) we shall then have: 

q = (aiiXi + auX2 + 013^:3) Oi 

( 6 ) +(021X1 + 022X2 + O23X3) 02 
+ (031X1 + 032X2 + O33X3) Os. 

By comparison of equations ( 2 ) and (6) we find: 

2/1 — CillXi + O12X2 + O13X3. 

( 7 ) 2/2 = 021X1 + 022X2 + 023X3, 
yz = 031X1 + 032X2 + 033X3. 

These homogeneous linear equations express an Affine Transforma- 
tion with origin fixed of the point P(xi, Xz) into the point Q(yi, t/2, 
yz). They show that in such transformations finite points remain 
finite, and infinite points remain infinite; also that straight lines 
remain straight, and that parallel lines remain parallel. 

The transformation is characterized by the nine constant 
scalar a-coefficients which, when known, determine the linear 
vector function q. We may therefore say that a linear vector 
function represents an affine transformation with origin fixed. 

For the determinant A of the transformation we have: 



A = 

On 

C12 

ai3 

(8) 


<3^21 

(122 

(*23 



azi 

O32 

033 


If this determinant does not vanish, the transformation and the 
corresponding linear vector function q which represents it are said 
to be non-degenerate. In this case the vectors bi, b2, bs will be 
non-coplanar, since the condition 

bi*b2xb3 7 *^ 0 

will be satisfied; for, upon forming the scalar triple product of 
these vectors, as given by equations ( 5 ), we find: 

bi • b2 X bs = Aoi • 0*2 X 03 , 
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and the scalar triple product on the right cannot vanish, since 
Ui, 02 , Og are non-coplanar by hypothesis. 

Equations (7) might be used as equations of definition for a 
linear vector function. Starting with them as equations specifying 
the measure-numbers of the components of a vector q in terms of 
those of a second vector v on a given base-system, it can easily be 
shown that q must be a linear vector function of v ^s defined in 
the preceding article. 

With the aid of equations (7) the following properties of a 
linear vector function can easily be found: 

(9) /(/^v) = kfiv), 

(10) /(u + v) =/(u)-f/(v), 

where k represents any pure number, and where u and v represent 
any two vectors. 

The property expressed by the last equation can also be used as 
a defining property of a linear vector function. 

§67 

Definition of a Dyadic 

The Direct Products of a Dyadic and a Vector 

The theory of linear vector functions is most conveniently 
developed with the aid of certain operators known as Dyadics. 
The theory of dyadic operators is essentially equivalent to that 
of linear vector functions, as will be seen. 

Two vectors placed in Juxtaposition with neither • nor x 
between constitute what is called a Dyad. For example : 

AB 

is a dyad. 

Any polynomial of dyads, such as 

AiBi 4“ A2B2 -f • • . -f AnBti , 

is called a Dyadic. 

The first vector of a dyad is called its Antecedent and the 
second its Consequent. The Antecedents and the Consequents 
of a dyadic are, respectively, the antecedents and the consequents 
of its constituent dyads. 

In general a dyadic will be denoted by a bold large Greek letter, 
the letter 4* being most frequently used for this purpose. 

Cf, Gibbs-Wilson, Vector Analysis, p. 262. 
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A dyad is said to be multiplied by a scalar h when either of its 
factors is multiplied by k, A dyadic is said to be multiplied 
by a scalar k when each of its dyads is multiplied by k\ and the 
product is denoted by k<S^ or ^k. 

If the order of the vectors in each dyad of a dyadic ^ be reversed, 
a dyadic called the Conjugate of 0 is thereby obtained. The 
conjugate of the conjugate of a dyadic is, of course, the dyadic itself. 
The Direct Products of a dyadic 

= AiBi + A2B2 -j- • • • -j- AriB/t 

and a vector v are denoted by • v and v • <I>, and are defined 
as follows: 

• Y = AiBi • V + A 2 B 2 • V 4" • • • 4“ AnBn • v, 

Y*4t^ =v*AiBi4“V* A 2 B 2 4" • * • 4" V * AnBn. 


In the first of these equations the dyadic ^ is said to act as a Pre- 
factor, and in the second as a Postfactor. It will be noted that a 
dyadic acting as prefactor or postfactor upon a vector produces a 
vector; furthertnore, that a dyadic acting as prefactor upon a vector 
produces the same vector as its conjugate acting as postfactor, and 
vice versa. 

It follows from the last two equations that: 

^ • (Av) • V, 

(Av) • = A'V • 

where k is any scalar. 

We shall now show that: 

A dyadic acting as 'prefactor or postfactor upon any vector produces 
a linear vector function of this vector. 

In the expression for • v just given, upon replacing the vector 
V by the sum of its three components on an arbitrary base-system 
determined by three non-coplanar vectors Ui, Qo, 03 , so that 

V = ViQi 4 " V2Ci2 4 “ 


where z^i, Vsj are the measure-numbers of the components, we 
find: 

. V = <!> * (I’lCi 4 “ V2OL2 4 “ vzaz) 


= ri<I> * Qi 4 - • Qo 4 - • Us. 


Upon comparison of this equation with the defining equation (1), 
Art. 55, for a linear vector function, viz: 

f(v) = /(i’lai 4 - ratto 4 - ^303) 

= 4 - vofia^i) + rzf(cL&), 
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it is seen that • v represents a linear vector function of v for which : 
/(Qi) = 0 • Gi, /(as) = • as, /(as) = • as. 

In like manner v • 0 can also be shown to represent a linear vector 
function of v for which: 

/(Qi) = ai • /(as) = as /(as) = as • 


§68 

Criteria of Equality for Two Dyadics 

Two dyadics O and ^ are said to be equal if they satisfy the 
condition: 

(1) u • <0 * V = u • '•J'* * V, for all values of u and v. 

The products in both members of this expression are associative, 
as is easily seen by substituting for or 'F its general expression 
as a sum of dyads, and multiplying out. The condition (1) is 
equivalent to either one of the following conditions: 

(2) O • V = 'F • V, for all values of v, 

(3) u • ^ = u • 'F, for all values of u. 

For, since the products in condition (1) are associative, we can write: 
u • (<i> • v) = u • (XT • v), for ail values of u and v; 

but this requires that condition (2) shall also be satisfied, and con- 
versely, if condition (2) is satisfied, condition (1) must also be 
satisfied; hence (1) and (2) are equivalent; in like manner conditions 
(1) and (3) can be shown to be equivalent. Hence, all three con- 
ditions are equivalent. 

In fact, two dyadics and W will be equal, provided equations 
(1), (2), and (3) are satisfied for any three non-coplanar values of u 
and V. For, as seen above, a dyadic <I> or ^ acting as prefactor or 
postfactor upon a vector v determines a linear vector function of v, 
and, as seen in Art. 55, this function is completely determined 
when its values for any three non-coplanar values of v are known. 
We can therefore state that: 

A dyadic ^ will be completely determined when the values of ^ 
or of V • for any three non-coplanar values of v are known. 

The following statement is easily proved: 

Any linear vector function /(v) can be produced by a dyadic # 
acting upon v as a prefactor j or by its conjugate acting upon v as a 
postfactor: 
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It was shown in Art. 55 that a linear vector function /(v) is 
completely determined when its values for any three non-coplanar 
values of v viz : ai, 02, 03, are known. Let f 1, f 2, f 3 denote the values 
of the function when v has the values Oi, 02, 03, so that: 

/(Gi) = fi, /(as) = fa, /(as) - fa. 

Then the linear vector function will evidently be represented by a 
dyadic <I> acting as a prefactor if : 

<[> = fia^ + f2a- + Ua\ 

where aS a^, a® are the vectors of the system reciprocal to the 
Ui, 02, Qs-system, It will also be represented by the conjugate of 
viz: 

-h a% + a^fa, 

acting as a postfactor. 

From the criteria of equality of two dyadics it follows that: 

The distributive law of multiplication is valid in the expansion 
of compound dyads^ provided the order of the vectors be maintained. 
It will suffice to verify this statement for the special case: 

( 4 ) (a + b)(c + d) = ac + ad + be + :bd. 

We have: 

(a + b) (c -f d) • V = (a + b) (c • V -h d • v) 

= ac • V + ad* V 
-f be • V 4- bd • V 
= (ac + ad 4 “ be + bd) • v, 

for all values of v. Hence, equation ( 4 ) is verified. 

§69 

Reduction of a Dyadic to a Tri-nomial Form 

It has been shown above that a dyadic acting as a prefactor 
upon a vector v produces a linear vector function of v and, con- 
versely, that any linear vector function of a vector v can be pro- 
duced by an appropriate dyadic acting as a prefactor upon v. 
Now, since, in the general case, a linear vector function requires 
nine parameters for its specification, it follows that, in the general 
case, a dyadic will also require but nine parameters for its specifica- 
tion. The dyadic, defined in Art. 57 as a polynomial consisting of 
an arbitrary number of dyads, must, therefore, be reducible to a 
form for which nine parameters suffice for its specification. 
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Consider, then, the dyadic * expressed in the polynomial form: 


n 

The antecedent of each dyad in the sum on the right can be expressed 
in terms of its components on a base-system determined by any 
three non-coplanar vectors, Oi, 02 , clb as follows: 

3 

Ai == ^^Aijdj. 

Remembering the distributive law of multiplication stated in the 
preceding article, we can now write : 

n 3 Z 71 

4 * = ^ ^AijaB = 

£ =s 1 £ = 1 ; = 1 3 ~l £ = 1 

And, if we let: 

p; = ^ AjjBu 0* = 1, 2, 3), 

£ = 1 

then: 

^ = ^AiBi = = Uibi + a2b2 + asbs. 

£ = 1 i = 1 * 

In a similar manner the reduction might be made to a trinomial 
form in which the consequents are chosen arbitrarily instead of the 
antecedents. 

Any dyadic O can, therefore, be reduced to a form consisting 
of but three dyads whose antecedents or consequents may be 
chosen as any three non-coplanar vectors. If, in the reduced form, 
the antecedents are noh-coplanar and also the consequents, the 
dyadic is called a Complete Dyadic. 

Since the three antecedents (or consequents) in the trinomial 
form for ^ can be taken as any three non-coplanar vectors, the 
three consequents (or antecedents) must determine <l> completely. 
Hence, in general, nine parameters are required for the specification 
of a complete dyadic, as was foreseen. 

When and only when the dyadic ^ is such that the antecedents 
(or consequents) in the reduced trinomial form are coplanar, it 
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can be reduced to a form consisting of two terms only. If incapable 
of further reduction, it is then called a Planar Dyadic. 

When and only when the dyadic ^ is such that after reduction 
to the trinomial form, the antecedents (or consequents) are collinear, 
it can be further reduced to a dyadic consisting of but one term. 
It is then called a Linear Dyadic. 

The proofs of the theorems in the last two paragraphs may be 
supplied by the reader as an exercise, or they may be found in the 
Vector Analysis of Gibbs-Wilson, pp. 282-283. 

Planar and linear dyadics possess the following obvious proper- 
ties: 

A planar dyadic, acting as a prefactor upon any vector v, will 
produce a linear vector function of v coplanar with its antecedents; 
acting as a postfactor, it will produce a linear vector function of 
V coplanar with its consequents. 

A linear dyadic, acting as a prefactor upon any vector v, will 
produce a linear vector function of v collinear with its antecedent ; 
acting as a postfactor, it will produce a linear vector function of v 
collinear with its consequent. 

By the method given above for the reduction of a dyadic to a 
trinomial form, any two dyadics can be reduced to trinomial forms 
for which the antecedents (or consequents) are respectively the 
same; by the criteria of equality for two dyadics (Art. 58), if the 
consequents (or antecedents) are also respectively the same, the two 
dyadics will be equal; conversely, two equal dyadics can be reduced 
to trinomial forms in which their antecedents and consequents 
are respectively the same. 


§60 

The Nonian Form of a Dyadic 


Let us suppose any dyadic to have been reduced to the trino- 
mial form: 


^ = Uibi -1- Q2b2 "b cisbs. 


in which the antecedents Ui, 02 , 03 are arbitrary non-coplanar 
vectors. By expressing the consequents bi, b 2 , bs in terms of their 
components on a base-system determined by three arbitrary non- 
coplanar vectors, Ci, C 2 , C 3 , and remefnbering the distributive 
law for dyad products, can be expressed in the following form, 
involving nine dyads, the antecedents of which are arbitrary non- 
coplanar vectors, and also the consequents: 
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# = aiiaiCi + ai 2 CiiC 2 + aisQiCs 

( 1 ) +<X 21 Q- 2 Ci + <^ 2202^2 + <^ 23012^3 
+ < 231 <l 3 Cl + Q 32 Ct 3 C 2 + < 3 ^ 33 Ct 3 C 3 > 

where the a’s are parametric coefficients. 

If, in particular, Qi, 02, as and also Ci, C2, Cs are taken, respec- 
tively, as the unit vectors i, j, k, then: 

= aiiii + ai 2 i 3 + cusik 

( 2 ) +a 2 iji + a 22 jj + « 23 jk 

4-a3iki + a32kj + ^sskk. 

This is called the Nonian Form of the dyadic <t>. In it are represented 
all of the nine dyads formable with the unit vectors i, j, k. 

Two dyadics will he equal if, when expressed in nonian form, 
the coefficients of corresponding dyads are equal. 

Conversely, if the coefficients of corresponding dyads are equal 
in the nonian forms of two dyadics, then they will be equal. 

The truth of these statements follows directly from the criteria 
of equality for two dyadics. 


§61 

Symmetric and Anti -Symmetric Dyadics 

A dyadic which is identical with its conjugate is called a Symmet- 
ric Dyadic. In a symmetric dyadic the antecedent and consequent 
of each of its dyads can be interchanged. 

A dyadic 0 and its conjugate can be expressed in the nonian 
forms: 

= anil -H anij -f aiaik = anii + a^ji -f a^ki 

(1) +a2iji + a22jj + a23jk (2) +a2iij + a22jj + a23kj 

-fasiM + a32kj + asskk, -fasiik + a32jk + asskk. 

With the aid of the criteria of equality for two dyadics, it is 
easily seen that <I» = if and only if : 

(^) ^^12 = a2i, a23 = ^32, az\ — aia. 

If the dyadic ^ is symmetric, it can, therefore, be expressed as 
follows : 

(4) = anii + 0223 j + asskk 

+ai2(ij + ji) + a23(jk -f kj) + asiCki -{- ik). 
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It will be shown later (Art. 68) that any Symmetric dyadic ^ 
can be reduced to the form : 

(5) ^ = anii + a22jj + aaskk, 

by a special choice of the i, j, k-system of unit vectors. 

A symmetric dyadic is sometimes called a Self-Conjugate 
Dyadic. 

A dyadic is said to be Anti-Symmetric when it is identical with 
the negative of its conjugate. 

From the expressions for and in nonian forms, given by equa- 
tions (1) and (2), it can easily be seen with the aid of the criterion 
of equality of two dyadics that if and only if : 

(6) an = a22 = ^^33 = 0, ai2 = “^ 21 , a23 = “-^ 32 , asi = —cus- 

An anti-symmetric dyadic <!> can, therefore, be put in the form : 

(7) ^ = ai2(ij - ji) + «23(jk - kj) + a3i(ki - ik). 


Any anti-symmetric dyadic must be a planar dyadic, as can 
be shown as follows: 

Consider a dyadic ^ and its conjugate <I>c expressed in the 
trinomial forms: 

<I> = Uibi + 0262 “h ci3b3, 

= biUi -|- 6202 Hh bsUs. 


If # is anti-symmetric, then: 

V = - <I>c)-v = ^[(Gibi* V - biQi-v) 

-j- (a2b2 • V — b2Cl2 • v) 

+ (Gabs* V — bsUs • v)], 
where v is an arbitrary vector. Now: 

Gibi* V — biCi* V = — (aixbi) x v, 

0262 • V — b 2 Cl 2 • V = — (02 X b2) X V, 
oisbs * V — bsUs • V = — (0.3 X bs) x v; 

and, if we introduce a new vector called the Vector of formed 
by inserting a x between the two vectors of each dyad of then. 

( 8 ) 7 ^= Qixbi + 02 x 62 + osxbs, 
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and ^ • V can be expressed in the form : 

(9) 


Therefore, the anti-symmetric dyadic acting as a prefactor 
upon any vector v, produces a linear vector function O • v which 
is coplanar with respect to a plane perpendicular to the vector of 
0 ; furthermore, • v is perpendicular to the vector v itself. It is, 
therefore, permissible to write: 

(10) = ab — ba, 

where a and b are two non-collinear vectors in a plane perpendicular 
to the vector particular, if this plane be taken as the i, 

j-plane, the vectors a and b may be taken collinear with i and j 
respectively, and in this case we may write: 

(11) 0 = - ji), 

where 012 is a constant. Each of the last two forms for 0 reprei^ents 
it as a planar dyadic. 

It follows that, by a suitable choice of the i, j, k-system of axes, 
the general form (7) for an anti-symmetric dyadic can be reduced 
to the special form ( 11 ); or, in other words, if the i, j, k-system of 
axes be suitably chosen, it is possible to make the coefficients O 23 
and G 31 of the general form (7) equal to zero. 

An anti-symmetric dyadic is sometimes called an Anti-Self- 
Conjugate Dyadic. 


§62 

The Idemfactor or Unit Dyadic 

A dyadic which, acting as prefactor or postfactor upon a vector, 
produces the vector itself, is called an Idemfactor or Unit Dyadic. 
General forms for the idemfactor are: 

(1) I =: a^ui + 0^02 + a^us; (2) I = + 020 ^ + asa^ 

where Oi, 02 , Us are arbitrary non-coplanar vectors, and 

are the vectors of their reciprocal system. For, as shown in Art. 20, 

any vector v can be expressed in the forms: 

V = V + 0^02* V + V, 

V = V • a%i + V • 0^02 + V • a%3; 

hence: 

(3) V = I* v; V = V 1. 
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A special form of idemfactor is obtained by taking Ui, 02 , az 
equal to i, j, k, respectively, whereupon, since the reciprocal system 
to the i, j, k-system is this system itself, a^, will also be equal 
to i, j, k, respectively; consequently: 

(4) I = ii + jj + kk. 

The idemfactor is a very special case of a symmetric dyadic. 
It is a complete dyadic, however, since it is incapable of reduction 
to a sum of less than three dyads. 

§63 

The Direct Product of Dyadics 

We consider first the products of two dyads, pq and rs. By 
definition, for the Direct Products of the two dyads we have: 

(pq). (rs) = pq-rs = q.rps 
(rs) . (rq) = rs • pq = s • prq 

Accordingly, if in the indicated product of two dyads the two end 
vectors be called the extremes, and the other two vectors the means, 
the product is equivalent to a dyad whose antecedent and con- 
sequent are the extremes, taken in order, with a scalar coefficient 
consisting of the scalar product of the means. 

The Direct Product of a dyadic into a dyadic is denoted by 
^ - W, and is defined as the dyadic obtained by forming the sum of the 
direct products of each dyad of into each dyad of 'F. For exam- 
ple, if : 

^ = Qibi -f- ci2b2 “h Usbs, 

'F = cidi + C2d2 + csda, 

then: 

<|> . = (uibi + ci2b2 + Uaba) • (cidi + C2d2 -h csds) 

= bi • CiQidi “b b 1 . C2Ctid2 H“ bi • csCLids 
(1) "bbi • Cia2di “b b2 • C2Ci2d2 "b b2 • C3ti2d3 

-bbs* CiQsdi -b^bs* C2a3d2 + bs* CsUads, 

It is obviously true in general that: 

In the expansion of the indicated direct product of two dyadics 
the distributive law is valid, provided the order of the dyads be main- 
tained in the multiplication of each pair of their respective dyads. 

The direct product of a dyadic and an idemfactor I is equal to 
the dyadic itself. 
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For, if ^ be expressed in the form: 

= aibi + a2b2 + asba, 

where bi, b 2 , bs are non-coplanar, and I in the form: 

I = b'bi + b^2 + b^bs; 

^ . I = (Qibi + a2b2 + asbs) • (b'bi + b^2 + b^bs), 

= aibi + a2b2 + cisbs; 

hence: 

( 3 ) = 

in like manner it can be shown that: 

(4) I . <I» = ^. 

The direct product of two dyadics and a vector is subject to 
the associative law, provided the vector follows or precedes both 

dyadics: 

^). V = O* ('F* v), 

Y . • ijr) = (v • <I>) • 'F. 

To prove this, it is only necessary to show that corresponding 
typical terms on the left and right of, each of these equations are 
equal. Let pq and rs represent typical dyads of ^ and ^ 
respectively. Then: 

(q. rps) • V = pq* rs* V = pq* (rs* v), 

V • (q • rps) = V • pq • rs = (v • pq) • rs. 

These equations prove the equality of the typical terms in question. 
We can therefore write without ambiguity: 

^5) (^. ir).v = O* (W* v) = <^* ^'V, 

(6) V (O* W) = (v* «*)•'«" = V* ^* ^. 

By an entirely similar argument the truth of the following 
generalization can be established: 

The associative law is valid for the continued product formed in 
the dot multiplication hy a vector, ai either or both ends, of the direct 
product of any number of dyadics. 

For example: 

v.*.XF*u = (v*<t)*(NP’*u) = v*(4»*W)*u 
= = vC^'^'u). 


( 7 ) 



LINEAR VECTOR FUNCTIONS AND DYADICS 139 


In the case of a continued dot product of dyadics and one or two 
vectors in which a vector appears in other than an end position, the 
associative law is not valid in general. 

For example: 

( 8 ) ^ (v ^), 

in general. 


§64 

Skew Products of a Dyadic and a Vector 

The Skew Products of a dyadic; 

^ == AiBi A2B2 -}-■••• -j” AJBn.^ 

and a vector v are denoted by x v and by v x O. The definitions 
of these products are quite analogous to the definitions of the 
direct products of a dyadic and a vector given in Art. 57. Accord- 
ingly, we have : 

O X V = AiBi X V 4- A2B2X V AnBnX v; 

V X = V X AiBi + V X A2B2 4- • • • 4- V X ArB«. 

Evidently, each of these expressions represents a new dyadic. 

By the method of comparison of typical terms, exemplified in 
the preceding article, it can be shown that : 

The associative law is valid for the continued product formed 
m the dot or cross multiplication by a vector, at either or both ends, 
of the direct product of any number of dyadics. 

For example : ^ 

(v x 4 >) • 'F = vx 'F) = V x<l>* MT, 

= ^-CWxv) Wxv, 

(vx<l>)*u = vx = vx<E»»u, 

V (<> X u) = (v* X U = V* O X u, 

V X X u) = (v X<I>) X U = V X X u. 

In the case of a continued product of dyadics and one or two 
vectors in which a vector, preceded or followed by dot or cross, 
appears in other than an end position, the associative law is not 
valid in general. 

For example: 

X v) • ^ ^ X (v • ) 

in general 



140 


VECTOR AND TENSOR ANALYSIS 


Remembering that dot and cross can be interchanged in a 
scalar triple product of three vectors, the validity of the following 
useful relations is easily shown: 

V • u X <I> = (v X u) • <!>, 

^x v*u = O* (vxu), 

^j^.Cvx'T) = (<E>xv).^. 

§66 

Reciprocal Dyadics 

Two complete dyadics <0 and ^ are called Reciprocal Dyadics 
if their direct products are equal to the idemfactor I ; that is, if 

( 1 ) 

(2) ^.0 = 1. 

If one of these equations is true, so also is the other. For, let us 
assume : 

= I; 

then, if v represent an arbitrary vector, we have : 

v.(a>*'F)*<P = vl*^ = v«<l» = (v4>)*I; 

but: 

V. (0. ir)* ^ = (v- 

consequently: 

(v« <P) • <!>) = (v • I; 

since v and therefore v • <I> may take on all values, it follows that : 

^ = I. 

To denote the reciprocal of any dyadic O the symbol is used. 

With the aid of the criterion of equality for two dyadics it can 
easily be shown that the reciprocals of equal dyadics must be 
equal. 

Let a complete dyadic ^ be given in nonian form: 

^ = anii + aiaij + aigik 

(3) + aaiji -f ^ 223 } + a23jk 

-f asiki -f a32kj + asskk. 

The corresponding nonian form for the reciprocal of ^ can be found 
as follows : 

The dyadics ^ and ''F must be complete since I is a complete dyadic, and 
the direct product of two dyadics either of which is not complete cannot give a 
complete dyadic. 
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Let bi, b 2 j bs denote the vectors produced by acting as a 
prefactor upon i, j, k respectively, then O can also be written in the 
form: 

(4) = bii + b2j + bsk,- 

in accordance with the criteria for equality of two dyadics; and, 
if bS b^ b^ are vectors of the system reciprocal to the bi, b 2 , ba-sys- 
tem, then: 

(5) - ib^ + jb2 4 - kb^, 

since this dyadic acting as a prefactor upon bi, b 2 , bs, produces 
i, j, k. Upon comparison of the forms (3) and (4) we find: 

bi = aiii + a2ij + aaik, 
b2 = Cisi + a22j “I" a32k, 
bs == aisi + aasj 4“ Cssk. 


Solving these linear equations for i, j, k, we get: 



111- 1 1^1.. 1 'A 13 

_bi + _b. + ^b3, 

(6) j 

A 21 1 A22'j,^ I 

^_bi + -_b. + ^b3, 

k = 


where: 

Aa == [Cll Ci2 ai3 


(7) 

0^21 C 22 C 23 

<l31 0^32 C 33 


and A rs is the cofactor of the typical term Crs in this determinant, 
defined as the first minor obtained by suppressing the r’th row and the 

5’th column with 4- or 

— sign, according 

as r - 4 - 5 is even or odd. 

Upon scalar multiplication of each of equations (6) by bb b^, b^ in 

turn we find: 



Aa 

VI ; A 2 } 

v., = — , 

bi.k = 4-' 

Aa 


b^.j =4^^ 

ixa 

b“.k =. 

Aa 

b3 . i = 

A« 

"‘•i-ir’ 

bs.k = —• 

Aa 


These vectors must be non-coplanar, since <!> is assumed to be a com- 
plete dyadic. 
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These equations give the measure-numbers of the i, j, k-components 
of the vectors bS b*, b% and for these vectors we can therefore 
write: 


( 8 ) 


bi - 
b® = 
b= = 


■4 1 3 • I -4 2 1 • I 4.31 

- 4 12 , , -^22 . , 4.32 

4 13. , 423. , 433 

^ 


Upon substitution of these expressions for h\ in equation 

(5) we find for the nonian form of the reciprocal of <!>; 

~ [4iiii + 42iij + 43iik 

(9) + 4i2ji + 422jj + 432jk 

4- 4i3ki + 423kj 4- 433kk]. 

The dyadic enclosed in brackets is called the Adjunct of O; it 
will be denoted by and its determinant by so that: 

^adj = 4iiii -j- 42ii3 + Asiik 

(10) 4“ 4i2ji 4" 422jj 4 432jk 

4- 4i3ki 4- 423kj 4- 433kk; 

A^ = 4ii 421 Asi 

(11) 4 12 422 432 

4i3 423 433 

The elements of A^ are the cofactors of the elements of A^. 

Using equations (8), it can easily be shown that: 

bi-b*xb® 4i; 

AJ’ 

and since, by equation (5), Art. 19: 

wsta h 

it follows that: 

(12) A^ - Al 

From equations (1), (9), and (10) the following relation, which 
will be of use later, follows directly: 

(13) ♦•4»«rf/-:AaI. 
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§66 

Several Important Theorems Relating to Dyadic Operators 

In working with dyadic operators, the following theorems are 
often found useful: 

(a) The conjugate of the sum (difference) of two dyadics is equal to 
the sum (difference) of the conjugates of the individual dyadics. 

Let ^ and 'F denote the dyadics. Then: 

(1) W)a = (^ - W)c - 

The truth of this theorem is directly evident from the definitions 
of a dyadic and its conjugate given in Art. 57. 

(b) The conjugate of the direct 'product of any number of dyadics 
is equal to the direct product of their individual conjugates taken in 
reverse order. 

It will suffice to give the proof of this theorem for the case of 
two dyadics, since that for the general case can then be directly 
inferred. 

Let, then, and W denote the two dyadics. We wish to prove 
that : 

( 2 ) w)c = 

We have: 

W)c-v = V (<!>• W) = (v^)- W = W 

= Wc* == {Wc* ^c) • V, for all values of v; 

hence, equation (2) is valid. 

(c) The sum (difference) of a dyadic and its conjugate is a symmet- 
ric (antisymmetric) dyadic. 

If denote the dyadic, we have, with the aid of theorem (a) : 

(3) (0^ + -b (^c)c = ^ + 

(4) (^ - OcL = O. ~ 

These equations suffice to prove the theorem. 

(d) Any dyadic can he resolved into a symmetric and an anti- 
symmetric part.'^^ 

Let denote the dyadic. Then: 

(6) ) C 2*^ )’ 

This can be done in but one way. Cf. Gibbs-Wilson, Vector Analysis, 
p. 296. 
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In accordance with theorem (c) the first (second) bracketed expres- 
sion on the right is a symmetric (anti-symmetric) dyadic. 

(e) The conjugate of the reciprocal of a complete dyadic is equal to 
the reciprocal of its conjugate. 

Let ^ denote the dyadic. Then, with the aid of theorem (b) : 

(0-1),. 4V, = (0.0-1).; 

but, in accordance with the definition of a reciprocal dyadic: 
(0.0-1), = (0.)~i-0. - I; 

hence, noting that L = I : 

(0.)'-i.0, = (<^“')c-^.; 

consequently: 

(0f)“"^* (<I>o*V) = (^~^).r* (O,. V), 

for all values of v, and therefore of 0 . • v, hence : 

(6) (<>.)'-' = (O-0<-. 

The symbol 0.-1 can, therefore, be used without ambiguity to denote 
the reciprocal of the conjugate of 4»or the conjugate of the reciprocal 
of 0 . 

(f) The reciprocal of the direct product of two complete dyadics is 
equal to the product of their individual reciprocals taken in reverse order. 

If 0 and 'F denote the two dyadics, then: 

(0.^). (0''1. 0“1) = 0. ('I'’, ^^•-l). 0”1 =0.1. 0-1 = 0. 0-1 = I. 

Therefore, and 4"“^ • 0‘~i must be reciprocal dyadics, and 

hence : 

(0. ^)-i = 'ijr-1. 0-1. 

By induction the theorem just stated can be generalized so as to 
read as follows: 

(g) The reciprocal of the direct product of any number of complete 
dyadics is equal to the direct product of their individual reciprocals 
taken in reverse order. 


§67 

Reduction of a Dyadic to a Normal Form 

Any complete dyadic can be reduced to a trinomial form in 
which the vectors of the antecedents are mutually perpendicular, 
and likewise those of the consequents. In fact, any complete dyadic 
^ can be reduced to the form; 

Cl) ^ = Ai'i + Rj'j 4- Ck'k, 
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where i', j', k' and i, j, k are congruent, right-handed systems of 
unit vectors, and A, B, C are all positive or all negative numbers. 

In proving this we shall make use of properties connected with 
the affine transformation of a sphere of unit radius. 

If r denote the position-vector of any point P on the sphere 
with respect to its center as origin, and q the linear vector function 
produced by ^ acting as prefactor upon r, we can write: 

( 2 ) r = + 0^202 + iCaUs, 

( 3 ) q = iTibi + a;2b2 -b ^sbs, 

where Oi, a2> cls are a set of special values of r constituting an 
orthogonal base-system of unit vectors, xij X2j xz are the co-ordi- 
nates of P on this system, and where: 

(4) bi = <>• (Ui), b2 = (a2), bs = (as). 

The linear vector function q will be non-degenerate, since <I> is 
supposed a complete dyadic. Hence, bi, b2, bs will be non-coplanar 
vectors, and may therefore be taken as a base-system of reference 
for the vector q which we shall consider as the position- vector of a 
point Q. On this system Xi, x^, xz are co-ordinates of the point Q. 
From equation ( 2 ), upon forming the scalar product r • r, we find: 

(5) xl + xl + xl^ 1. 

On the Qi, 02, Os-base-system this equation is that of the unit 
sphere. On the bi, b2, b s-base-system it is the equation of the sur- 
face which is the locus of the point Q. Since this surface must be a 
closed surface, and since its equation is of the second degree, it 
must be an ellipsoid. It will be called the Tensor Ellipsoid. We 
shall first show that the vectors bi, b2, bs must coincide in direction 
with conjugate diameters of the ellipsoid, the magnitudes of these 
vectors being equal to those of the corresponding semi-conjugate 
diameters. 

Upon differentiation of equations ( 3 ) and ( 5 ) we get: 

(6) dq = da;ibi + + da;3b3; 

(7) 0 = xidxi + X2dx2 + xzaxz. 

In the first of these equations dq represents the increment in the 
position vector q of any point Qixi^ X2, xz) on the ellipsoid and must 
of course be parallel to the tangent plane at Q. Now, wffien q = bi, 
it follows by equation ( 3 ) that: xi 1 , 0:2 == = 0 ; and hence by 

equation ( 7 ) that: dxi = 0 . It then follows from equation ( 6 ) that 
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when q bi the tangent plane must be parallel to the diametral 
plane determined by b2, hz. In like manner it can be shown that 
when q = b2, q = ba the corresponding tangent planes must be 
parallel to the diametral planes determined by ba, bi and by bi, ba, 
respectively. Hence, bi, b2, hz specify semi-conjugate diameters 
of the ellipsoid. Now suppose Oi so chosen that bi ( = <!>• Oi) 
specifies a semi-principal axis; then b2 and bs must be perpendicular 
to bi. Next, suppose so chosen that specifies a 

second semi-principal axis; then hz must specify the third semi- 
principal axis. Hence, there must be a set of values for Ui, 02, as, 
say i, j, k, which, when acted upon by the dyadic ^ as a prefactor, 
transform into an orthogonal set of vectors specifying semi-principal 
axes of the tensor ellipsoid. If, therefore, i', j', k' constitute a 
right-handed orthogonal set of unit vectors collinear in direction 
with these axes, respectively, the dyadic O can be put in the form: 

^ == Ai'i + By i + Ck'k, 

where A, R, C are positive or negative scalars whose magnitudes 
are, respectively, those of the semi-principal axes of the ellipsoid. 
Now the signs of any two of the coefficients A, B, C can be reversed 
without disturbing the right-handed relationship of the vectors 
i', j', k' by simply reversing the direction of any two of these 
vectors. It follows that i', j', k' can be so chosen that the coeffi- 
cients A, B, C are either all positive or all negative. The proposi- 
tion stated in the first paragraph of the present article is thus 
established. 

In the demonstration just given ^ was assumed to be a complete 
dyadic. If ^ is assumed to be a planar dyadic, a similar demonstra- 
tion shows that it can be reduced to a normal form: 

(8) ^ = Ai'i + Rj'j, 

where the coefficients A and B can be taken as positive. Similarly, 
if ^ be assumed to be a linear dyadic, it can be shown to be reducible 
to the normal form : 

(9) ^ = ^i'i, 
where A is a positive coefficient. 

If, in the reduction of a complete dyadic the coefficients 
A, R, C are not all different, the reduction can be effected in an 
infinite number of ways. If two of the coefficients, say B and C, 
are equal, the tensor ellipsoid reduces to one of revolution about the 
unique axis i', and therefore j' together with k' can be rotated 
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about this unique axis without affecting the value of If all 
three of the coefficients A, 5, C are equal, the tensor ellipsoid 
degenerates into a sphere, and in this case the i', j', k'-system can 
be rotated in any manner without affecting the value of O. 


Normal Form for a Symmetric Dyadic 

Any symmetric complete dyadic can be reduced to the form : 

(1) <> = aii + bjj 4- ckk, 

where the coefficients a, 6, c are positive or negative constants. 

The dyadic and its conjugate can, by equation (1), Art. 67. 
be expressed in the forms: 

(2) <!> = Ai'i 4- ^j'j 4- Ck'k, 

(3) 4»c = Aii' 4- Bjy 4- Ckk'. 

If is symmetric, then : 

Hence : 

4- 4- c^'k' = A^ii + 4- C^kk, 

and since: 

i'i' + j'j' + kV = ii + jj 4- kk, 

the expressions on the left and right being idemfactors, we shall 
have, after multiplication of the last equation by and subtraction 
from the preceding equation: 

(B'^ - A2) j'j' 4- (C2 - A2) kV = (B^ - A2) jj + (C^ - A^) kk. 

The dyadic in the right-hand member of this equation acting as a 
prefactor or postfactor upon the unit vector i yields a null-vector, 
and that in the left-hand member must therefore do likewise; 
hence : 

(4) {B^- - A2) j'-ij' + (C2 ~ A2)k'-ik' = 0. 

If A, B, C are unequal, it is therefore necessary that: 
j'. i = k'* i = 0. 

Hence j' and k' must be perpendicular to i and, since j' and k' are 
also perpendicular to i', it follows that i' and i must be collinear. 
In a similar way j', j and k', k, respectively, can be shown to be' 
collinear. Hence, in equation (2), for Ai', Bj', Ck' we can put 
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ai, 6j, ck, if a, 6, c denote appropriate positive or negative numbers, 
and thus obtain the form (1) for 

Suppose now that C = B ^ A. This corresponds to the 
case for which the tensor ellipsoid is one of rotation about the 
axis parallel to i'. It follows from equation (4) that i' must be 
collinear with i; furthermore, since in this case, as noted in the 
preceding article, the two vectors j', k' can be rotated together 
about V as an axis without changing the value of they can be so 
rotated as to become collinear with j, k, respectively. The theorem, 
therefore, also holds for this case and, it can be shown in like manner 
to hold for the cases B = A 9 ^ C, and A — C 9 ^ B. 

Suppose next that A = B — C, In this case the tensor ellipsoid 
degenerates into a sphere, and, as pointed out in the preceding 
article, the i', j', k'-system of axes can be rotated about the origin 
without changing the value of the dyadic O. It can, therefore, be 
brought into coincidence with the i, j, k-system, and the theorem is 
therefore valid for this case. 


§69 

Dyadic Invariants 


Certain combinations of the nine coefficients in the nonian form 
of a dyadic have the same values for all i, j, k -systems of axes. 
These are called Dyadic Invariants. Three of these, which are of 
fundamental importance, we shall now find by a method which 
will also furnish results which will be useful in connection with the 
consideration to follow of certain special forms of dyadics. 

Let a dyadic be given in the nonian form: 


( 1 ) 

If we let: 
( 2 ) 


^ = aiiii + ai2ij -f aisik 
+ C2lji 4" C22jj 4' <723jk 
-f asiki + ^732kj 4 asskk. 

hi == ciii 4 C 2 ij 4 osik = <I> • i, 
b2 = aioi 4 0223 4 C32k = • j, 

bs = oisi 4 C23j 4 ^Tssk = <!>• k, 


then ^ can be written in the trinomial form: 


( 6 ) = bii 4 boj -f bsk. 

If we wish to find the directions in space for which any vector 
r, when operated upon by as a prefactor, will be transformed 
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into a vector proportional to r, the necessary and sufficient con- 
dition is expressed by the equation: 

(4) ^ • r = Xr, 

where X is a factor of proportionality. If r be expressed in terms of 
its components on the i, j, k-base-system as follows: 

r = i* ri -h j • rj + k* rk; 

then: 

^ * r = i • •i’f-j*r^*j -fk-rO-k 

= i* rbi + j* rb2 + k* rbs. 

The condition (4) can then be expressed in the form : 

i • r(Xi - bi) j * r(Xj — b 2 ) -f k • r(Xk - bs) = 0. 

Since the coefficients of tjhe vectors enclosed by brackets cannot 
all be zero, these vectors are necessarily coplanar. Hence: 

(Xi - bi) • (Xj — ba) x (Xk — bs) = 0. 

This is a cubic equation in X which, upon expansion of the left-hand 
member, can be written in the form: 


(5) 


X3 -^3 - 0, 

where : 



(6) 

$1 = 

bi*i -f- b2*j + ba'k, 

(7) 

#2 = 

boxbs* i + baxbi* j + bi x 

(8) 

^3 = 

bi • bo X bs. 


Now, since the values of X must be independent of the manner in 
which the dyadic is expressed, it follows that the roots of this 
cubic equation in X, and therefore the values of 4>i, <l> 2 , and ^ 3 , must 
have the same values on all right-handed i, j, k-systems. The 
quantities <i>i, <l> 2 , 4>3 are, therefore, called Dyadic Invariants for 
such systems. 

From equations (6), (7), and (8), with the aid of equations (2), 
we find; 


(6') 

(7') 

(8') 


= Gii + 022 + ^^33, 

4>2 ~ ail«22 + ^^22Ct33 + CL^zQu — aua^l — U23U32 — O^ZldlZi 


CTll 

On 

013 

021 

«22 

023 

ozi 

032 

033 ! 
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From these expressions it is seen that is equal to the sum of 
the terms in the principal diagonal of the determinant expressing 
^3, and that ^2 is the sum of the diagonal minors of ‘l>3. 

If is a complete dyadic, ^2 can be given another and important 
form. In this case the vectors bi, b2, bs will have a reciprocal 
system: 

,, b2xb3 bsxbi bixb2 

Aa ' ^ 

where Aa( = bi • ba x bs = $3) is the determinant of ^ when expressed 
in nonian form. These equations, with equation ( 7 ), give: 
^2-Aa(bi-i + b2.j+b3.k), 

or, upon using the expressions given by equations (6), Art. 65 , for 
i, j, k in terms of bi, b2, bs : 

( 7 ^') $2 = All “h A22 4 ~ Ass- 

The expression on the right is the sum of the terms of the principal 
diagonal of the determinant 

= All A21 Asi 
(9) Ai2 A 22 A 32 

A 13 A 23 A 33 , 

which, as shown in Art. 65 , is the determinant of the dyadic called 
the Adjunct of 4 ^ which is equal to Aa^-^, the elements of this 
determinant being cofactors of the elements of the determinant Aa 
of the dyadic itself when expressed in nonian form. 

§70 

The Hamilton-Cayley Equation 

The dyadic ~ XI is called the Characteristic Dyadic of O, 
and can be written in the nonian form: 

O -- XI = (an — X)ii + ai 2 ij + aisik 
( 1 ) + ct2iji + (ct22 — X)jj + a23jk 

+ asiki + a32kj + (asa — X)kk. 

The Characteristic Determinant of denoted by <^>(X), is the 
determinant of ~ XI, so that; 

dll X ai2 ai 3 

021 O22 — X 023 

031 032 CE33 — X 


( 2 ) 
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This function is a cubic in X and, as is easily seen upon expanding 
and taking account of equations (6'), (7'), and (S'), Art. 69: 

(3) 0(X) = -X^ + <E>iX2 - $2X + ^3. 

As seen above, the roots of the scalar equation: 

(4) 0(X) = -X® + 4>aX + <l>3 = 0 

determine the directions in space for which • r = Xr. 

We shall now show that the equation obtained upon the substitu- 
tion of for X and $ 3 ! for $3 in equation (4), viz: 

03 ^ <1)102 + « ^3l = 0, 

is identically true, with the understanding that 02 — 0*0 and 0 ® = 
0 * 02 . By equation (13) Art. 65, noting that Aa = ^ 3 : 

0.0^^ =<i>3L 

Hence, upon writing 0 — XI for 0 , we shall have : 

(0 - XI) • (0 ~ XDadi - miy 
or: 

(5) - XI)adi - X(# - XI)adi = (-X3 + <i»lX2 - <I>2X + <i»3) 1. 

The adjunct of 0 — XI can be evaluated in the same manner as the 
adjunct of <!> in Art. 65. We thus find: 



(«& - XI)«u = 

Cnu 

+ c?iij 

+ 

Csiik 

(6) 

+ 

Ci2ji 

+ C22jj 

+ 

Csdk 


+ 

CisM 

+ C23kj 

+ 

Csakk, 

where; 






(7) 

C„ = (- 

l)r+., 

l^(X)r«, 




and <#)(X)ra represents the determinant of the second order obtained 
by suppressing the r'th row and the 5 'th column of the determinant 
<^>(X) given by equation (2). Evidently, Ct& will be of the second 
or lower degree in X, and we can, therefore, write : 

( 8 ) (# - XI)adi = ^2X2 + iTiX + ^0, 

where the "^’s are dyadic coefficients free of X, which for our pur- 
poses it is unnecessary to specify further. From equations (5) 
and (8) : 

0 • (^2X2 + + ^0) - X('r2X2 + ^^X + 'To) 

= (_X»+<i,lX2 -02X+4»3)L 
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Upon equating the terms independent of X on the left and right of 
this equation, and likewise the coefficients of like powers of X, we 
obtain: 

4^. Wq = 4>8l, 

0*^1 - Wo = -$2l, 

= -L 

After direct multiplication of these equations by —I, —4^, —4^5*, 
— respectively, and adding, we find the equation : 

(9) ~ 4>3l = 0. 

This equation is called the Hamilton-Cayley Equation, Hamilton 
having shown that a quaternion satisfies a corresponding equation, 
while Cayley showed that any square matrix of the n^th order 
satisfies a corresponding characteristic equation of the same order. 

With the aid of the Hamilton-Cayley equation and the corre- 
sponding scalar equation (4) in X, a systematic classification of the 
various forms which a dyadic can assume is possible. 

§71 

On the Classification of Dyadics 

It was shown in Art. 70 that any dyadic 4> satisfies identically 
the Hamilton-Cayley equation: 

^ <|)2^— <|>3l 0, 

where the scalar invariants ^ 2 , 4>3 are the same as those in the 
corresponding scalar equation: 

X® - <i>iX2 + 4>2X - «i>3 = 0. 

It may happen, however, that 4^ is of such a nature as to satisfy 
identically an equation of the second or first degree. In any case, 
the equation of lowest degree satisfied by a dyadic 4 >, together with 
the roots of the corresponding scalar equation for X, can be used as 
'a basis for its classification. These equations are called, respec- 
tively, the Characteristic Equation for and the Characteristic 
Equation for X, 

Let Ij m, n denote the three roots of the general equation for X; 
then the Hamilton-Cayley equation can be written: 

(4> — ZI) • (4> — -ml) • (4> — nl) = 0, 
whatever the values of Z, m, n. 
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There are three generic classes to one of which any dyadic 
must belong: 

(A) satisfies identically an equation of the third degree and 
none of lower degree. 

(B) # satisfies identically an equation of the second degree and 
none of lower degree. 

(C) 4? satisfies identically an equation of the first degree. 

Under A there are four sub-classes into one of which any dyadic 

of class A must fall, and which are characterized by the forms 
assumed by the Hamilton-Cayley equation, under the possible 
assumptions as to the nature of the roots I, m, n, viz: 

(A-I) - 11 ) . (O - ml ) . (4> - 7^1) - 0, 

with Ij m, 71 all real and unequal; 

(A-II) ~ ll) • [02 - 2aO + (a- + I] = 0, 

with I real, m = a + |S?, n = a — and ^ ^ 0; i = 

(A-III) (O - ZI) . (O - wl)2 = 0, 

with If rrij n all real, and in = n 9 ^ 1 ; 

(A-IV) (O - /I)3 = 0, 

with I, m, n all real and equal. 

Referring now to class B, let F(o) = 0 represent the Hamilton- 
Cayley equation, and <?(o) = 0 the characteristic equation for O. 
Then we can write: 

F{<P) = (7(0) • 0(0) + i?(0) = 0 ; 
and also the corresponding scalar equation: 

F(X) = G(K) Q(K) + R(\) = 0; 

where Q and R represent linear functions. Since F(0) and G(0) 
must vanish identically, and since in accordance with hypothesis 
an equation in O of degree lower than the second does not exist, it 
is necessary that i2(0), and therefore ROC), shall vanish identically. 
It follows that, for the generic class B: 

F(0) = (?(0) . 0(0) = 0, 

F(X) = (?(X) 0(X) - 0. 

The roots of G(X) = 0 must therefore be included among those of 
F(\) = 0. Hence, denoting the common roots of these tw’o equa- 
tions by I and vij w^e have: 

G(\) = (X - /) (X - m). 
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Under B there are two sub-classes, characterized by special 
forms of the characteristic equation, (?(^) = 0, and of the roots 
of G(X) = 0, which we are now able to specify as follows : 

(B-I) - IT) . - ml) = 0, 


with I and m both real or complex and I 9 ^ m. 

(B-II) - ZI)2 = 0, 

with I real and I = m. 

Referring now to class C, and following the method used in 
discussing class B, we find: 


F(0) - G «^) . Q(0) = 0, 

F(K) = G(K) Q{\) = 0, 


where <?(4>) = 0 and G{\) = 0, respectively, now denote the equa- 
tions of the first degree satisfied by ^ and X; and the root of G(X) 
= 0, denoted by Z, must be one of the roots of i^(X) = 0. Hence: 

G(\) = (X - Z). 

Under C there is, consequently, but one class of dyadics, viz: such 
as satisfy identically the characteristic equation : 

(C-I) O - ZI - 0. 

There are, then, seven essentially different forms of dyadics 
which satisfy respectively the seven characteristic equations 
A-I, II, III, IV, B-I, II, and C-I. These, with the names given 
them by Gibbs- Wilson, can be expressed as follows: 


(Ai) Zaia^ + ma2a^ + 

(An) Zaia^ 4 - a(a2a2 + usa®) 

4- -02 0®), 

(Am) Zoio^ 4- m(02a2 4- 030®) * 4 - uso^, 
(Aiv) ZI 4- OiO^ 4- 020®, 

(Bx) Zoio^ 4 - mia^a^ 4- OaO®) 4- OsO^, 

(Bxx) ZI 4- 030 ^, 

(Ci) n, 


Tonic; 

Cyclotonic ; 

Simple Shearer; 
Complex Shearer; 
Special Tonic ; 

Special Simple Shearer ; 
Special Tonic ; 


where Oi, 02 , Os and a^, a® denote reciprocal systems of vectors, 
Z, m, n roots of the characteristic equation for X, and oc and ^ are 
given by the equations = a 4~ and n = a — when m 
and n are complex. Each of these dyadics when substituted for O 
in the corresponding equation can be seen to satisfy it identically. 
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Conversely, it can be shown that, if any dyadic is known to 
satisfy any one of the seven characteristic equations, then it must 
be capable of reduction to the corresponding form in the above list. 
The proof of this statement is somewhat long and tedious. It 
can be found in Chapter VI of the treatise on Vector Analysis by 
Gibbs-Wilson. 


§72 

Applications of Dyadics 


(a) Equations of quadric surfaces. If r denote the position 
vector of a point P with respect to an origin 0, and any dyadic, 
then, as will be shown, the equations: 


(la) r • • r = 1, 

(2a) r • O • r = 0, 


are respectively the dyadic equations of a general quadric surface, 
real or imaginary, with center at 0, and of a cone, real or imagi- 
nary, with vertex at 0. 

In these equations the dyadic 0 maybe considered as symmetric; 
for, in any case it can, as seen in Art. 66, be expressed as the sum 
of a symmetric and an anti-symmetric part, and, if 'F denote the 
anti-symmetric part, the contributions of this part to the left-hand 
members will be r • • r, but, since W is anti-symmetric, ^ • r 

must be a vector perpendicular to r, and hence r • ^ • r = 0. 

We suppose, then, that <t> is symmetric, and also suppose it 
expressed in accordance with the procedure of Art. 68 in the normal 
form: 


(3a) 




+ “ + 

“ 62 



where 6^, are positive constants. Let r be resolved into 
components as follows: 

(4a) r = -f 2 /j + ^k, 

where a*, y, z are rectangular co-ordinates of the point P. We 
then find : 

«2 «,2 «2 
(5a) 


Hence, the equation 


r • r - ] 
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represents: 

a real ellipsoid, if all signs in equation (3a) are positive; 
an hyperboloid of one sheet, if one sign is negative; 
an hyperboloid of two sheets, if two signs are negative; 
an imaginary quadric, if all signs are negative; 

and the equation 

r • O • r = 0 , 

represents: 

a real cone, if the signs in equation (3a) are not all the same; 
an imaginary cone, if the signs are all the same. 

For a discussion of the properties of quadric surfaces with the 
aid of dyadics, the reader is referred to Vector-Analysis, Gibbs- 
Wilson, p. 372. 

(b) Representation of an affine transformation by a dyadic. 

It was shown in Art. 56 that an affine transformation can be 
represented by a linear vector function. Such a transformation 
must, therefore, also be capable of representation by a dyadic. 

An affine transformation with origin fixed is expressed by the 
equations: 

Vi = ctiiXi + ai2a;2 + clizXs, 

(lb) 2/2 = a2lXl + a22X2 + a2ZX3, 

yz = azixi + az 2 X 2 -f assxs, 

where the c-coefficients are scalar parameters and Xi^ Xz and 
yii ^ 2 , ih, respectively, are the affine co-ordinates on an Ui, 02 , 03 - 
base-system of a point P and of the point Q into which P 
goes in the transformation. 

The dyadic 

0 = ciiUia^ + ai2CLia^ + aisUia® 

( 2 b) "f'CJ 2 lCl 2 Cl^ ~i" CL220.2CL^ “f" ^23^201^ 

-hcsiUsU^ -f az2CLz(P + 

will represent the transformation. For, acting as a prefactor upon 
the position- vector of P, viz : 

X s= aJiQi X 2 CL 2 “4“ xzCLZ} 

it produces the position- vector of Q, viz : 

<1 == yiCLi + 2/2C12 + yzfxzy 

where 1 / 1 , y 2 j yz are expressed in terms of xi, Xi, Xz by equations 
(lb). 
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If 'F be a dyadic representing a second affine transformation 
whereby the point Q is further transformed into the point Q' 
having the position vector q', then: 

and hence, since the latter product is associative : 

(3b) q' = (<>t) = ('F-<I>).r. 

From the last equation the important conclusion can be drawn that 
the transformation effected by the dyadic O followed by the trans- 
formation effected by the dyadic W is equivalent to the single 
transformation effected by the dyadic We shall have occa- 

sion to refer again to this result in Art. 83, which deals with the 
affine transformation group. 

(c) Rotation and perversion expressed by dyadics. 

Consider an affine transformation which consists of a rotation 
of the points of space through the same angle 6 about an axis 
passing through a fixed point 0 and determined by a unit vector 
a. It is required to find a dyadic ^ which acting as a prefactor 
will express the rotation. 

Let r denote a unit vector perpendicular to a ; then a x r will 
be a unit vector perpendicular to both a and r. Since a must 
remain unaltered by the rotation, and since r must be rotated 
through the angle 6 in its plane perpendicular to a, the required 
dyadic O must be such that: 

<!>• a = a; 

0 • r = cos + sin ^ a X r ; 

and these conditions are necessary and sufficient that shall 
represent the rotation. The conditions can be fulfilled by taking: 

(Ic) = aa + cos ^(I — aa) + sin 61 x a, 

where I represents an idemfactor, as is evident upon trial. 

The dyadic can easily be expressed in a nonian form in which 
all the given data appear explicitly. Let a be expressed in terms 
of its components on an arbitrary i, j, k-base-system as follows: 

a == ad 4- a 2 j + ask, 

where the measure-numbers Ui, a 2 , az of the components are to be 
considered as given; thej origin is assumed at the fixed point 0. 
With respect to this base-system we shall then have: 
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aa == (aii + aaj + ctsk) (aii + asj + ask) 

= difliii “ 1 “ <11^213 aiCtsik 
+ ^2^13! + ^2^233 + a2a33k 

4- asaiki + a3a2kj + asaskk; 

I = ii + 33 + ^; . , , , 

Ixa= (ii + 33 + 

= Oii ■“ asij a2ik 

4- asji + O33 

— a2ki + aikj + Okk. 


Introducing these expressions into equation (Ic), we find: 

^ = {tti(l ~ cos 6 ) + cos 0)ii 

+ laias(l — cos 6) — as sin ^lij 
+ (aittsCl — cos 6) + a.% sin 6)ik 
+ lasOiCl — cos 6 ) + as sin ji 
, +{ _ cos e) + cos eijj 

+ { 0203(1 — cos 0) - ai sin 01jk 
+ lo 30 i(l — cos 0) — 02 sin ^Iki 
+ 10302(1 - cos 0 ) + oi sin 0)kj 
+ {a|(l-cos0) + coseikk, 

which is the required nonian form for 4>. In this expression 03, a, a,, 
and 0 are given parameters, but the first three of these are direction 
cosines of the axis of rotation and, therefore, are subject to the 
relation o^ + o^ + «: = 1; to specify a rotation three parameters 
only are necessary, two to specify the direction of the axis, and one 

to sDPcifv t]i6 s-iislc of rot&tion. ^ 

The dyadic «& can also be expressed in the following trinomial 

form; 

(3c) 0 = i'i + j'j+k'k, 

where; , , . , 

i' = 4» • i, j' = O • j. k = <t» • k. 

The vectors i', k' are obviously the unit vectors of the right- 
handed congruent system into which the i, j, k-system is trans- 
formed by the rotation. , ^ c j . 

By comparison of equations (2c) and (3c) we find: 

i' = lai(l-cos0) + cosffli 
/4c) + la2ai(l - cos 0 ) + as sin 

+ (asadl - cos 6 ) - 03 sin 0 ]K 

and there are corresponding expressions for j' and k' obtained by 
cyclical permutation of the subscripts 1, 2, 3 and of the un 

i. j. k. 
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Any dyadic reducible to the form (3c) is called a Versor. It 
may be observed that the conjugate of the dyadic ^ acting as 
a prefactor will turn the unit vectors i', j', k' into the unit vectors 
i, j, k. It follows that a versor and its conjugate must be reciprocal 
dyadics. 

By equations (6), (7), and (8), Art. 69, the following quantities 
must be versor invariants : 

<i>i = i' - i + j'* j -f k'* k, 

(5c) ^2 = j' X k' • i 4- k' X i' • j + i' x j' • k, 

<I>3 == i' • j' X k'. 

It is seen at once that the first two of these quantities are equal 
and that the third is equal to unity. Since they arc invariants, 
they must retain the same values however the arbitrary i, j, k- 
base-system be chosen. If we take the unit vector i to coincide 
with the unit vector a, then: 

i'* i = 1, j'. j = k' - k = cos 6. 

Hence : 

(6c) “ ^2 = 1 4" 2 cos 6', 4^3 = 1. 

By equation (8'), Art. 69, the invariant is equal to the determi- 
nant of the coefficients of the dyads in the noiiian form for given 
by equation (2c), and since 4>.3 = 1, this determinant must have 
the value unity for any arbitrary choice of the i, j, k -base-system. 

If 'F denote the negative of the versor <I>, then: 

(7c) W = -(i'i + j'j + k'k); 

the dyadic ^ is called a Perversor. Acting upon the position- 
vectors of any figure it rotates the figure and then changes it into 
another symmetrical to itself with the origin as a point of symmetry. 
This sort of transformation is called a Perversion. 

If in the general expression for a versor given by equation (Ic) 
the angle 6 be taken as 7r/2, we get: 

(8c) = aa 4- 1 X a. 

This dyadic is called a Quadrantal Versor. Acting as a prefactor 
upon any vector perpendicular to an axis determined by a, it turns 
the vector through one right angle. 

Again, if in equation (Ic) the angle 6 be taken as tt, we get: 

(9c) ^ = 2aa- 1. 

This dyadic is called a Bi-Quadrantal Versor. Acting as a pre- 
factor upon any vector perpendicular to an axis determined by a 
it turns the vector through two right angles. 
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The nonian forms for a quadrantal and for a bi-quadrantal 
versor can be obtained from equation (2c) by the substitution of 
x/2 and tt, respectively, for the angle B, 

(d) The inertia dyadic for a system of mass particles ; principal 
moments and axes of inertia. Let r denote the posit ion- vector 
with respect to an arbitrary origin 0 of a typical particle the 
magnitude of whose mass is denoted by m, and let 9 denote the 
position-vector of any point P with respect to 0, and p the magni- 
tude of the distance of the typical particle from a line through 
0 in the direction of 9. Then, if K denote the magnitude of the 
moment of inertia of the system, with respect to this line, and 
if S indicate summation over all the particles : 

K == 

or, making use of the Pythagorean theorem : 


K = Smfr-r - V 

V P' e / 

an equation which, after easy transformation, can be written in 
the form: 

K = \ 9. [2m(r* rl — rr)]* 9, 


or, more simply, in the form : 


(Id) 

where : 
(2d) 


K = 


£>• 9 


= 27n(r* rl — rr). 


This dyadic is called the Inertia Dyadic of the system of mass 
particles. 

Suppose, now, that 9 is the position-vector of any point P on 
the quadric surface whose equation is: 

(3d) p. ^ = 1. 

Since K must be finite for all possible values of 9, it follows from 
equations (Id) and (3d) that 9 must always be finite, and hence 
that the quadric surface must be an ellipsoid. It is called the 
Poinsot Ellipsoid of Inertia. 

By equations (Id) and (3d) this ellipsoid has the important 
property expressed by the equation: 
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which implies that the moment of inertia of the system of mass 
particles with respect to a line through 0 collinear with any radius 
vector of the ellipsoid varies inversely with the square of the radius 
vector. 

The inertia dyadic can be expressed in nonian form by introduc- 
ing an i, j, k-base-system with origin at 0, and writing: 

r == a:i -h 2 /j + zK I = ii + jj + kk. 

From equation (2d) we then get: 

(5d) <!> = [2m(i/2 + z^)] ii - [ 2mxy ] ij - [ 2mx2 ] ik 

- [ 2myx ] ji + I2m(s^ + x^)] jj - [ 2myz ] jk 

- [ 2mzx ] ki - [ 2mzy ] kj + [2m{x^ -f 2/^)] hk. 

This form for the inertia dyadic shows it to be symmetric. The 
coefficients in the principal diagonal of this form are the magnitudes 
of the moments of inertia of the system of particles with respect to 
the co-ordinate axes, and the negatives of the other coefficients are 
those of products of inertia with respect to co-ordinate planes. 

Since the inertia dyadic is symmetric, it can be reduced to the 
normal form: 

(6d) ^ = J?iioio + i^ 2 jojo + i^skoko, 

where io, jo> ko represent a special choice of i, j, k, and where Ki, 
K 2 , K 2 , are the magnitudes of the moments of inertia with respect to 
axes determined by io, jo, ko. These axes are called Principal Axes 
of Inertia, and the corresponding moments 
of inertia the Principal Moments of Inertia 
with respect to these axes. 

(e) The strain dyadic for small strain in 
an elastic continuum. The subject of strain 
in an elastic continuum is one which is par- 
ticularly well adapted to show the advant- 
ages of dyadic methods. 

Referring to Fig. 35, let P denote any 
point of an elastic continuum, and Q any 
neighboring point at a small distance from P. Suppose the con- 
tinuum to undergo a small strain so that P moves to P' and Q to 
Q\ and let u, u', v, and v' denote vectors represented, respectively, 
by the line-vectors PQ, P'Q', PP', and QQ\ 

The vector s, defined by the equation: 

s - u' — u, 



(le) 
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is called the Shift of the vector u due to the strain. It is proposed 
to show that s is a linear vector function of u, or^ which amounts to 
the same thing, that: 

s = • u, 

where 4^ represents a dyadic, called the Strain Dyadic, which, 
when specified, determines the nature of the strain. 

Referring again to Fig. 35, it is seen that: 

u' ~ — V + u + v'. 

Hence: 

(2e) s == u' — u = v' — V. 

We suppose the strain to be continuous, so that the vector v can be 
regarded as a continuous function of position, and we refer the u 
and v-vectors to a fixed i, j, k-system, so that: 

u = tiii + U 2 j + usk, 

Y ^ Vii + V2i + t'sk, 

where the u and t;-coeflS.cients are the measure-nunjbers of the 
components of u and v. 

Then, to terms of the second order in the small quantities Ui, U 2 , u^, 
we have, with the aid of Taylor’s theorem : 

, /dvi , dvi dvi \ . 

/dvz , dvz . dvz \ _ 


where the nine partial derivatives are supposed evaluated at the 
point P. 

We now define a dyadic 4> with these nine partial derivatives 
as coefficients: 


(46) 




, BV2 .. 




+ — 'ik 
^ dz 




The equation for v' can now be written: 
(5e) v' = V 4- u. 

This equation with (2e) gives: 

(6e) 
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This is a dyadic equation specifying the strain in the immediate 
neighborhood of the point P. 

If the coeflEicients of ^ are constants, that is, independent of the 
position of the point P, the continuum is said to have undergone a 
Homogeneous Strain, in which, as can easily be shown, straight 
lines go into straight lines, and parallel lines go into parallel lines. 
In any case, a continuous strain in an elastic continuum may be 
considered as homogeneous in the immediate neighborhood of 
any specified point. 

We now define nine strain parameters by the equations: 



dvi 


L 

fdvi 

+ 

dvz\ 


ly 


dV2\ 

ai = 

dx' 

gi = 

2^ 

\^dz 


COi 

'2i 


dz) 


dV2 


T 

fdvz 




ly 

fdvi 

dvz\ 

0,2 == 

dy' 

92 = 

2^ 

\^dx 

+ 

dz)' 

032 


^ dz 

dx) 


dvs 


ly 


+ 

SV2\ 


.ly 

rdV2 

dvi\ 

as = 

dz' 

gz = 

2^ 


dx 

033 

2( 

^dx 

dy) 


the a-parameters are called Elongation Coefficients, the ^-parameters 
Shear Coefficients, and the ^-parameters Rotation Coefficients. 

The strain dyadic can now be written as the sum of two dyadics: 


(8e) 

0 = ^ + n, 


where: 

'F = Oiii + ffaij 

+ Saik 

(9e) 

+ Jsji + ajjj 



+ ffaW + gi)i) 

+ askk, 


Q = 0 — cosij 

"f" coalk 

(lOe) 

+ waji + 0 

— 03ijk 


— Cj02ki -f- cuikj -j- 0. 

If : Iff* = 0^ ^ 0^ the strain can be shown to consist of a rotation 

only; if : 7 *^ 0 , ft = 0 , the strain is called a Pure Strain. 

To proceed further with the development of the theory of strain 
would lead us beyond the scope of the present book. But sufficient 
has been said, perhaps, to indicate the usefulness of dyadic methods 
in dealing with this branch of mathematical physics. 

It may be remarked, however, before leaving this subject, 
that, in virtue of the fundamental strain equation: 

s = O • u, 

the essentially different types of strain in an elastic continuum 
can be specified by the essentially different types of dyadics which 
have been classified and discussed in Art. 71. 
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The stress which is associated with small strain can also be 
described by the method of dyadics as will be seen later (Art. 109), 
when the Stress Dyadic is introduced as an example of a Tensor, 
(f) Fields of electric force and polarization in a crystal. 

As a final example of the utility of dyadics in dealing with 
physical problems we shall consider the relationship of the fields 
of electric force and electric polarization in a crystal. 

Electrical theory shows that the polarization can be expressed 
in terms of the force with the aid of nine parameters, only six of 
which, however, are independent. 

Let E and P respectively, denote the force and polarization 
vectors, and let these vectors be resolved into their components on 
an arbitrary i, j, k-base-system as follows; 

(If) E = + Esi + JSJsk; 

(2f) P -Pii+Psj +P3k; 

where the E and P coefficients, respectively are the measure-nuip- 
bers of the components. 

By considering the polarized molecules of the crystal as electric 
doublets whose axes, owing to the crystalline structure, do not 
coincide in direction with the electric field which excites them, the 
theory indicates that the measure-numbers of the force and polariza- 
tion components are related as follows: 

Pi == aiiEi + duEfi -j- aisEs, 

( 3 f) P2 = CL21E1 + (I22E2 + caaPs? 

P3 — CiziEi + dz^E^ + dzzEzj 

where the o-coefficients are parameters whose numerical values 
depend upon the nature of the crystal and upon the system of units 
which is used. 

We now form a dyadic; 

^ = aiiii + aigij + aiaik 

(4f) + a2iji 4“ a22jj + a23jk 

+ dziki + a32kj + asakk. 

If we operate with this dyadic as a prefactor upon the electric 
force vector as expressed by equation (If), we find: 

(5f) P«4»*E. 

The electric polarization vector is, therefore, a linear vector function 
of the electric force vector, which can be obtained from it by oper- 
ating with the dyadic as a prefactor. 
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EXERCISES ON CHAPTER VI 

1. Prove the following statements: 

(a) If 4^ • r == 0, for three non-coplanar values of r, then ^ = 0. 

(b) If ^ • r = 0, for two non-collinear values of r, then the vectors 
0 • r which do not vanish must be parallel, 

(c) If 0 • r = 0, for a given value of r, then the vectors ^ • r which 
do not vanish must be coplanar. 

2. Show that is a symmetric dyadic. 

3. Show that: 

(I X a) • - a X 

(axl) = axO. 

4. If Si is a complete dyadic and if <I> • ft = W • ft, show that «I> and 
W are equal. 

5. Prove that the necessary and sufficient condition that an anti- 
symmetric dyadic shall vanish is that the vector of shall vanish 

6. Show that : 

(<l>x a)c = —ax^c- 

7. If <!> is small, show that I + and 1 — 0 can be considered as 
reciprocal dyadics, 

8. If a, b, c are vectors representing conjugate radii of an ellipsoid 
whose equation is : 

r • 0 • r = 1, 

show that the equation of a plane through the terminal points of the three 
conjugate radii is: 

r • 0 • (a + b + c) = 1. 

9. If r' = 0 • r and if r is the position- vector with respect to its center 
of a generic point of an ellipsoid whose equation is ; 

r • 0 • r = 1, 

show that the locus of the terminal point of a line-vector drawn from the 
center and representing t' is an ellipsoid (the reciprocal ellipsoid). 

10. Prove that the necessary and sufficient condition that two quadrics 
whose equations are: 

r*0*r — 1, r*'FT = l, 

shall be confocal is that 0 and ^ differ only by a scalar multiple of the idem- 
factor. 

11. If the reciprocal of a dyadic and its conjugate are equal, show 
that it must be a versor or perversor. 

12. Show that any versor can be expressed as the direct product of two 
quadrantal versors whose axes lie in the plane perpendicular to the axis 
of the versor. 
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Introduction of General Co-ordinates 
Unitary and Reciprocal Unitary Vectors 

In many problems relating to vector fields it is often advan- 
tageous to use co-ordinate systems of greater generality than those 
hitherto employed, and of which the latter are but special cases. 
It is proposed, therefore, in the present chapter to discuss in some 
detail the properties of various types of co-ordinate systems. 

The notation which will be used in this chapter is purposely 
made consistent with the covariant and contravariant notation, 
which is explained in the next chapter. 

Let u'-, u® denote three independent, continuous, and single- 
valued scalar point functions between which and the points of a 

„ / , region of a 3-dimensional 

a3i /u^- curve , 

f/ space there is a reciprocal 

u correspondence such that for 

each point of the space there 
‘^'-.1 ^ is a unique set of values for 

IjQ / wb w®, and such that for 

. 7' every set of values for u^, u^, 
w®, within limits depending 
/u^~ curve curve upon the boundaries of the 

^ p. gg region, there exists a corre- 

sponding single point of the 
region. Then the functions u\ u^, m® can be taken as co-ordinates 
of the region. Such co-ordinates are called General or Curvilinear 
Co-ordinates. 

At any point P(uL u®, w®) within such a 3-dimensional region the 
level surfaces of the functions w® and ti® will intersect in a curve 
along which the function alone will vary. This curve is called 
the w^-curve. Similarly, there will be a u® and a u®-curve, the 
intersections of the level surfaces of the functions u® and and 
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of the functions and respectively, along which only and 
respectively will vary. See Fig. 36 . 

If r denote the position- vector of the point P(w^, u^, u^) with 
respect to an arbitrary origin, then r can be considered as a function 
of so that: 

r = r('w\ u^). 


By differentiation: 



di = 

dr ^ 

T-7 du^ 

du^ 

“*■ du^ 

dr 

du^ 

du^. 

or: 






(1) 

dr = 

aidu^ -h 

a2dw^-f CLzdu^j 


where : 






(2) 


dr 

dr 


_ dr 

Qi = 

~du^' 

du^' 

Us 

du^ 


The vectors Oi, 02, 03 are called the Unitary Vectors associated 
with the point P; they are' directed tangentially to the 
curves respectively in the sense of increasing. 

The unitary vectors associated with the point P can be con- 
sidered as constituting a base-system of reference for all vectors 
associated with the point P, This base-system will be called the 
[/-system. 

If ab denote the vectors of the system reciprocal to the 

Ui, 02, Os-system, then, by equations (1), (2), and ( 3 ), Art. 19 : 



_ 02 X 03 


O 3 X Oi 


...3 

Oi X 02 

( 3 ) 

” [O 1 O 2 O 3 ]’ 

0 ^ = 

[OiGoOs] 


O'^ = 

[aiasQa]’ 


O^ • Oi 

= 0-* 

02 = 0^- 

03 

= 1, 


( 4 ) 

O^* Oi 

= O^* 

02 = 0^« 

O 3 

= 0, 



o3. GI 

= o^* 

02= 0^« 

03- 

= 0; 


( 5 ) 

O^ X 0 ^ 


0 ^ X O^ 



XQ^ 

~ [a'a%3]’ 

02 

~ [o^o^o^ 

1’ 

03 

” [a^a^a^] 


It will be convenient to call ab ab o® the Reciprocal Unitary 
Vectors; they constitute a non-coplanar system which may, if 
desired, be used as well as the unitary system itself as a base-system 
of reference. This base-system will be called the P-system. 

It is our purpose in the present chapter to use the U and P- 
systems more or less in parallel, in order to bring clearly into 
evidence their significant relationship, although in so doing we 
shall be obliged to introduce certain elementary notions relating 
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to transformation theory, with which the next chapter is more 
specifically concerned. 

Using the a®-system as a base-system, the differential 

vector dr expressed by equation (1) can be expressed in the alter- 
native form : 

( 6 ) dt = Q}dui + o?du2 + 

where the differentials dwi, du^, duz will not in general, however, 
be perfect differentials of functions Uiy Uz of the general 
co-ordinates, since they will be linear functions of the differentials 
of the co-ordinates which may not be integrable. 

From equations (1) and (6): 

-h aHu^i -h a^duz = uidu’- -f a^du^ + azdu^; 
or: 

3 

(7) ^ = X 

X*1 1=1 

Upon scalar multiplication of both sides of this equation by ax 
and by a* in turn, and taking into account equations (4), we find: 

3 3 

(8) du}, == X^x* o.idu\ du^ - X ' axdwx, X, ^ = 1, 2, 3. 

t=i . x»i 

We shall now find new expressions for the unitary vectors in 
terms of the reciprocal unitary vectors, and vice versa. From the 
last three equations we find easily that : 



3 V 


X(ax 


o 

li 


1^1 / 



3 > 


X(ai 

“ X ^X • 

d 

II 

'I 

i= A 

X = 1 > 



Hence, since the differentials are arbitrary: 

(9) = X®^’ * ^ X 

1=1 x=i 


§74 

Abbreviated Notation — The Summation Convention 


The scalar products of the unitary vectors and the scalar 
products of the reciprocal unitary vectors which occur in equations 
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(8) and (9), Art. 73, will often appear. For them we shall, there- 
fore, introduce the abbreviations : 

(1) = oix-a,- == Ui* ax = Qixl 

(2) = a‘ . a* = g>^\ 

Furthermore, in order to avoid extensive use of summation 
signs, we shall frequently use the following Summation Convention : 

If any term contain the same letter twice as an identifying index^ 
then • summation of such terms for all values of the index is to he 
understood. 

In the present and the next following chapter all literal indices 
cover the range of values 1, 2, 3. 

Equations (8) and (9), Art. 73, can now be written in the 
abbreviated forms: 

(3) dux = g^idu^ du^ == g'>^duy,\ 

(4) = grX‘ai, Oi = gi),a\ 

Since the indices X, i cover the range of values 1, 2, 3, each of these 
equations is typical of a corresponding set of three equations. 

For the determinants (^, g') of the ^-coefficients of the sets for 
which the second and first of equations (4) are typical, we have: 



^11 

On 

giz 


(5) 

g2i 

022 

021 



gzi 

gz2 

Ozz 

, with ga = ga] 






(6) 


g22 

g22 



9^^ 

gZ2 

g3Z 

, with g>‘^ = g^i‘. 


If we solve, by the method of determinants, for and for 
a,-, respectively, the two sets of equations for which the second and 
first of equations (4) are typical, we find: 

(7) ax = (Xi = Gua^y 

where is the cofactor of the element iu the ^ row and X column 
of the determinant g divided by g, and where Gxi is the cofactor 
of the element g^^ in the X row and the i column of the determinant 
g' divided by g'. From equations (4) and (7): 

giho}' = GxidK 

Hence, since the a’s are non-coplanar, we have: 

(9) gi\ = Gxi. 



170 


VECTOR AND TENSOR ANALYSIS 


Upon scalar multiplication of the second of equations (4) by 
a*, taking account of equations (2), we find: 

( 10 ) 

where g\ = 1, if fc = i) and = 0, if fc i. For example: 
g\ = gng^'^ + gv^g^"^ + gng^^ = L if A; = i; 
g\ = + g^^g"^^ + g^^g^^ 

The significance of g\ should be carefully noted : 

g\ = go<g"'^ = gng^^ + gng^'^ + gizg^^ 

H" gng^"^ + gizg^^ 

■\-g%ig^^ + g^^g^"^ + g^^g^^ 

== 1 + 1 + 1 - 3. 

It is possible to consider the ^-coefficients as forms of operators. 
Referring to equations (3), for example, it is seen that the typical 
differential du^ on the JZ-system is obtained from the corresponding 
differentials on the U-system, of which is typical, by causing 
^xi, considered as an operator, to act upon du'^ considered as an 
operand; and, conversely, it is seen that the typical differential 
du^ on the [/-system is obtained from the corresponding differentials 
on the iJ-system, of which dux is typical, by causing considered 
as an operator, to act upon duxj considered as an operand. In 
the former case, gxi operates to lower the superscript i of the operand 
du^ and to change it into X; in the latter case, operates to raise 
the subscript X of the operand dux and to change it into i. Similar 
interpretation can be given to the action of the p’s in equations 

(4). 

Using the properties of the p’s just mentioned, it is possible to 
introduce various equivalent forms for the quantities with which 
we have to deal. We shall consider several cases by way of example. 
For the infinitesimal vector dr we have : 


( 11 ) 


dr = Qidu^ 

= aig^^dux 
= a^gxidu* 
= aM%. 


A fixed vector p associated with the point P(u^, u^) can 

be expressed on the U and JB-base-systems as follows: 


(12) p = p^ai = pxa\ 

A fixed vector is one which does not change, as does a base-vectort with 
change of co-ordinate system. 
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where the p’s are measure-numbers of p. In analogy with equations 
(3) we have ; 

(13) Px = 9\iP‘, p‘ = 

It follows, in analogy with equations (11), that: 


(14) 


p p‘a.i 

= guP'a’^ 


= P\a^- 

As another simple example we have in the case of the idemf actor: 

I = Qia' 


(15) 


= 

gi\0.^a‘ 

a^ax- 


A more complicated example is furnished by a dyadic <&, for 
which we have : 


(16) 


= a^'a.a; 

= a‘>'PixaM; 


For brevity let: 
(17) 


aC' = a'igix, 

a'.ii = tt'^gni, 
a\ii = o.'’gixgjit. 


We can then write: 
(18) 


O = a*'aiaf 
= a;:a’'a/ 

= aijiaiaM' 
= axna>'a>‘. 


§76 

Differential Quadratic Forms 

If Q denotes a point infinitely near to the point P (see Fig. 36) 
with the co-ordinates + du^y + du^, and if ds 

denote the magnitude of the infinitesimal distance from P to Q, 
then: 

2 

ds dr • dr, 


( 1 ) 
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where dr is the position-vector of Q with respect to P. Using 
equation (1), Art. 73, we find: 

Ws ^ dx* dt ^ Cl* aidu^did- + ai* a^dv^dv?" + ai« Q.zdv}du^ 

(2) + U2 • (Xidu^dv} + 02 • a^du^dii^ + 02 • azdu^du^ 

+ 03 * aidtt^dw^ + as - a^du^du^ + as - azdv?du^. 

Using equation (6), Art. 73, we obtain the alternative form: 

'ds dt^ dx — • a^dwidwi + - (x^duidui + a^ • a^duiduz 

(3) -}- • a^duidui + a® • a^du2du2 + • a^du^duz 

+ a®- o}duzdiLi + 0 ^- a^duzdu2 + a®* a^duzduz. 

In equation (2) ds^ is expressed as a homogeneous quadratic func- 
tion of the differentials of the co-ordinates themselves, and in 
equation (3) as a similar function of the non-integrable (in general) 
differentials dui, du^j duz. The scalar product coefficients of both 
forms must be considered, in general, as functions of the co-ordi- 
nates, since the unitary and reciprocal unitary vectors will vary 
in general from point to point. 

It is convenient to abbreviate the expressions for these differ- 
ential forms, first by writing, as in Art. 74: 

ga = gu = Ui* a,-, S'mx = g\n = q\. qm, 

and further by use of the summation conventions^ introduced in 
Art. 74. Equations (2) and (3) respectively can then be written: 

— 2 

(4) ds = gadu^dw; 

— 2 

(5) ds = g'^f^du^dun. 

The ^-coeflScients in these forms must, of course, be considered 
in general as functions of the co-ordinates; they will be called 
Metrical Coefficients, for reasons which will be obvious presently. 

The forms (4) and (5) will be called, respectively, the Funda- 
mental Differential Quadratic Form and the Reciprocal Differential 
Quadratic Form. 

An equivalent form in which ^’s do not appear explicitly 
can be obtained from the form (4) with the aid of the first of equa- 
tions (3), Art. 74. It is as follows: 

— 2 

(6) ds = du*dui. 

From now on frequent use will be made of this very useful convention; at 
first the reader may find it desirable to write out in full the expressions which it 
implies. 
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§76 

Geometrical Significance of the Metrical Coefficients 

The values of the metrical coefficients at any point P(m^ u^, u*) 
must, of course, depend upon the nature of the co-ordinate system 
which is used. 

For the -coefficients with like indices we have, in accordance 
with their definitions : 


^11 = Qi • Qi = ctiai; 

(1) P'22 = 02* a2 = CL2Ci2] 
gzi = Qs* ci 3 = azazf 

where ai, a2,az, respectively, are the magnitudes of the unitary 
vectors Oi, 02, .03. If dsco, ds(2), ds(z) denote the magnitudes of 
dr when taken in the directions .of Ui, 02, as, then from equations 

(2) , Art. 75 , and equations (1) above we have: 



Hence, ^u, ^22, Qzz are respectively equal to the squares of the 
reciprocals of the space rates of increase of the co-ordinates in the 
directions of the corresponding unitary vectors. 

For the gij coefficients with unlike indices we have: 

gz2 == g 23 == a2 • 03 = a^az cos (02, as) ; 

9 iz = gzi = 03* ai = azai cos (as, ai); 

921 = gi2 = ai* 02 == aia2 Cos (ai, 02 ). 

Hence, upon taking account of equations (1): 

9^2 = 5^23 = v 92293 ^ COS (a2, as) ; 

(3) 9 iz = P'31 == \/p33^ii cos (as, ai); 

P21 = P'12 = v/ P11P22 cos (ai, 02) ; 

where the positive signs for the radicals are taken, since ai, 02, az 
are intrinsically positive. 


From equations ( 3 ) we have for the cosines of the angles between 
the unitary vectors in pairs: 


cos (a2, as) 


P 23 


( 4 ) 


cos (03, ai) = 


P12 


Vp: 


11922 


cos (ai, 02) = 
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The cosiae of the angle between any two infinitesimal vectors; 
(5) ds = aidit’ + aidu^ + aad^u^ = aidu‘, 

( 0 ) Ss = aidu^ + = aM’, 

is obtained by forming the scalar product of ds and 5s. Upon 
performing this operation we obtain the bilinear differential form: 

(7) ds* 5s = dsSs cos (ds, 5s) = Qi* aidu'Su' 

— gijdu^du^', 

where ds, 5s denote the magnitudes of ds, 6s, and where summation 
is implied by the summation convention for both the indices i and j 
over the range of values 1, 2, 3. We therefore have ; 

du^ did 

( 8 ) cos(ds*5s) = 


The significance of the coefficients in the reciprocal differential 
quadratic form (5), Art. 75, can be obtained in a similar way to 
that followed above in discussing the coefficients of the correspond- 
ing form (4), Art. 75. In fact, we can at once write down the 
following equations by analogy; 


_ ( dU3 

~ \ds(« 




= 

= 

a^o}] 


(9) 


gii = 

02 , q2 -. 

aV; 




= 

aV; 


(10) 

-2 

} 

g^^ 

/ du2 ^ 


gZi 



= = 

y/g^g ^ ' 

30S (a^. 

a^; 

(11) 

gU 

= (,31 = 

V ' 

DOS (a^ 

a^); 





cos (a^ 

.a*); 


cos (a^ a®) 


( 12 ) 


(13) 

(14) 

(15) 

(16) 


cos (a®, o') 
cos (a*, a“) 


V?Y^ 

V 


ds = o'-dui -4- a*dt/.j a^d-ua = a^d^xj 

5s = a^5ui -H i -t- 

ds • 5s = ds5s cos (ds • 5s) = • a'^du^du/i 

= p>'pdux5Mi*; 

.... ^ du\ Sun 

cos(ds, 3s) 
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§77 

Line, Surface, and Volume Elements 

If ds(i), ds( 2 ), ds( 3 ) denote the infinitesimal vectors at the point 
u^) obtained by taking in turn the infinitesimal vector ds 
in the directions of Oi, 02 , 03 , then: 



ds(i) = Oidw^; 

(1) 

ds(2) = a2du^] 


ds(3) = azdu^; 


dS(i) = V^idu^i 

(2) 

ds(2) = V^du^\ 


ds(3) == Vmdu^, 


For the magnitude do-d) of the area of the parallelogram con- 
structed upon infinitesimal line- vectors representing ds^) and ds( 3 ) 
we have : 

dc{i) = lds(2) X ds(3)| = ± 02 X 

= ±a2a3 sin (02, az)du^du^ 

= \/^ 22^33 “ gl^duHu^, 


by equations (1) and (3), Art. 76; and by cyclical permutation of 
the subscripts and superscripts we can obtain the expressions 
for the corresponding magnitudes da(^) and d<T( 3 ). Hence: 

C?(r(i) = Vg229Z3 - gl^du^du^; 

( 3 ) d!<r(2) = Vg^sQn - g]idu^du^; 

d<r(z) = Vgng22 - gl^duHv?. 


If dr denote the magnitude of the volume of an elementary 
parallelepiped constructed upon the infinitesimal line-vectors 
representing dsd), dS( 2 ), ds( 3 ), then: 

dr — ± Qi • 02 X 03 du^du^du^; 

but, with the aid of equations (!'), Art. 20: 


Oi • 02 X 03 = Oi • [(o^ • 02 X Os) Oi + (O^ • 02 X Os) 02 + (o® • 02 X Os) Os] 


= Oi* 


[(02 X 03* 02 X 03) ai-l-(03X Oi • 02 X Oa) 02+(aiX 02* a2X Os) Os] 
— — — , 


Oi* a2X 03 
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with the aid of equations (1), Art. 19; hence: 

(ai* 02 X Oa)® = (cti* Oi) [(02* 02) (os* 03) — (02* Os) (os* 02)] 

+ (ai* 02) [( 02 * 03) (03* Oi) - (02* Oi) (03* 03)] 

+(ai* Os) [( 02 * Oi) (oa* 02) — ( 02 * 02) (03 • Oi)] 

— Sll\j922gzz — ^23^32] 

+ ^ 12 ^ 23^31 — ^21^33] 

4 ’fi^l 3 to 21^32 ““ g22QZl]l 

therefore: 

(Ol* 02X03) = ± ^11 Qi 2 fifl 3 i 

^21 0^22 _ 

QZl 9Z2 ±\^9- 

Upon substituting this result in the above equation for dr, we find: 

(4) dr = -s/ gdu^duHu^ . 

When the E-base-system is used, corresponding to equations 
(1) to (4) inclusive, we have: 

= o^dui, 

( 5 ) ds^^'^ = aHui, 

= a^dusi 

ds(^) = \^duif 

(6) = V^dti2, 

=r \/ 

d(T(^'> — — (g^^ydu^duzj 

(7) dcr^^^ = — {g^^Yduzdui, 

da^^^ — -y/^iigr22 ^l^g^jHuHu ^ ; 

(8) dr' — g'duidu^duz. 

The element of volume whose magnitude is denoted by dr is, if 
g 9 ^ Of equivalent to the element of volume bounded by portions of 
level surfaces of the co-ordinates passing through the 

points P{u^f u^f u^) and Q(u^ -f- du\ + du^, w® + du^)^ if differ- 
ences in volume which are infinitely small in comparison with the 
elements of volume in question are ignored. Similarly, the 
corresponding edges and surfaces of the two elements can be con- 
sidered as equivalent, if differences which are infinitesimal in 
comparison with the quantities themselves are neglected. The 
proof of these statements is not difiScult to supply, and will be 
omitted here. 
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§78 

Determination of Metrical Coefficients 
The Dummy Index Rule 

The results found in Arts. 76 and 77 show that the metrical 
properties of our 3-dimensional space can be expressed with respect 
to any general co-ordinate system in terms of the ^ij-coefficients of 
the differential quadratic form (4), Art. 75, or in terms of the corre- 
sponding g'^'^-coefficients of the corresponding differential quadratic 
form (5), Art. 75. In other words, when the Qij or the g^^'-coeffi- 
cients have been determined for any system of general co-ordinates, 
lengths of lines, angles between any two directions, areas, and 
volumes can be expressed in terms of them. 

With the introduction of a general system of co-ordinates, the 
determination of the metrical coefficients of its differential quadratic 
forms is, therefore, a matter of importance. 

In some cases the differential quadratic forms can at once be 
written down from geometrical considerations, and the metrical 
coefficients determined by inspection. This is certainly the case 
for a rectangular Cartesian system of co-ordinates (x\ x^, x^), for 
which we have the differential quadratic form: 

(1) ds = dx^dx^ -b dx^dx^ + dx^dx^. 

From this we infer that the metrical coefficients gu, g 22 j gu are 
all equal to unity, and that the coefficients g 23 , gsi, gi 2 are all equal 
to zero. If, now, any system of general co-ordinates u^) 

be introduced, the corresponding differential quadratic form must 
be derivable from the form (1) by a process of transformation, and 
from the form thus obtained the metrical coefficients for the general 
system can be found when the transformation equations are given, 
as will now be shown. 

Let us suppose that the x and the w-co-ordinates are related 
by the set of equations : 

u^); 

( 2 ) x^ = x^(u^, u^); 

x^ — . 

where u^, are supposed mutually independent. 

Upon differentiation of these equations we obtain the following 
transformation equations for the differentials of the co-ordinates : 
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j 5x‘ , , 2 da;! , 


(3) 


du^ * 


dx^ 

' du^' 
dx^ 


Sx^ , 
di?' 


J ^ J 1 I J 2 I J S 


The determinant 



dx'^ 

dx^ 

du^ 

du^ 

du^ 

dx^ 


dx^ 

du^ 

du^ 

du^ 

dx^ 

dx^ 


du^ 

du^ 

du^ 


is called the Jacobian of the transformation, and it cannot vanish 
identically, since we assume the independence of u^. 

Making use of the summation convention, introduced in Art. 74, 
we can write equations (1) and (3) in the abbreviated forms: 


(4) 

(5) 


ds = dx^dx\ 

dx^ = du\ 
du^ 


= 1 , 2 , 3 ); 
(if k = 1 , 2 , 3 ). 


Corresponding to the form (4) for the rc-differentials, we have, 
for the z^-differentials: 

(6) ds^ = gijdu^dujf (i, j = 1, 2, 3). 


If, in attempting to transform the right-hand member of equa- 
tion (4) into a quadratic function of the du^s equivalent to the 
form (6), we should substitute the value for dx^ given by equation 
(5), we should obtain an expression involving the index i four 
times, and confusion would arise in using the summation conven- 
tion. But this can be avoided by observing that : 


dx^ , . dx^ j . 


since the values to be assigned to both i and j are 1, 2, 3. We 
have here an example of the very useful Dummy Index Rule: 

In any term in which the summation convention is operativef 
any letter which appears twice as an index {indicating summation over a 
given range of values) may be replaced by any other letter, not already 
in use as an index, with the understanding that it indicates summation 
over the same range (f values. 
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Accordingly, we can write: 


(7) 


dx^ dx^ j . , . 
~ T~i du3du\ 
du^ du^ ’ 


{if jj h — Ij 2, 3)* 


Upon comparison of this expression for ds with that given by equa- 
tion (6), noting that the du^s may be considered as arbitrary, we 
get: 

dx^ dx^ 

(8) gij 


dui duf 

dx^ dx^ dx^ 

du' du^ du* du^ du* du^* 


1,2, 3). 


Having found with the aid of this formula the values of the 
metricaL coefficients for a given U-system, the values of the corre- 
sponding coefficients on the corresponding E-system can be found 
with the aid of the first of equations (9), Art. 74. 

We shall exemplify the use of formula (8) by determining 
the coefficients for several special cases. 

Cylindrical co-ordinates. We suppose that: 

- pf 

= z, 

where p, ^ are cylindrical co-ordinates of any point P. See 
Fig. 37. 

The level surfaces of p are cylinders coaxial with the s^axis; 
those of <t> are meridian planes through the 2 -axis; and those of z 
are planes perpendicular to the 2 -axis. 

Choose rectangular Cartesian co-ordinates xS x^, x® for the 
point P such that: 

= p cos <t>j 

(9) x^ — p sin 

x^ = z. 


These are the forms for the transformation equations (2) for the 
case of cylindrical co-ordinates. 

Upon inserting these values for in equation (8), we 

find the following values for the gij coefficients of the fundamental 
differential quadratic form for a cylindrical co-ordinate system: 

( 10 ) = 1 , ^22 = P^f ^33 = 1 , 

gzz = ^23 = 0 , gu == 5^31 = 0 , gzi = ^12 = 0 . 
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The fundamental differential quadratic form for cylindrical 
co-ordinates will therefore be; ^ 

Qjx ds^ = dp^ + 


Using the values furnished by equations (10) , we find, with the 
aid of the first of equations (9), Art. 74: 



Spherical co-ordinates. We next suppose that: 



where r, 6, <#> are spherical co-ordinates of any point P. See Fig. 38. 

The level surfaces of r are spheres with the origin as center; 
those of & are cones with the origin as vertex ; and those of <#> are 

meridian planes. , , , f 

Choose rectangular Cartesian co-ordinates x , x , x tor the 

point P such that: 

^ T sin B cos 0, 

- r sin 6 sin <#>, 

= r cos B. 


These are the forms for the transformation equations (2) for the 
case of spherical co-ordinates. 
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Equation (8) furnishes, with the aid of these equations, the 
following values for the Vi/ coefficients of the differential quadratic 
form for a spherical co-ordinate system: 

9n = 1; ff 22 = gss = sin^ $; 

gz2 = ^23 = 0; ^13 = g^x = 0; gn = Qii = 0. 

The fundamental differential quadratic form for spherical co-ordi- 
nates will therefore be : 

ds — dr + r^dd + sin^ 6d(f>^, 

From the first of equations (9), Art. 74, and equations (14), 
we find: 

(7^^ = 1 * = -- • s=s ^ 

(16) 9 ^ 

^32 ^ g2Z ^ Q. gU ^ ^31 ^ Q. g21 ^ gl2 ^ Q 



Fig. 39. 


Ellipsoidal co-ordinates. As a final example let us suppose that : 

u- X, 

= iU, 

= V, 


where X, /x, p are ellipsoidal co-ordinates of any point P. See 
Fig. 39. 

The level surfaces are ellipsoids, hyperboloids of one sheet, 
and hyperboloids of two sheets, all confocal with the ellipsoid 
whose equation in rectangular Cartesian co-ordinates, xb x^, x^, can 


be written* 

(ir) 


(xi)2 ^ W 


1, with a > b > Cf 


where a, 5, c denote the magnitudes of semi-principal axes. 
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The equations of an ellipsoid, hyperboloid of one sheet, and 
hyperboloid of two sheets confocal with the ellipsoid in question 
can be written respectively as follows: 


(18) 


J-t)L 4 - = 1 


, (x^r ^ 1 

a* + ju 6* + ju c* + ’ 

(x^r , , (x^r ^ , 

+ r 6® + r + v ’ 


(X > -c=); 
{-C^ > M > -62); 

( — 62 > V > -a2). 


Through each point of space there will pass one surface of 
each sort, and to each point there will correspond a unique set of 
values for X, ix, v which can therefore be taken as co-ordinates of the 
point. 

By solving the last three equations for x'-, x^, x^, we find; 


(19) 


r(a2 4- X) (a2 -l-;u) (a2 -|- 

■ - L ■ (a2 _ 52 ) (^2 _ g2) J > 

-.2_ , r(6"+X)(&' + M) ib^+y)V^ 
-L ■■ (62 - c2) (62 - a2) J’ 

,.3_ , r(c^+x) (c'+m) (c2 + v)-]i 
-L (c2 - o2) (1;2 -' 52 ) J 


These are the forms for the transformation equation ( 2 ) for the 
case of ellipsoidal co-ordinates. From these three equations the 
following equation, which will be useful presently, is easily found ; 

.20) + (2:2)2 (x2)2 _ _JX_- ;u) (X - .) 

^ ^ (a2 4- X)2 ^ (62 + X}2 (c2 4- \)i " (a^ 4 - X)-(62 ■L"xr(c^~X)' 

and two others of the same type, by cyclical permutation of X, fi, v. 
With the aid of equations (19) we find from equation ( 8 ): 

_ 3^ 3^2 0x2 ^^3 ^^3 

“ 3X 3X '*■ 3X 3X 3 X 

= If- - (“^ + m) (g ^ + v) _1 
4L(a2 + X) (a2 - 62) (a2 - c 2 ) J 

If (62 4 - ;n) (62 4- p 1 

■^4L(62 4- X) (62 - c 2 ) (62 - a 2 )J 

J^lf (c^ + m) (c^ -h v) 1 

■^4L(c 2 4- X) (c 2 -a^) (c 2 - 52 ) J 

_ 1 r _ L*')“ , (®®)“ , (r®)* I 

4 L (a* 4- X )2 (32 4. X)2 + (c2~+X)2 J ’ 
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or, taking account of equation (20) : 

^ 1 (X - - v) 

4(a2 +X)( 62 +X) (c2-f X)‘ 

The determination of gn, with the aid of equation (8), can be 
effected as follows: 

_ ^ 4- ^ 4- — ^ 

” dX dft dX d/x dX d/x 

1 (a^ + j/) (62 - c2) H- (62 + p) (c2 - a2) + (c2 + v) {a^ - 6“) 

4 “ (a2 - 62) (62 ~ c2) (c2 a2) 

1 a262 — a2c2 -|- 62^2 — 62ct2 4. ^2^2 _ 

"" 4 ^2 _ 52) (52 _ ^2) (^2 _ ^2) 

1 ^>(62 "-02 + c2 — a2 + ^2 — 62) 

■^4 (a2 - 62) (62 - c2) (c2 -- a2) 

= 0 . 


In like manner 5^23 and ^31 can be shown to vanish. 

The coefficients 022 and gzs can be found from the expression 
for gii found above by cyclical permutation of X, ju, v. Hence, 
for the Pi, -coefficients of an ellipsoidal co-ordinate system we have: 
_ 1 ijl ) (K - v) 

“ 4 (a2 + X) + X) (c2 -f X)’ 

/on ^ 1 (/X - v) (m ~ X) 

(21) P22 - I (^2 + (52 + (^2 + ^)- 

1 (»^ - X) (v - m) 

4(a2 + j/)(62 + v)(c2+ v)’ 

Since P12 = ^23 = ^31 = 0, the level surfaces of X, /x, v, must 
intersect orthogonally. 

The fundamental differential quadratic form for the ellipsoidal 
system of co-ordinates will therefore be: 


gz2 = g2s = 0, 

^13 = p31 = 0, 
^21 = gi2 == 0* 


(22) 


-r^ _ 1 (X - /x) (X - v) 

“ 4(a2 +X)( 62 +X)(c 2 + X)'''' 

JL^ (M ^ y) (M - X) _^2 

■^4 (a2' + /x) (62 + m) (c2 + m) 

,1 (y - X) (y ~ /x) ^ 2 ^ 

“^4 (a2 -h I') (62 + v) (c2 + ?/) 


Equations (21) and the first of equations (9), Art. 74, give: 


„ .fa^+X) (6*H-X)(c=‘+X) 

5“-^- (X-M)(X-.) 

= 0, 

.. +m) (c® T m) 

gl3 = ^31 = 0, 

„ + v ) (62 4- 1 /) (c2 + r) 

^ “ ( 1 / - X) (v -Jli) 

«Ci 

11 

1! 

p 
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Having found the values of the ^-coefficients tor cylindrical, 
spherical, and ellipsoidal co-ordinate systems, the values of line, 
surface, and volume elements on these systems can be obtained 
directly from the equations of Art. 77. 

§79 

Metrical Coefficients for a Surface 

So far in the present chapter we have discussed only co-ordinate 
systems which function in our 3-dimensional Euclidean space. We 
have seen that the metrical properties of this space can be expressed 
in terms of the metrical ^-coefficients of the dijfferential quadratic 
forms appropriate to any system of co-ordinates which we may 
desire to use. 

Let us now consider a system of Gaussian co-ordinates for a 
surface. Such co-ordinates were defined and used in Art. 31 in 
connection with the theory of surfaces. It may be recalled that, 
if u^y denote the Gaussian co-ordinates of a point on a surface 
for which the three rectangular Cartesian co-ordinates are x^y x^y 
x^y then the equations: 

X^(U^j U^)y 
= X^(u^y U^)y 

= Z^iu^y VF)y 

represent the surface considered as a section of the Euclidean 3- 
dimensional space in which the surface is embedded, provided any 
two of these three equations can be solved for the parameters 
u^y u^y and that the values thus found for these parameters when 
substituted in the third equation shall give the rectangular Car- 
tesian equation of the surface. 

As was shown in Art. 31, the fundamental differential quadratic 
form for the surface is as follows: 

— 2 

ds == Qiidu^du^ + 2 gi 2 dy}du^ -h g^^du^du^. 

It was also shown in Art. 31 that the metrical properties of the 
surface could be expressed in terms of the gf-coefficients of this 
form. Furthermore, as was first shown by Gauss, these coefficients 
can be expressed in terms of quantities which do not involve 
any quantity which is alien to the surface itself. When this is 
done the result is a surface geometry which is purely intrinsic. 
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The analogy of the metrical properties of a surface, as expressed 
through the metrical coefficients of its fundamental differential 
quadratic form, with the corresponding metrical properties of our 
3-dimensional Euclidean space, as expressed through the metrical 
coefficients of the fundamental differential quadratic form asso- 
ciated with any general system of co-ordinates, is evident. Never- 
theless, there exist certain generic distinctions between the two cases, 
which are of important significance, and to which attention should 
be drawn. 

In the case of our 3-dimensional Euclidean space it is always 
possible by change of co-ordinates to reduce the fundamental differ- 
ential quadratic form to a sum of squares of differentials of the co- 
ordinates. This is a characteristic of the metrics of Euclidean space. 

In the case of a surface, unless its Gaussian curvature, defined 
in Art. 30, vanishes, it is not possible to reduce its fundamental 
differential quadratic form to a sum of squares of the differentials 
of its Gaussian co-ordinates. Hence, a surface for which the 
Gaussian curvature does not vanish is called a non-Euclidean 
2-dimensional space. 

The Gaussian curvature does vanish for a flat surface, of course, 
and also for a developable surface, such as that of a cylinder or of 
a cone; for these surfaces can be rolled out on a flat surface without 
stretching and, therefore, without changing their metrics, since the 
^-coefficient of the corresponding fundamental differential quadratic 
forms in terms of which, as we have seen in Art. 31, the metrical 
properties of a surface can be expressed, will not thereby be changed. 

In the case of Euclidean space, since it is always possible by 
transformation of co-ordinates to express its differential quadratic 
form as a sum of squares of differentials of the co-ordinates, it is 
possible to reduce each of the ^-coefficients in the principal diagonal 
of their determinant to the value unity, and each of the others to 
the value zero. In non-Euclidean space this is not possible. 
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EXERCISES ON CHAPTER VII 

1. If r is the position-vector of a generic point ti^), show that 

the following relations are true : 


dr „ - . 

1, 

~ . Vm* = 0, 
du^ ^ 

dr „ , 

• 

11 

11 

o 

1! 


W-w-». 

O 

II 

and hence that 




are reciprocal systems of vectors equivalent to the unitary and reciprocal 
unitary systems at P. 


2 . Show that the gradient of a scalar point function U can be expressed 
on a general co-ordinate system as follows: 




M 

du^ 


= 4- a' 


2^ 
‘ du^ 


1^. 

du*’ 


and hence that: 




m 

du^ 


uz-vir, 


du^ 


=== Us • VC/. 


3. Give the geometrical significance of the results expressed in exer- 
cises (1) and (2). 

4. Show that on an orthogonal curvilinear co-ordinate system; 

Vfifii 


== Si r Si ^£l} i Si 

Qii du^ g22 du^ gzz du^ ^ 

Va = Si L Si \ ^3 

gudu^ 


Viii = 


Si ^^33 

gn du^ 

ai 






Vw^ 


Si 

^^22 du^ 

Si 

gii 




Si ^!£5i. 

^33 dw® ' 

=: Si. 
gzz 
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6. With the aid of the equations given in example (4) show that on a 
right-handed orthogonal curvilinear co-ordinate system : 


curl 

Qi = 

Vi' 

f Ml 


curl 


-L/ 

dgzi 

dgii\ 

02 = 

Vg 



curl 


1 , 

f dgzi 

dgzz\ 

03 = 



- 


6. With the aid of the equations given in example (5) and of the 
expansion formulas: 

V(wv) = Vw • V 4- diy v, 
div (u X v) = V • curl u — u • curl v, 

show that on an orthogonal curvilinear co-ordinate system:* 

1 1 d \/^2 , 1 

1 , 1 , 1 

’ 

1 <3V^ , 1 d-v/^ , 1 
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TRANSFORMATION THEORY 

§80 

Introductory Remarks 

The vectors and vector quantities with which we deal in our 
3-dimensional space are, as we know, capable of line-vector repre- 
sentation. In fact, we have so emphasized this purely geometrical 
property as to lead us, perhaps, to regard it as the most important 
feature of the vector idea. But in reality it is the algebraic rather 
than the geometric aspect of a vector which is the more fundamental. 

It was formerly thought by some zealous advocates of vector 
analysis that the use of co-ordinate base-systems and the resolution 
of vectors into components with the introduction of the correspond- 
ing measure-numbers on such systems were actually detrimental 
to a proper presentation and development of the true vector idea. 
To them the extensive use of co-ordinate systems in vector analysis 
was anathema. Now, however, the advantages arising from such 
use of co-ordinate systems are quite generally recognized. 

It is the behavior of the measure-numbers of the components 
of a vector in passing from one co-ordinate system to another which 
brings most clearly into evidence the real significance of the vector 
idea. In fact, it is through the transformation theory of the meas- 
ure-numbers of vectors that we are led to apprehend their signifi- 
cance from a point of view which permits, and even suggests, 
generalizations of the idea which are of far-reaching importance, 
leading, as they do, in a quite natural way to an understanding 
of the tensor idea. 

Fundamental in transformation theory is the notion of invariance 
of scalar and vector quantities to change of co-ordinate system. 
In passing from one general co-ordinate system to another, vectors 
in general are Invariants, but base-vectors are not, since they will 
change in general both in magnitude and direction with change of 
co-ordinate system. 

A vector which does not change in passing from one co-ordinate 
system to another is called a Fixed Vector. 

188 
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From the geometrical or physical nature of a scalar or vector 
quantity it is often possible to predict that it will be an invariant 
in any change of co-ordinate system. Predetermination of the 
invariance of certain quantities is a basic aid in the development 
of transformation theory. 

The magnitude of a fixed vector, the scalar products of two and 
three fixed vectors, the divergence of a fixed vector, the work done 
by a force in a displacement, and the energy stored per unit volume 
in a strained elastic medium, are examples of scalar invariants. 
In addition to the fixed vector, the vector products of two or three 
fixed vectors, the gradient of a scalar point function, and the curl 
of a vector point function are examples of vector invariants. 

As the transformation theory for the measure-numbers of the 
components of fixed vectors and for the base-vectors themselves 
is developed, it will appear that the equations of transformation 
can be written down with the aid of very simple rules. 

§81 

Fundamental Transformation Equations for General Co-ordinate 

Systems 

Let and denote sets of general co-ordinates 

for any point P, and let the corresponding non-coplanar sets of 
unitary vectors be denoted respectively by Ui, 02, 03 and bi, b2, bs, 
these vectors varying in general, of course, from point to point. 
We shall speak of the u and ?;-co-ordinates as belonging to a f/ and a 
V system respectively. 

The u and v-co-ordinates are supposed related in some way which 
is expressed by either of the two sets of equations: 

= V^{U^, U^, V?), '^)j 

(1) - v^{u^, u^, w®), V^), 

v^), 

in which either the u^b or the v^b may be chosen as independent 
variables. For example, these equations in the case of an affine 
transformation with origin fixed would take the forms: 

-h alu^ + = h\v^ -J- b];v^ + h\v^j 

(2) = a\u^ -h a\u^ + a\u^j = b\v^ + h\v^ + 

4 “ = h\v^ + 

where the a and 5-coefficients are constants. 
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If the co-ordinates of any point Q infinitely close to P be denoted 
by + du\ + du^ on the ZJ-system, and by + dv^, 

+ dv^, + dv^ on the 7-system, then du^, du^, du^ and dv^j dv^, dv^ 
can be regarded as the relative co-ordinates of Q with respect to P on 
the V and 7-systems respectively. Let the position-vector of Q 
with respect to P be denoted by ds. Then, noting that ds is an 
invariant and using the summation convention, we can write: 

(3) ds = adu' (^ = 1, 2, 3); 

(4) ds = bzdv^ (? = 1, 2, 3). 

Throughout the present chapter it is to be understood in future 
that all literal indices range over the values 1, 2, 3. 

If the reciprocal unitary vectors be denoted as usual by super- 
scripts, we can also write: 

(5) ds = aMwx, 

(6) ds = h^dvp, 

where the du’s and d^/’s are, of course, linear functions of the differ- 
entials of the co-ordinates, which are in general non-integrable. 

In the present article it is proposed to find the fundamental 
transformation equations for the passage from the U to the 7-sys- 
tem, and from the 7 to the 17-system: 

(a) Transformation equations for the differentials of the 
co-ordinates. 

The required equations for this case are obtained directly from 
equations (1) by differentiation and, making use of the summation 
convention, can be expressed as follows: 

(I) dv^ = du'j du^ = ~ dvK 

du' dv^ 

The Jacobians (/, K) of these transformations are the 
determinants : 






K - 

du^ 

du^ 

du^ 

du^ 

du^ 

dw® 


dv^ 

dv^ 


dv^ 

dv^ 

dv^ 

(2a) 


du^ 

du^ 

du^ 


du^ 

dw® 


dv^ 

dv^ 

dt>® 

dv^ 

dv^ 




du^ 

du^ 


du^ 

du^ 

dw® 

} 


dv^ 

df 

dv^ 



Since the ii-co-ordinates are supposed mutually independent, and 
likewise the t;-co-ordinates, neither of these determinants can vanish 
identically. The element dv^/du^ in the I row and i column of J 
is, by the rules for solving linear homogeneous equations, equal to 



TRANSFORMATION THEORY 


191 


the cofactor of the element du^/dv^ in the i row and I column of K 
divided by K) and vice versa. It follows from equations (I) that: 

du^ dv^ j , j . 


and hence, by equating coefficients: 


(3a) 


dv^ 
dv^ du^ 


where 6^ = 1, if fc = and 5* == 0, if /b i. Furthermore, upon 
forming the product of J and K by the rule for the multiplication 
of determinants of the same order, and taking account of equation 
(3a), we find: 

(4a) JK = L 


The partial derivatives in equation (I) will, of course, vary in 
general from point to point, but in the case of affine transformations 
they will be constants. Apart from this difference the equations 
of transformation for the differentials of general co-ordinates are 
the same type as those expressed by equations (2) for the affine 
co-ordinates themselves. 

(b) Transformation equations for the unitary vectors. 

From equations (3) and (4) we have: 

hidv^ = aidu'\ 


therefore, taking account of equations (I) : 


hidv^ 



= h^-,du\ 
du'‘ 


Since these equations are valid for all values of the dv’s and dw’s, 
it follows that : 


(II) 


b. = 


du' 

dv‘ 



Incidentally, by scalar multiplication of the second of these 
equations by b*, and of the first by we find: 
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(c) Transformation equations for the reciprocal diflEerentials. 
The du\S and dvp^s in equations (5) and (6) are called for con- 
venience Reciprocal Differentials. From these equations we have: 

h^dvp = aMwx. 

Upon scalar multiplication of this equation by bfc and by a& we get: 

dvp = bp • dux — Ox * h^dvp. 

Hence, taking account of equations (lb) and (2b), we have: 

(III) dv,=^£du^, 

(d) Transformation equations for the reciprocal unitary vectors. 
From equations (5) and (6) we have: 

hf^dvp = Q>dux. 

This equation, with equations (III), gives: 


h^dvp = dvp, 

au>^ 




Since we can consider all the du’s, or all the dv’s, as arbitrary, 
therefore : 


du>^ 




(e) Transformation equations for the coeflacients of the funda- 
mental differential quadratic form : 


ds — Qijdu^duK 

Corresponding to this form, introduced in Art. 75, for the 17-sys- 
tem, we have for the F-system: 

— 2 

ds == himdv^dv^^f 

where him corresponds to gik. It is now desired to find the relation- 
ship of these coefficients. 

From equations (II) above we get: 


Hence: 


Di-b« - aL-h„ 

__ du^ dw 
dv^ dv^ 

, du^ du^ 

^ 


dv^ - 

a..a, = ^.b:.a„ 

dv^ dv^ - 


dv^ dv^ , 

- aw 
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(f) Transformation equations for the coefficients of the recipro- 
cal differential quadratic form : 


ds = g^duyjduii. 

Corresponding to this form, introduced in Art. 76 for the [/-sys- 
tem, we have for the F-system: 


ds = h/^dvpdvffj 


where W corresponds to 

From equations (IV) above we get: 


= 


dv^ 




du^ 
dv^ dv^ 
du^ du^ 




Hence : 
(VI) 


dv’’ dv" 


. dv}^ - . 

aX . b^ • 

do^ 

__ du^ du^ 
~ dV dir 






^Xm = 


dux du** 
dv'* dv°' 


(g) Transformation equations for the determinant of the coef- 
ficients of the fundamental differential quadratic form. 

For the [/-system the determinant in question is: 


(ig) 


^11 ^12 giz 

gn ^22 g2z 
gzi 9 z2 Qzz 


The corresponding determinant for the F-system will be denoted 
by hj so that : 


(2g) 


hn hu hiz 
1^21 j ^22 ^23 

hzi hz 2 A33 


It is now required to express h in terms of and vice versa. 

For the element him of the I row and the m column of h we have 
by equation (V) : 

, _ Su* 


Now, remembering the definition of the determinant K given above, 
we have: 

du*’ du^ du^ du^ 

^9ii = + ^9zi 
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= the sum of the products of the elements in the Z column of 
K into the corresponding elements of the j column of g 
= the element in the I column and j row of the product of the 
determinant K by the determinant g. 

It follows then that; 

dui du' _ dw' du* . , d^ d^ 

^ ^ dv”^ dv^ dv^ dv^ 

= the sum of the products of the elements in the m column of K 
into the corresponding element of the I column of Kg 
= the element in the I row and m column of the determinant K^g. 
Hence, the determinant h must be equal to the determinant g into 
the square of the determinant K, In a similar manner the deter- 
minant g can be shown to be equal to the determinant h into the 
square of the determinant J, defined in Art. 81. The required 
equations of transformation will therefore be : 

(VII) h - g = 

(h) Transformation equations for the determinant of the coef- 
ficients of the reciprocal differential quadratic form. 

For the 17-system the determinant now in question is: 

g' = l^n /tl2 / 

(Ih) 1^21 g22 

The corresponding determinant on the F-system will be denoted 
by h'j so that : 

h' All A13 

(2h) J^2Z 

It is now required to express h' in terms of g', and vice versa. 

Using equations (VI) and following a procedure entirely analo- 
gous to that followed in section (g) above, it is then found that: 

(VIII) h' - JY, g[ = 

§82 

Covariant and Contravariant Quantities 

Inspection of the equations of transformation (I) to (IV) inclu- 
sive of Art. 81 shows that: 

The differentials of the co-ordinates and the reciprocal unitary 
vectors transform in accordance with the same laws, and also that 
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the reciprocal differentials and the unitary vectors transform in 
accordance with the same laws; furthermore, that the differentials 
of the co-ordinates and the reciprocal unitary vectors transform in 
accordance with laws which are different from those for the trans- 
formation of the reciprocal differentials and the unitary vectors. 

The differentials of the co-ordinates and the reciprocal unitary 
vectors are said to transform cogrediently; likewise, the reciprocal 
differentials and the unitary vectors are said to transform cogre- 
diently; on the other hand, the differentials of the co-ordinates and 
also the reciprocal unitary vectors are said to transform contra- 
grediently to the reciprocal differentials and to the unitary vectors. 

Any three quantities so related as to transform cogrediently 
with the unitary vectors are called Covariant Quantities. 

Any three quantities so related as to transform contragrediently 
to the unitary vectors are called Contravariant Quantities. 

Thus, for example, the reciprocal differentials are covariant, and 
the reciprocal unitary vectors are contravariant quantities. 

By way of further example, if a set of three quantities, when 
expressed on a [/-system of co-ordinates, have values denoted 
respectively by A 2 , A^, and, when expressed on a 7-system, 
have corresponding values R^, R®, and if: 

(1) A'- = 

then the three quantities will be contravariant quantities; in fact, 
it can easily be shown that they are contravariant measure-numbers 
of a vector. 

The notation which we have been using has anticipated the 
need for distinguishing between covariant and contravariant quan- 
tities. In this notation covariant quantities have been designated 
by subscripts and contravariant quantities by superscripts, and, 
occasionally, where identifying indices have been used with quan- 
tities which are neither covariant nor contravariant, the indices have 
been enclosed in parentheses to indicate this fact. There has been 
one important exception, however, to this procedure, in that general 
co-ordinates are always identified by superscripts although, unless 
the co-ordinates are affine, these co-ordinates are neither covariant 
nor contravariant quantities. 

It is to be specially emphasized that the two members of every 
equation must balance with respect to their covariant and contra- 
variant properties, or, more conveniently expressed, the covariant 
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and contravariant dimensions of the two members must be the 
same, just as the ordinary dimensions of any equation must be the 
same. 

In conformity with our notation in estimating the covariant or 
contravariant dimensions of any expression, a covariant and a 
contravariant index which are the same may be considered to cancel 
each other, provided they both affect quantities which are both 
above or both below a divisor line, and an index of either sort, 
covariant or contravariant, affecting a quantity below the divisor 
line is to be reckoned as equivalent to the same index of the opposite 
sort above the divisor line. 

With this understanding the equations of the present and of the 
preceding chapter will be found to balance with respect to their 
covariant and contravariant dimensions. For example, the right- 
hand member of the first of equations (1) above should be indicated 
by the notation as contravariant with respect to the index 1, since 
the left-hand member is so indicated, and this is actually the case, 
since the index i occurs as a contravariant index once above and 
once below the divisor line, producing cancellation, while the index 
I occurs once as a contravariant index above the divisor line, so 
that the right-hand member is, on the whole, indicated as contra- 
variant with respect to the index Z. 

As a somewhat more complicated example, let us consider the 
following transformation equation which was found above for the 
metrical coefficients: 


, __ dw’ du^' 

^ ^ 

Here, the notation on the left indicates that the expression on the 
right is covariant with respect to each of the indices I and m, and 
inspection shows, in accordance with the notation, that it is both 
covariant and contravariant once with respect to each of the indices 
i and j, and that it is covariant once with respect to each of the 
indices Z and m, and hence, on the whole, is indicated as covariant 
with respqct to each of the indices I and m. 

Later, in dealing with tensors, we shall have frequent occasion 
to estimate the covariant and contravariant dimensions of far more 
complicated expressions with respect to a large number of indices, 
but the principles which will be involved are the same as those set 
forth above. 
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§83 

The Affine Transformation. Group 

The general transformation equations (1), Art, 81, represent 
what is called by mathematicians a general point transformation 
group. Since the only restrictions placed upon the u and t^-func- 
tions are that they shall be analytic, they must be supposed to 
involve an infinite number of parameters whose variations permit 
of the equations representing all possible point transformations. 

A feature of the general transformation group is that a transfor- 
mation from u to y-co-ordinates followed by a transformation from 
the vtow co-ordinates is equivalent to a direct transformation from 
u to t(;-co-ordinates. This is the fundamental Group Property. 

An important sub-group is the linear substitution group, called 
the Homogeneous Affine Group, represented by the homogeneous 
linear transformation equations: 

= a\u^ + alu^ + + h\v^ + 

( 1 ) a\u^ + alu^ + ^2 = + h\v^ + 

+ alu^ + 

This sub-group involves but nine independent parameters, the 
a-coefficients, or the 6-coefficients which can be expressed in terms 
of them, and by variation of these nine parameters all possible 
transformations with origin fixed belonging to the affine group 
are expressible by equations (1). 

As was seen in section (b). Art. 72, any affine transformation 
with origin fixed can be conveniently expressed with the aid of a 
corresponding dyadic. If O and ^ denote the dyadics through 
which two affine transformations with origin fixed can be expressed, 
and if r denote the position vector of the point whose co-ordinates 
are to be transformed, then the fundamental group property of 
affine transformations with origin fixed is expressed by the equation: 

(0.r) = 

All the transformation equations for general co-ordinates, found 
in Art. 81, are, of course, also valid for affine co-ordinatesl Further- 
more, on account of the constancy of the coefficients in equations 
(1) above for the transformation of affine co-ordinates, those for 
the differentials of the affine co-ordinates, obtained from equations 
(1) by differentiation, must be of precisely the same form as those 
for the co-ordinates themselves. 
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Consequently, from equations (I), Art. 81, the equations of 
transformation for affine co-ordinates can be expressed in the forms: 


(I) 





du^ 

dv^ 


vK 


§84 

Orthogonal Transformations 

There are two orthogonal Cartesian transformations which are 
of special importance. Since on all rectangular Cartesian systems 
the unitary and reciprocal unitary vectors determine identical 
systems of axes, the distinction between covariant and contravariant 
transformations does not exist for them, and they therefore do 
not require a covariant and contravariant notation. Accordingly, 
to designate rectangular Cartesian co-ordinates we use x, z 
in place of wS and x', y', in place of v^. 

Consider now the transformation equations for rectangular Car- 
tesian co-ordinates: 

x' = a]x + aly + x = + hly' 4- h\z'y 

(1) y' = a\x + aly + o^a;, y = 6fx' + 5|2/' 4- 

2 ' == a\x 4“ aly. 4- ap, z = 6fx' 4- 6|2/' 4- hp'y 

subject to the condition of orthogonality: 

(2) x^'^" 4- y'^ 4“ -I- : 4. 

Inserting in equation (2) the expressions for x' , y\ / given by 
equations (1) and comparing coefficients, we find the relations: 

{a\y + (ap2 4- (af)2 .= 1, -j- a^al 4- a|a3 = 0, 

(3) (a|)2 + (air + (air = 1, aja} 4- ajal 4* afaf - 0, 

(air 4- (air 4- (af)^ = 1, a\al 4- a2a| 4* afa| = 0; 

and there will be six similar relations in which the 6's take the places 
of the a’s. 

The determinants (J, K) of the transformations are as follows: 


a| aj 

K 

bl 61 bl 

a\ al a| 


bl bl bl 

a\ al 


bl bl bl 


From equations (1), with the aid of the relations (3), we find that: 
(4; \ 1, 2 , 3). 
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In virtue of the relations (4) it follows that K = J, and since 
by equation (4a), Art. 81, the product of J and K must equal unity, 
assuming J 9 ^ 0, we can write; 

= 1 , 


and, therefore : 


«/ = + 1. 


It will now be shown that if J = +1 for a given set of coefficients 
in equations (1), then these equations represent a rotation and 
constitute a sub-group; if J = — 1, a transformation, called a 
perversion, consisting of an inversion followed by a rotation. 

For the identical transformation : 


x' = y' = y, z' = Z, 


each of the coefficients a[, will be equal to unity and each of 
the others will be equal to zero. Hence, for an identical trans- 
formation; 


J - 


1 0 0 ! 
0 1 0 
10 0 1 


= + 1 . 


But for the inversion transformation; 

x' = -x, 2/' == == -X, 

each of the coefficients a\, a^, Ug, will be equal to minus unity and 
each of the others will be equal to zero, and hence /==—!. Now, 
since any rotation can be obtained from the identical transforma- 
tion, for which J = +1, by a continuous variation of the coefficients, 
and since must for any rotation be equal to +1, it follows that: 


a, a; 


3 


= +1, 


for the rotation group. Again, since any perversion can be obtained 
from the identical transformation by an inversion, for which J = — 1, 
followed by a rotation, and since must be equal to +1, it follows 
that: 


a? a| 

a? ai 4 


for the perversion transformation. 



200 


VECTOR AND TENSOR ANALYSIS 


§86 

Transformation Equations for the Measure-Numbers of a Vector 
and of a Vector Product 


Let p and q respectively denote on the U and the V-systems a 
fixed vector associated with a field point P. We can express both 
p and q in alternative forms as follows : 

p := p'Qi = pxa>^; 
q = q^t = q^\ 

Since the vector in question is a fixed vector, it will be an invariant, 
and hence: p = q. By choosing the infinitesimal vector ds in the 
direction of p, we can write: 

p = q = feds, 


where fc is a scalar multiplier, which, of course, is invariant under 
the transformation. It follows, therefore, that the measure- 
numbers of p and q must transform in the same manner as those 
of ds. Hence, from equations (I) and (III), Art. 81, we have: 


(I) 

(ID 



dv^ 

du^ 





du^ 

dvP 


dvp 



these are the required equations of transformation for the measure- 
numbers of a vector. 

Now, let p represent the vector product of two vectors r and s. 
These two vectors can be expressed in the alternative forms: 

(1) r = r^Qi + + r^az - ria^ + r2a^ + rso®; 

(2) s = + s^a2 + s^az = sia^ + + sza^. 

With the aid of these equations it is now proposed to find the 
contravariant and covariant measure-numbers of p in terms of those 
of r and s. 

From equations (1) and (2) we find that: 

(3) p = r X s = [a^ a®] (raSs “ rzS2 ) Ui ; 

(4) p = r X s = [ui 02 UsI (rV ~ ) q 1 q. . . . 4. . . . j 

in each line the two terms omitted can be obtained from the one 
given by cyclical permutation of all the indices. From these 
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equations we infer that the contravariant and the covariant measure- 
numbers of p are as follows: 



pi = 

[a^ 

a®] (r 2 S 3 

~ rzS2 ), 

(5) 

p 2 = 

[a* 

a^] {rzSi 

- ns 3 ), 


p 3 = 

[a‘ 

a^] (riS 2 

“"T2S1 ): 


Pi = 

[a. 

02 az] 

— rV ), 

(6) 

P 2 == 

[ai 

02 03] 

— r^s®), 


P 3 = 

[ai 

02 03] (r^s^ 

— Ai ). 


With these expressions for p\ and for pi, p2, Ps, equations (I) 

and (II) above will be the appropriate transformation equations for 
the measure numbers of the vector product r x s provided 
and qi, ^2, qz represent, respectively, the transformed right-hand 
members of equations (5) and (6) in order. 

It has thus been shown that the measure-numbers of the vector 
product of any two vectors transform in the same manner as the 
measure-numbers of an ordinary vector, provided that the measure- 
numbers of the product are correctly chosen, ix., in accordance with 
equations (5) and (6), The notation itself in equations (3) and (4) 
calls attention to the fact that it is the entire coefficients of Oi, 02, Qs, 
and of aS n®, which are contravariant and covariant respectively, 
and not the factors which are within parentheses, these being neither 
contravariant nor covariant. 

In the case of a rectangular Cartesian system of axes each of the 
factors [qi 02 03] and (a^ a^] assumes the value unity and they 

become identical, but, if an inversion transformation, or a change 
from right-handed to left-handed axes is contemplated, it must be 
remembered that these factors will transform into minus unity, 
and since the measure-numbers of both constituent vectors r and 
s of the vector product r x s will each undergo change of sign, the 
net change in the measure numbers of r x s in the inversion transfor- 
mation will consist simply in change of sign, as in the case of an 
ordinary vector. 

Failure to recognize the significance of these factors in an inver- 
sion transformation led long ago to the belief that it was necessary 
to make a distinction between an ordinary vector and a vector which 
is the vector product of two ordinary vectors, based on the supposed 
difference in the inversion transformation, whereby the measure- 
numbers of an ordinary vector were supposed to undergo change of 
sign while those of the vector product of two ordinary vectors do 
not. This distinction, really erroneous from the standpoint of 
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transformation theory, was emphasized by the division of vectors 
into two classes, viz ; Polar Vectors and Axial Vectors. An ordinary 
vector was called a polar vector, and a vector which is itself the 
vector product of two ordinary vectors was called an axial vector. 

There is, however, a real distinction between so-called polar and 
axial vectors in the case of a transformation consisting of a change 
of units of the measure-numbers. Thus, if all three units of the 
measure-numbers of two ordinary vectors r and s be changed by a 
factor, the magnitudes of these vectors will each be changed inversely 
by the same factor, but the magnitudes of their vector product 
will be changed inversely by the square of this factor. 


Transformation Equations for Base-Vector Dyads 

A typical fundamental dyad on the [/-system is denoted by Uia,; 
the indices i and j can assume, of course, any of the integer values 
1, 2, 3; on a F-system of co-ordinates let the typical fundamental 
dyad be denoted by bzbm. It is required to find the transformation 
equations for the corresponding systems of dyads. 

With the aid of equations (II), Art. 81, it is found directly that: 


(I) 




du^ du^ 
dv^ dv^ ntUy, 


dv^ dv^ - , 


These transformation equations show that the Qi-a, -system is doubly 
co variant. 

In like manner we find, with the aid of equation (IV), Art. 81, 
for the system of dyads whose antecedents and consequents are 
reciprocal unitary vectors: 


(11) 


l)p|)<r = 


dvP dif 
dv^ 


a^a^, 


= 


du^ 

dvf* dv^ 




These transformation equations sliow that the a^a^-system is doubly 
contravariant. 

For mixed fundamental dyads, with the aid of equations (II) 
and (IV), Art. 81, we find. 


(HI) 

(IV) 


, - du^ dtf 

du^ dv^ 


dv^ du^ - , 0 - 

UiU^ = — — bzb*^; 

dv^ 
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The dyad Qia'* is covariant with respect to the index i and contra- 
variant with respect to the index ju, and the dyad is contra- 
variant with respect to the index X and covariant with respect to 
the index j. 


§87 

Transformation Equations for Various Forms of a Dyadic 


In Art. 74 it was shown that a dyadic <!> can be expressed in 
the following forms: 

^ = a^miaj 

on a l/-system of co-ordinates. Let the corresponding forms on a 
F-system of co-ordinates be expressed as follows: 

= &;Tb^b^ 

= 

= tpab^^ 

The transformation equations for the a and ^-coefficients in the 
above forms are required. 

Since 0 is an invariant, we can write: 

^^^"‘bzbm = aO'aza;. 


From this equation, with the aid of equations (II), Art. 81, we find: 


a^miaj 


. . dv^ dv^ , - 
,, du^ du^ 


By the criteria for the equality of two dyadics it then follows that: 


(I) 


him 


dv^ dv^ .. 
du^ dw ^ \ 


du^ du^' , , 

him 

dv^ dv^ 


In like manner it can be shown that the mixed and the covariant 
coefficients of ^ transform as follows : 


(II) 

du>^dv^ 
dvo dui 

ai! 

dv^ du’ 
du^ dv'^ 

(III) 

dv^ ... 

du* dv^ 

a^fi 

_ dw’ dtf , . 

(IV) 

, du>^ duf*‘ 

^ ^ 


Qvf* dif , 
du^ duf^ 
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§88 

Differential Invariants on General Co-ordinate Systems 
The differential invariants which will be considered in the present 
article are as follows: 

The gradient of a scalar point function. 

The operator V. 

The divergence of a vector point function. 

The Lame' operator A. 

The curl of a vector point function. 


(a) The gradient of a scalar point function. 

The gradient of a scalar point function 1 / is a fixed vector and 
therefore an invariant. On a rectangular Cartesian system of 
co-ordinates it can be expressed in the form: 


VU = i 


.dU 


dx 




By transformation it is quite possible to obtain a corresponding 
form for any general system of co-ordinates, but it is simpler at 
present to proceed as follows: 

Let P (uS u^) be a field point and dr the position-vector with 
respect to P of an infinitely near point Q{u^ + du\ 

14® + di4®). Then the increase in U, denoted by dt/, in passing from 
P to Q will be expressed by the equation: 

dU = VU • dr. 


But we have also: 


dU j . 
dU = -^-,duK 


Therefore; 


V[/*dr 


du^ 


du^' 


Expressing dr on an cti, a2> Us’^base-system at P . we have : 

dr = axdt4>^, 


where : 


di4>^ = • dr. 




Hence: 
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Since this equation is valid for all possible values of dt, it follows that : 

(>•) 

Here, the gradient of U is expressed on the reciprocal unitary base- 
system at P; the partial derivatives are its co variant measure- 
numbers. 

With the aid of the first of equations (4), Art. 74, the gradient 
of U can be expressed on the unitary base-system as follows: 

(2a) VU = a<||, 


where, for its contra variant measure-numbers, we have : 


(3a) 


dU ^.dU 
dui ^ du^ 


By direct transformation of either of the forms (la) or (2a) it 
can easily be shown that V[/ is an invariant, but, since VJ7 is a 
fixed vector, this fact is already known. 

(b) The operator V. 

From equations (la) and (2a) it appears that the operator V, 
which is expressed on an x, y, e-co-ordinate system in the form : 


V 

must transform so as to 
the alternative forms: 


: 1” j- j- kv 7 

dx ^dy dz 
give on a general 


(/-co-ordinate system 


(lb) 

(2b) 
where : 
(3b) 

(4b) 



JL ^ A. 

du^ 

d ..d 


Since the gradient of any scalar point function U as well as U 
itself is an invariant, it follows from equation (la) or (2a) that the 
operator V must also be an invariant, as the notation indicates. In 
passing from a general ?/ to a general F-co-ordinate system, the forms 
(lb) and (2b) must therefore be invariant, so that: 
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(I) 

( II ) 


V = 

V = 



dui 




(c) The divergence of a vector point function. 

The definition of the divergence of a vector point function given 
in Art. 36 requires it to be an invariant. If A denote such a function, 
and X, Y, Z its measure-numbers on a rectangular Cartesian system 
of co-ordinates, then its divergence can, as we know, be expressed 
in the form : 


divA = 


dx ^ dz 


It is, of course, possible by direct transformation to obtain the 
corresponding form on a general system of co-ordinates, but it is 
easier and more instructive to use a more or less geometric method. 

By formula (10), Art. 36, the divergence of a vector point func- 
tion A at any point u^) is equal to the surface integral 

of the normal component of A over the surface co bounding an 
element of volume of any shape divided by the magnitude dr of 
the element. Referring to Fig. 36, p. 166, we take as the volume 
element one which is delimited by the level surfaces of the co-ordi- 
nates passing through the point P(uS 24^, u^) and those passing 
through the neighboring point Q(u^ + + du^, + du^) 

where du^, du^j du^ are all positive. As usual, let Ui, 02, 03 denote 
the 'unitary vectors at P. 

The contribution to the divergence of A of the pair of faces 
of the element for which the u^-co-ordinates are respectively and 
+ du^ is given by the expression: 

[(A • 02 X azdu^du^)ui^.du^ — (A • 02 x as^du^du^)u^], 


where the notation signifies that the quantities in parentheses 
are, respectively, to be evaluated for values of the co-ordinates 
+ duS u^, and u^, and the + or — sign is to be used 

according as the angle between the vectors a% x and Oi is acute or 
obtuse. To quantities of the second order of smallness in du^ 
this expression is equal to the following one: 


or: 


1 S 

OzduHuHu^) ^ 

1 d 

[A* a^(ai» 02 X Ua) duHuHu\ 
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with the aid of equations (1), Art. 19; but, as shown in Art. 77: 

+ Ui • a.%o.3du^du^difi = dr = -s/ gdv}dv}du^ , 

where the + or — sign is to be taken according as the angle between 
the vectors a 2 x Us and Ui is acute or obtuse ; hence, the contribution 
to the divergence of A of the pair of faces in question is : 

and since the other two pairs of surfaces of the volume element 
make similar contributions, we therefore have : 

(Ic) div A = ™ (V gk • 

or: 

(2c) divA 


where summation is implied with respect to the index X, and where 
denotes the typical contra variant component of A. 

(d) The Lame' operator A. 

If in equation (Ic) the vector A is the gradient of a scalar point 
function [7, then: 


A xrrr dU 

A = V6' = , 


and, therefore: 

V. vt; 


1 _d 
s/ g 




Hence, upon writing kU for V • vr and for • a^, we have: 


(>■» Si (v'» «>■*,))■ 

Since At/ represents the divergence of the gradient of f/, which is 
a fixed vector, we infer at once that AC/ is an invariant. It follows 
that the Lame' operator'^: 

must also be an invariant. 

(e) The curl of a vector point function. 

By its definition given in Art. 36 the curl of any point function A 
must be an invariant. If X, F, Z denote the measure-numbers 

In rectangular Cartesian co-ordinates this operator is identical witli V-, 
the Laplacian operator. 
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of A on a rectangular Cartesian system of co-ordinates, then, as we 
know, the curl of F can be expressed in the form: 

, . fdZ dY \ . 
curl A = 

\dz dx/ ^ 

^ \dx By } • 

By direct transformation of this expression it is possible to obtain 
a corresponding form on a general system of co-ordinates; but 
the general form can be obtained more easily as follows: 

By formula ( 11 ), Art. 36 , the curl of A at any point u^) 

is expressed by the equation: 

curl A = /ex 


where o> denotes an infinitely small closed surface enclosing a differ- 
ential element of volume of magnitude dr within which P is located, 
dc the magnitude of the area of a differential element of co, and e 
a unit vector in the direction of an outward drawn normal to w. 
The oi-component of curl A on an Ui, 02, as-base-system at P can 
be expressed as follows: 

(a^ • curl A) Qi = ^ J • E X Me 
~ X • A X a^dc 

(JJT 

= Ui div A X aS 

with the aid of equation ( 10 ), Art. 36 . Now, as was shown in 
Art. 77 : 

nl = Q^X 03 ^ 02X03 

[Oi 02 Os] ’ 

and, if the Oi, 02, Oa-base-system is right-handed, as we shall assume, 
the plus sign must be used. Hence: 

(o^ • curl A) Oi = Oi div — ~ 

Vg 

« Oi div (A • 0302 — A • 0203) 

wg 

“ ^ [(A • 0302 “ A • 0203 ) • o^], 
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with the aid of equation (Ic) above. Hence, for the final expression 
for the Ui-component of the curl of A we shall have: 

Ui / dk* az _ dk • a2 \ 

\ du^ du^ ) 

The 02 and Us-components can be obtained from the Ui-component 
by cyclical permutation of the indices 1, 2, 3. Upon adding these 
components we get as the final result : 


(le) 


or: 


(2e) 


curl A = 


curl A = 


1 1 

r /dA* az dk • a2\ 

A ./ n I 

- V du^ 

dv? / 

+ 

/dA • Oi 

dk* QsX 

\ du^ 

du^ ) 

+ 

/dk • Qs 

dk * ai\ 


du^ ) 

1 1 

[{dAz 

dAA 

Vg ' 

L W 

du^J ' 

+ 

(dAi 

Ms) 


duO 

+ 


MA 1 

\dv} 

du^ ) J’ 


where the quantities enclosed in parentheses multiplied by l/\/g are 
the contra variant measure-numbers of curl A, and the scalar A^b 
are the covariant measure-numbers of the vector A itself. 


Differential Invariants on Orthogonal Co-ordinate Systems 

As a reminder that we are dealing in the present article with 
orthogonal co-ordinate systems, all identifying indices will be enclosed 
in parentheses. 

The conditions of orthogonality are expressed through the uni- 
tary vectors as follows: 

01 ( 2 ) • 0 ( 3 ) = 0 ( 3 ) • 0 ( 1 ) = 0 ( 1 ) • 0 ( 2 ) = 0 . 

By the second of equations (9), Art. 73, these conditions require 
that the reciprocal unitary vectors shall be related to the unitary 
vectors as follows: 

aci) = -"-aco; iW ^ 

"(1) S) . ^(3) 



210 


VECTOR AND TENSOR ANALYSIS 


By their definitions given in Art. 74 the ^-coefficients of the 
differential quadratic forms must therefore have on orthogonal 
systems the following values: 


^(11) 

®(i)> 

7tll) 

"^(1) 

^(23) = ^(32) = == 

(7(22) 

“(2)' 

J,C23) = 

^(2) 

^(31) = ^(13) = 

^(33) 

II 

(7(33) ^ 

1 ^ 

a 2 » 

^(3) 

^(12) = 9i2\) = = 0. 


The determinants of these coefficients then assume the forms: 


^(11) 0 0 

0 ^(22) 0 

0 0 ^(33) 

= ^(U)^(22)^(33) ; 




0 0 
0 ^^22) 0 

0 0 

« g(n)g(22)g(3S)^ 


Taking into account these relations, the differential invariant 
forms found for general co-ordinate systems in Art. 88 are easily 
seen to reduce to the following forms for orthogonal systems: 


( 1 ) 

( 2 ) 


yrr dl/ dU^ ^ 

Qill) ^(22) dw<2) gr(33) 


Q(i) J 
gcu) 


V = 4- - 4- 

(1) ' - - ' 


0(2) d 

^7(22) du^^'> 


0(3 ) 

^(33) 


div A 


1 


(3) 


= M 

\^9(n)Q(22)9m) 

+ -.i_ 

^ aw(2) 




33) 


a«(’) 


(4 


V{22)9iZ3) 

9(n) 


A- 0(1) 


QmOini 

Qm) 


A 0(2) 




9m) 

'^(22)5'(33) d 


A • 0(3) 


)]' 


( 4 ) 


__ ) 

^ / / g(33)g(ll) 3 \ 

aw(2) yV au(2) / 


•N/g(n)g(22)g(33) \ \ ?<11) 

■+ 


_ f /gW)g(22) _3_ 
au(») fifw) " 


)} 
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(5) 


curl A == — 

V ^?'(11)S'(22)0'(33) ^ 

+ 


/dA* 0(3) 

dA* 0(2)' 

\ du<^> 

dw<3) , 

/dA- 0(1) 

dA • 0(3) 

\ du(^^ 


/dA* 0(2) 

dA • 0(1)' 


dwC2) ^ 


From these forms, which are applicable for any orthogonal 
system, the corresponding special forms applicable to special 
orthogonal systems can be written down at once when the corre- 
sponding ^-coefficients have been determined. 

The values of the ^-coefficients in these formulas for cylindri- 
cal, spherical, and ellipsoidal co-ordinate systems, found in Art. 78, 
are given in tabular form below: 

Cylindrical Spherical 
Co-ordinates Co-ordinates 
p, 0 , z r, d, <f) 

9{n) 1 1 

9(22) 

<7(33) sin2 e 


Ellipsoidal 
Co-ordinates 
X, M, V 

1 (X-p)(X~- .) 

4 (a2 -f X) (52 -h X) (c2 -f X) 

1 .. (m - ) Cm — X_) 

4 (a2 -f- p) (52 + p) (c2 4- At) 

1. (y - X) (y - p) 

4 (a2 + j') (52 p) (c2 4- v) 


EXERCISES ON CHAPTER VIII 

1 . Show that the transformation equations for the measure-numbers 
of a vector possess the fundamental group property. 

2. Show that the derivatives with respect to the co-ordinates of a 
scalar point function transform covariantly. 

3. Show that the transformation equations for the measure- numbers 
of a dyadic possess the fundamental group property. 

4 . Verify the statement: the measure numbers of a dyadic transform 
in the same manner as products of the measure-numbers of two vectors. 

6. An infinitesimal affine transformation is expressed by the equations; 

== €a -h (1 + €uj) + ^alu^ 4- 

^2 = ejd 4 - -b (1 + eUg) 

4. 4- •+ (1 4" 

where € is an infinitesimal and a, jd, 7, and the a’s are finite constants. 
Show that the transformation can be decomposed into: a translation 4- 
an expansion + a rotation, and that the order in which these component 
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transformations are taken is immaterial; also show that the Jacobean of 
the transformation is as follows: 


d(v^, v^j v^) 
d(u^j u^) 


1 + e{a\ + a| + 


6. In passing from an i, j, k-system to an affine system of axes deter- 
mined by the constant unitary vectors Ui, a 2 , as, prove by direct trans- 
formation that: 


ax 


^ + ^becomes V*i7 


au^du^ 


where in the last equation summation with respect to the indices X and u 
is implied. 


7. Show that the transformation equations for the contravariant 
and the covariant measure-numbers of an anti-symmetric dyadic can be 
written in the forms: 


,, d(v^,v”^) 

blm ~ ^ 

diu^u^) 

d(u\ w) , 

** ’ ” dlif, V”) ’ 

d(u^f u^) 

d(«p, If) 

~ d(>, If) 

" d(w\ u^) 


where summation in which no Jacobean is repeated is implied with 
respect to two indices in each expression. 


8. Show that whatever system of co-ordinates may happen to be in 
use in Euclidean 3-space it is possible by a suitable transformation to 
find a system for which the metrical coefficients are all constants. Show 
that this is not true in the case of a non-Euclidean space represented by a 
non-developable surface. 



CHAPTER IX 

NON-EUCLIDEAN MANIFOLDS 


§90 

Fundamental Concepts and Definitions 

For the purposes of what may be called pre-relativity physics 
a vector analysis dealing with vectors of our 3-dimensional Euclidean 
space was fairly adequate. But modern advances in physics, 
exemplified particularly by relativity theory, demanded an extension 
of vector analysis so as to include within its scope a theory of vectors 
in non-Euclidean space of four dimensions, akin to that which was 
developed in Art. (31) for the particular case of a surface for which 
the Gaussian curvature does not vanish. 

Fortunately, the necessary pioneer work for such an extension 
of the scope of vector analysis had already been done by the German 
mathematicians Karl Friedrich Gauss (1777-1855), Bernhard 
Riemann (1826-1866), E. Christoffel (1829-1900), and the Italian 
mathematician G. Ricci (1853-1925). Upon the foundations laid 
by these investigators the extensions of vector analysis demanded 
by modern physics have been made by various writers, particularly 
by the Italian mathematician Levi-Civita (1873- ), a former 

pupil of Ricci. 

It is the purpose of the present chapter to deal with some of the 
more important metrical properties of non-Euclidean manifolds 
having an arbitrary number n of dimensions, to define what is to be 
understood by a vector in such a manifold, and to indicate how an 
appropriate vector calculus for such generalized vectors can be 
developed. 

The notation which will be used corresponds in detail with 
that used in several previous chapters, and is, as previously, speci- 
fically designed to bring into evidence covariant and contravariant 
distinctions. 

Throughout the chapter the summation convention is to be 
understood as operative, and, unless otherwise stated, all summa- 
tions indicated by the convention are to be considered taken over 
the integer range 1, 2, ... n. 
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If to each of a set of n independent variables u\ . , , si 
definite value be assigned, then the set of values so obtained is said 
to determine a point in an n-Dimensional Manifold, and the mani- 
fold itself is defined as the ensemble of such points. The n variables 
are called Co-ordinates of the manifold. 

With each point of the manifold we suppose 

associated a fundamental differential quadratic form : 


( 1 ) 


ds = gijdu^du^] 


ds is called a Line Element and represents the Distance between 
the point P and the infinitely near point P'{u^ + + du^^ 

. . . + dw”), and is supposed invariant in any change of co-ordi- 

nates; the ^-coefficients are given functions of the co-ordinates, 
with ga — gij, these functions, together with their first and second 
derivatives, being supposed finite and continuous. 

The differential quadratic form will be assumed, unless other- 
wise stated, to be positive definite (i.e., positive for aU values of 
the du’s unless these are all zero); the distance between any two 
real points of the manifold will then be real, and the determinant 
of the pf-coefficients of the form will be positive. 

It will appear later that all the metrical properties of an n- 
dimensional manifold are determined through its associated differen- 
tial quadratic form. It is, therefore, called a Metrical n-dimen- 
sional Manifold. It is also commonly called a Riemannian n-Space, 
after Riemann. In what follows we shall usually refer to an 
n-dimensional metrical manifold as a Vn. 

The Direction of the point P' from the point P is determined 
by the differences of corresponding co-ordinates of the two points, 
that is, by the n du's, as in the case of a Euclidean Fs-space. The 
n quantities, 

dv} du^ du^ 
ds^'d^' ' ' '"'Is' 


are called the Direction Parameters of this direction. In virtue 
of equation (1) these parameters are subject to a relation analogous 
to that for the directions cosines of a direction in a Euclidean V 3 . 
If the position of P' with respect to P is given, the direction para- 
meters of the direction from P to P' are uniquely determined, and 
vice versa. 

A continuous succession of line elements such as ds, constitutes 
what is called a Curve in the manifold. Such a curve can be 
specified by n parametric equations: 

^ u*(x), (i *= 1, 2, . . , ,n). 
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where x is a continuous variable parameter; for a given value of x 
these equations determine a point on the curve. If, for a particular 
curve, all the tt-functions are constant except then the curve 
is such that along it only the co-ordinate varies, and the curve 
is called a u^-Curve. There will be a i^-curve for each of the n 
co-ordinates. 

If ds be an element of the w^-curve, for example, at the point 
P, then the direction parameters of ds will each have the value zero 
except du^/ds. 

The set of direction parameters (2) for ds together with the 
magnitude of dSy determined by the differential quadratic form (1), 
is said to define an infinitesimal vector ds of magnitude ds, asso- 
ciated with the point P, Evidently, ds is an invariant for all 
co-ordinate systems. 

More generally, a set of n direction parameters at a point P 
of a Fn, together with any positive scalar quantity A, determines 
a quantity A, which is called a Vector at P of magnitude 

§91 

The Angular Metric and the Scalar Product of Two Vectors in a Vn 

As we have seen, the line element ds given by the fundamental 
differential quadratic form (1), Art. 90, furnishes the basis of length 
measurement in a F^, but as yet we have found no basis of angular 
measure. We have then to consider now the matter of the defini- 
tion of the angle between two directions at a point P of a Fn, 

For the special case of a F 2 we already have in formula (10), 
Art, 31, viz; 

cos (ds, 5s) = {i,j = 1, 2), 

an expression for the cosi ne of the angle between the two infinitesi- 
mal surface vectors ds and 5s. We now generalize this formula 
so as to apply to a Vn, by writing:^^ 

(1) cos (ds, 5s) = Qi— (i, y = 1, 2, ... ,7i), 

The vector here defined constitutes an n-fold hypernumber in the sense 
of Grassmann, mentioned in the historical introduction to the present book. 

It can be shown that the values which cos (ds, 5s) can assume by this 
equation are all real, and lie within the limits +1 and —1 inclusive. See 
The Absolute Differential Calculus, by Levi Civita, Eng. tr., p. 123. 
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where ds and 5s now denote infinitesimal vectors associated with a 
point P of the Vr,j each of which determines a definite direction 
at the point P. Formula (1), with the convention that the cosines 
of the angles between like directions and between opposite directions 
are ± 1, furnishes a basis for the angular metric of the Vn. 

The scalar product of the two infinitesimal vectors ds and 5s 
is defined by the equation: 

(2) ds • 5s = dsds cos (ds, 5s). 

From equations (1) and (2) we obtain the following bilinear differ- 
ential form: 


(3) 


ds* 8s = Qijdu'duK 


Suppose now that A and C, respectively, denote two vectors 
associated with the point P which have the arbitrary directions 
determined by ds and 5s, respectively, then the scalar product of 
these vectors is defined by the equation : 

(4) A • C = AC cos (A, C) ; 

and du^/ds and du^/8s will be, respectively, typical direction 
parameters of A and C, and we shall have by equation (1) : 


(5) 


A • C = ACgif 


du^ 8w 
ds 8s 


Evidently C • A == A • C, and scalar multiplication of two 
vectors is therefore commutative. 

If one of the vectors, say C, is a unit vector, then the product 
A • C is called the Projection of A upon the direction determined by 

C. 

If neither of the vectors vanishes, and if A • C = 0, then the 
vectors A and C are said to be mutually perpendicular. 


§92 

Unitary Vectors in a V^ 

We now introduce a designation for the infinitesimal vector 
ds of Art. 90, which is suggested by the designations already used 
for an infinitesimal vector associated with a point in a Euclidean 
Fs, or with a point in a F 2 , viz: 

(1) ds — aidu^ + a 2 du^ 

where the a^s represent Unitary Vectors associated with the point 
P(u^, . u^) of a Fn, each of which is directed along the 

corresponding u-curve in the sense of u increasing. 
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From equation (1), Art 90, (3), Art. 91, and the last equation: 
^2 

ds = ds • ds = (aidu^ -f- aidu^ ^ Qndu^ 

• (aidw^ + a 2 du^ -f- - . . a„du") 

= (aA*) • (a,du0- 

We now assume the distributive law to be valid for the indicated 
product on the right, and then find: 

— 2 

(2) ds = Ut* ajdu'dw, with a, * Ut = Ut- U/* 

Comparing this equation with equation (1), Art. 90, and noting 
that the du’s are arbitrary, it appears that: 

(3) = 

and hence that : 

(4) aiaj cos 6 = Qijj with 6 ~ (Uf, a,), 

where the a’s represent magnitudes of the unitary vectors. By 
taking in this equation j == z = 1, 2, . . . n, we then find for the 
magnitudes of the unitary vectors: 

(5) ai = V^, 0,2 = V^, , an = 

The system of n unitary vectors associated with a point P of 
a Vn can, as exemplified by equation (1), be used as a base-system 
of reference in a manner quite analogous to that with which we are 
familiar in the case of a Euclidean V 3 , Such a system will be called 
the 17-system. 

A vector A associated with the point P is designated on the 
[/-system at P by writing'^ : 

(6) A == A^ai 4- A^a2 + • • • + A"an. 

The sum on the right is supposed subject to the same operational 
laws as a corresponding sum in a Euclidean V 3 ] the individual terms 
of the sum are called the Components of A, and the A -coefficients 
are called the Measure-Numbers of these components. 

It should be noticed that all the formulas of the present article 
reduce, upon taking n equal to 3 or 2, to already familiar formulas 
for a Euclidean Vz or for a y2. 

§93 

Reciprocal Unitary Vectors in a 

Consider a system of n vectors, a^, . . . ,a”, associated with a 
point . . . 5W”) of a Fn* Suppose these vectors to be related 
to the unitary vectors associated with the same point as follows: 
( 1 ) 

In accordance with the procedure of Grassmann. 
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where g'i — 1, if i = and g) = 0, if i 9 ^ X. The n a^- vectors 
which satisfy these relations will be called Reciprocal Unitary 
vectors. They also can be used as a base-systena of reference for 
vectors associated with the point P, and this system will be 
called the J?-system. 

The infinitesimal position-vector ds of a point P'iu^ + + 

du^, . . . u” + dw"") with respect to P is designated on the E-system, 
in analogy with the designation on the C/-system expressed by equa- 
tion (1), Art. 92, as follows: 

(2) ds - 

where the du^s are differentials which in general are non-integrable. 
From equations (2), by forming scalar products, we find: 

— 2 

(3) ds = a^duxdw/t, 

We now let: 

(4) 

The preceding equation can then be written : 

__2 

(5) ds = g'^fiduy.dufjij with g'^^^ == 

2 

This expression for ds will be called the Reciprocal Differential 
Quadratic Form for a Vn- 

A vector A associated with the point P is designated on the 
E-system at P by writing: 

(6) A = Aia^ + A2a^ 4- . . . 

The sum on the right is supposed subject to the same operational 
laws as a corresponding sum in a Euclidean V^; the individual 
terms are called the Components of A on the E-system, and the 
A-coefficients are called the Measure-Numbers of these components. 

§94 

Relationship of Unitary and Reciprocal Differentials and of 
Unitary and Reciprocal Unitary Vectors 

From equations (1), Art. 92, and (2), Art. 93, we have: 
aMvx = CLidu\ 

each member of this equation representing the fixed infinitesimal 
vector ds. From this equation, by a procedure quite similar to 
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that used in deriving the analogous equations (3) and (4), Art. 74, 
for a Euclidean F3, we find: 


(1) 

dux = gxidu\ 

du^ = g^Hux\ 

(2) 


di = gixd^; 

where: 



(3) 

Qxi = dx • a* 

= Qi- Qx = gix; 

(4) 

gi\ = at’ . qX 

— ax • a* = ^xt. 


Equations (1) express the relationship of the unitary and reci- 
procal differentials, and equations (3) those of the unitary and 
reciprocal unitary vectors. 

It appears from equations (2) that may be regarded as an 
operator which acting upon the unitary vector Oi changes it into 
the reciprocal unitary vector and that may be considered 
as an operator which acting upon the reciprocal unitary vector 
changes it into the unitary vector Ut. These operations are 
examples, respectively, of the processes which were designated in 
Art. 74 as raising and lowering of indices. 

By scalar multiplication of the second of equations (2) by a*, 
taking account of equations (4), we find: 

(5) - Qiy 

where = 1, if = f, and g\ = Q, \i k i. 

The determinants {g, g') of the coefficients of the two sets of 
equations for which the second and first of the linear equations 
(2) are typical can be expressed as follows: 

1^11 • • • Qln 

(6) (7) 


Solving, by the method of determinants, these two sets of 
equations, we find: 

(8) di = Gxid\ 

where is the cofactor of the element gix of the determinant g 
divided by gj and G\i is the cofactor of the element g^^ of the 
determinant g' divided by g'. Upon comparison of equations (2) 
and (6), we see that: 

(9) = G'\ gix = Gx*. 
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From equations (1), which express the relationship of the 
measure-numbers of the components on the unitary and the recipro- 
cal unitary base-systems of the infinitesimal vector ds, it can be 
inferred that the relationship of the measure-numbers of the 
components of any vector A on these systems will be as follows: 

(10) Ax - gxiA\ Ai = ^*xAx, 

where A* and Ax represent typical measure-numbers of the com- 
ponents of A on the unitary and reciprocal unitary base-systems 
respectively. 

If in all the formulas of the present article we take n = 3, they 
reduce to corresponding formulas previously found for the special 
case of a Euclidean Vs. 


§96 

Transformation Equations 


Let denote the co-ordinates on a second systjem 

of co-ordinates, which will be called the F-System, and suppose 
the u and t;-co-ordinates for a generic point P of the Vn to be 
related in some way which is symbolically expressed by the follow- 
ing equations: 

(1) . . . u^), 


where the z 4 -functions, and likewise the t;-functions, are as^w^ed 
mutually independent and differentiable. 

Upon differentiation of these equations we obtain directly the 
equations of transformation for the differentials of the co-ordinates 
in passing from the U to the F-system, and vice versa: 


(I) 


dvi = ^.du\ 
du' ^ 


, . du* j , 


where the du’s and the dv^s may be regarded as the relative co-ordi- 
nates on the XJ and F-sy stems respectively of a point P' infinitely 
near to P, 

The Jacobeans (J, K) of the two sets of equations for which 
equations (I) are typical can be expressed as follows: 


dv^ 

dv^ 


K - 

du^ 


du^ 

dw” 

(3) 

\dv^ 

dv^ 



dv^ 



du^ 

du^] 

idu^ 

du' 



dv^ 

dv^ 


( 2 ) 
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These determinants cannot vanish identically, since it is assumed 
that the w-co-ordinates are independent of one another, and like- 
wise the I'-co-ordinates. Furthermore, it can be shown, as in Art. 
81 for a Euclidean Fa, that; 


(4) 


du* dv^ __ . 
dv^ du^ 


where 5* 1, i/ fc = i; and 5* = 0, if fc 5^ and also, that: 


(5) 


JK = 1. 


Let bj, b2, . . . bn denote the unitary vectors on the F-system. 
If ds denote the position-vector of P' with respect to P, then ds 
can be designated on the V and F-systems respectively by writing: 

(6) ds = adu^] 

(7) ds = hdvK 

The infinitesimal vector ds is a fixed vector and therefore an 
invariant. Hence: 


hdv^ == Gidw*. 


From this relation the transformation equations for the unitary 
vectors can easily be found with the aid of equations (I) above. 
We obtain directly: 


hidv^ 



adii' ~ biTT"- dti*. 
du^ 


Since these equations must be valid for all possible values of the 
dy^s and the dw's, it follows that: 


(II) 


hi 


du^ 


Ut = 


dv^ 


These are the transformation equations for the unitary vectors. 
From equations (II) we find directly: 


(9) 

( 10 ) 


du' 

dvf_ 

dvj' 


hi* m; 
Qi* b*. 


Upon comparison of equations (I) and (II) above with the 
corresponding equations (I) and (II), Art. 81, for the transformation 
of the differentials of general co-ordinates and for the unitary vectors 
in a Euclidean Fs, it is seen that the corresponding equations are 
the same, except that the indices in the transformations for a 
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general Vn cover the range 1, 2, ... n, while those for a Euclidean 
Vz cover the range 1, 2, 3. 

It is hardly necessary to prove that all the other transformation 
equations which were obtained in Chapter VIII for a Euclidean Vz 
can be generalized so as to apply to a Fn by simply extending the 
range to be covered by the identifying indices from 1, 2, 3 to 1, 2, 
. . . n. 

We thus obtain the following transformation equations for 
various quantities associated with a generic point in a Fni 


(I) 

dv^ 

dv^ , . 

= —dti\ 

du^ 

du^ = 

OV^ 

(II) 

b, 

du^ 

- dv^ 

dv^ 

(III) 

dvp 

du'^ j 

- 


(IV) 


dv" , 

. du><.p 

“ - 3t;'' ^ ’ 

(V) 

him 

du* du^' 

dV^ dV”‘ y 

- 37 ^ 

(VI) 

hi^ 

dvP dv^ . 

~ n-Kfi 

dup ^ 

dw^ duf * , ^ 

^ “ 37 3j)' * ’ 

(VII) 

h 

= K^g, 

g = J^h; 

(VIII) 

■ V 

= JV, 

g' = KW; 

(IX) 

B‘ 

dv^ . . 

= 

du^ 

A • d?/" 

(X) 


dw>^ . 

Sv^ 


These are the transformation equations for the following quantities 
associated with a generic point of a Fn: I — the differentials of 
the co-ordinates; II — the unitary vectors; III — the reciprocal 
differentials; IV — the reciprocal unitary vectors; V — the coeffi- 
cients of the fundamental differential quadratic form; VI — the 
coefficients of the reciprocal differential quadratic form; VII — the 
determinant of the coefficients of the fundamental differential 
quadratic form; VIII — the determinant of the reciprocal differential 
quadratic form; IX — the contravariant measure-numbers of a 
vector; X — the co variant measure-numbers of a vector. 

The quantities in the above equations which transform by the 
same law (I) as the differentials of the co-ordinates are said to be 
singly contravariant, and those which transform by the same law 
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(II) as the unitary vectors are said to be singly covariant. Thus, 
the differentials of the co-ordinates, the reciprocal unitary vectors, 
and the measure-numbers of the components of a vector on the 
unitary base-system are singly contravariant quantities; and the 
unitary vectors, the reciprocal differentials, and the measure- 
numbers of a vector on the reciprocal unitary base-system are 
singly covariant quantities. 

For obvious reasons the coefficients of the fundamental differen- 
tial quadratic form are said to be doubly covariant, and the coef- 
ficients of the reciprocal differential quadratic form are said to be 
doubly contravariant. 

The determinants of the g-coefficients, which transform by 
equations (VII) and (VIII), were it not for the factor or K^, 
would be invariants. 

As regards notation, it will be noticed that, as in Chapters YU 
and VIII, covariant quantities are designated by subscripts and 
contravariant quantities by superscripts. 

Finally, in connection with the above transformation equations, 
the explanatory" remarks on covariant and contravariant quantities 
made in Art. 82 are all applicable to the co variant and contra- 
variant quantities which appear in these equations. 


§96 

Several Important -Invariants 

The scalar product of two vectors associated with a generic 
point P of a Fn is a scalar invariant, as will be evident upon 
inspection of equations i below. 

Let A and C denote the two vectors. Each of them can be 
referred to the unitary and the reciprocal unitary base-systems 
associated with the point P by writing: 

A = Ami = AxQ^; 

C = Cmy = • 

Making use of the relation (1), Art. 93, we then find: 

A. C = gnA^C^- 

( 1 ) - A^Ci 

= AxCx 
= g>^AxC^. 

Another important scalar invariant associated with the point P 
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is the fundamental differential quadratic form itself. For this we 
have, with the aid of equations (1), Art. 94: 

S = is ‘ds = Qijdu'du^ 

( 2 ) = du'dui 

— g^f^du^dUfi. 

A fixed vector associated with the point P affords an example of a 
non-scalar invariant. Let the vector be denoted by A. Then, 
with the aid of equations (10) and (2), Art. 94, we see that: 

A = 

= 

(3) = 

§97 

Geodetic Lines in a 

Let Pi and P 2 be any two points in a and let I denote the 
length of a curve connecting the two points, and ds an element of 
this curve. Then: 



If Z + 61! be the length of a second curve connecting the points Pi 
and P 2 which lies infinitely near to the first, and if 



the original curve is called a Geodetic Line. By this definition, 
the length of a geodetic line must be an extremum as regards infi- 
nitely near curves connecting the same two points. 

The problem of finding geodetic lines is analogous to that of 
finding maximum and minimum values of algebraic functions, 
but is more complicated owing to the fact that we have to seek 
for extremum lines instead of extremum points. 

The points which lie on a geodetic line must be such that their 
co-ordinates satisfy certain differential equations which will be 
derived presently. The process of derivation of these equations is 
quite the same whatever the value of n; geometrical visualiza- 
tion of the process is, however, only possible (except in the special 
case of a Euclidean Fs) in the case for which n = 2, that is, the case 
of an ordinary surface. We shall therefore restrict ourselves to 
this case, arriving finally at two differential equations for a geodetic 
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line, from which the corresponding equations for a geodetic line in a 
general can be directly inferred. 

Accordingly, we consider a curve drawn on any surface S con- 
necting two points Pi and P 2 , of length 


I 



and a second curve, drawn on the surface between the same two 
points Pi and P 2 , whose length differs from I by the amount 6L 
The two curves in question are represented in Fig. 40. The dis- 
tance measured along the 
first curve (g) from the ini- 
tial point Pi to any other 
point P(w^ u^) is denoted by 
s, and s + ds denotes the 
corresponding distance for 
the neighboring point Q(u^ 

+ du^j + du^), and 
denoting parametric co-ordi- 
nates of the surface. The 
corresponding primed quan- 
tities s' and s' + ds' have 
a similar significance as 
regards the second line. The 
point P' is, by supposition, infinitely close to P, and it is further 
supposed that the first line is subdivided into infinitesimal elements 
of which ds is typical, and the second into corresponding elements 
of which ds' is typical, the correspondence being one to one. 

The co-ordinates u^, of P are, of course, functions of the 
parameter 5; and the line g is defined by these functions which, 
as we shall see, must satisfy certain ordinary characteristic differen- 
tial equations of the second order. 

The symbol b will be used to denote differences in corresponding 
quantities relating to the two lines. Two relations involving the 
symbol 5 are easily derived as follows: 

Ms = ds' ~ ds = d(s' — s) = d5s, 



showing that the differential operators d and 5 are commutative; 
bidsY = (ds')^ — (ds)® = (ds' + ds) (ds' — ds) = 2ds5s, 

neglecting a small quantity of higher order. We shall have use 
presently for both of these relations. 
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The differential quadratic form for the surface can be expressed 
asfollows:^^ 

— 2 

ds = gijduHWf 

where, of course, the gf-coefficients are in general functions of the 
co-ordinates and u^. Operating with 5 upon both sides of this 
equation, we get : 

2ds8ds — hgijdu^du^ 4* gijbduHu^’ + gijdu^bduK 

But: 


and hence: 


bgijdu^du^ = du^du^bu^ = duHu^bu\ 
^ BuJ * 


since y and k are dummy indices and can, therefore, be interchanged. 
Hence, after division by 2(fs, the preceding equation for 2ds8ds can 
be written: 

Idgikdu^du^^ , 1 du^ 7? i , 1 ,• 

Mh = s F'" ~T~ “"i” + X ga d8u^ + ^ga , - dSu^. 

2diii ds ds 2^ ' ds 2^ ds 


81^8 


- r^bds. 

J-Pi JPi 


Making use of the preceding equation, we find : 

1 dga du^ f ,• 7 , I 


8u^ds + di 


where : 


r du^'^ . dw" . ” 


du* r. . 

noting that, by the dummy index rule and the relation gij- “ g,t, 
the two terms in brackets are equal. After integration by parts 
we have: 




In this discussion it is to be understood that all identifying indices cover 
the range 1, 2. 
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The integrated part on the right must vanish, since at Pi and Pj 
the Su’a must all vanish; and the integral can be split up into two, 
so that: 


/ = 


d^u' . 

- Jp. 



For the integrand of the second integral we can write : 


1 

2 


^ du^— du^' 4- ^ du^~ M 




noting that the second term enclosed by brackets is equal to the 
first, since i and k are dummy indices, which can be interchanged. 
It follows, then, that: 


/ = ~ 



d^u 

ds^ 


r 8u^‘ds 



dgkildu^du^ . 


Upon insertion of this expression for / in the last equation for 
dl we get : 


5Z = - 



2 du^ ds ds ds^ 2 \du^ du^ / ds J 


du^dSj 


or, after some rearrangement of terms in the integrand of the integral 
on the right : 


81 =- 



^kj 

du^ 


dgik \ 

duO 


du^ du^ dhi^ 1 

Isls'^ ^‘'1^ J 


bu^ds. 


Now, let: 

( 1 ) 


[ik, iJ = I 



^9k J 

du^ 


dgik \ 

duO' 


ihj, A; = 1, 2); 


the symbol on the left is known as a Christoffel 3-Index Symbol 
of the first kind. We then have: 


81 



du^ du^ 


dh£\ 

ds^ . 


bu^ds. 


If the curve g is to be a geodetic, 5l must vanish, and, on account 
of the arbitrary nature of the 5a’s, it is therefore necessary that : 


( 2 ) 


dhi^ 

ds^ 


+ [lA, fi 


du^ du^ 
ds ds 


- 0. 


Since the index j can assume each of the veJues 1 and 2, we have 
here two ordinary differential equations of the second order. It 
will be noticed that summation with respect to the index i is 
demanded in the first term and with respect to both of the 
indices i and k in the second term. 
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Multiplying equation (2) by and taking account of the 
relation (5), Art. 94, we find that the differential equations of a 
geodetic line in a F 2 can be written as follows: 


(3) 

where: 

(4) 




+ {ik, 1] 


du^ du^ 
ds ds 


(h j, A;, Z = 1, 2), 


{ik, Z1 = g^’likyjl 


(i,j, kj = 1, 2). 


The symbol on the left is called a Christoffel 3-Index Symbol of 
the second kind. 

The process followed above in finding the differential equations 
of a geodetic line in a 72 can be extended without adding anything 
new by way of principle so as to yield the differential equations of a 
geodetic line in a 7n. The result, as might be anticipated by 
analogy, is to give for the differential equations for a geodetic line 
in a Fni 


(5) 

where: 





(i,j, k,l = 1,2 . . . n), 


( 6 ) 

where: 

(7) 


Ilk, /) = g‘>lik,j], (i, j, k, I ^ 1,2 . . . n). 


The n differential equations (5) of the second order are satisfied by 
the co-ordinates of any point on a geodetic line connecting any two 
points of a F„. When integrated they give the parametric equa- 
tions of the geodetic line. The constants of integration can be 
determined when the co-ordinates of the two points are given, or 
when the co-ordinates of one of the points and the direction of the 
line at that point are specified. It should be noticed that these 
equations involve no quantities which are not intrinsic to the F„. 


Properties of Christoffel 3-Index Symbols 

Equations (7) and (6) of the preceding article, viz. : 

/ \ r -iL *1 1 / I ^gik \ 

(a) = 2 (^^ 

(b) \ik,l} = gmj], 


{i, j,k = 1,2, .. . n), 
jt k, I ~ 1, 2, . . . 71 ), 
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can be considered as the defining equations for the Christofifel 
symbols of the first and second kinds, respectively, for a general 
There are evidently n symbols of each kind for each independent 

Qik and, since the number of independent gra’s is not n* but ^ ^ 

Ji 

on account of the relations = Qki, the number of independent 

Christoff el symbols of each kind is ^ 

It is evident that the Christoffel symbols of both kinds are sym- 
metric with respect to the indices i and h. Hence: 

( 1 ) 

(2) {ik,l\ = 

Upon multiplication of equation (b) by gim and taking into 
account the relation (5), Art. 94, we find: 

(3) [ik,j] = gii{ik,l}. 

With the aid of equation (b) we see that: 

lik, 1] [a0, i] = g‘^[ik, j][aP, 1] = [ik, j] {afi, j] , 

and, upon replacing the dummy index j by the dummy index I, we 
shall therefore have : 

(4) {ik,l\[a^,l] == {ik,l]{afi,l]. 

From equation (a) the following equation can easily be derived: 

(5) + Ijm, t], identically; 

or, with the aid of equation (3) above: 

(6) 1] + gtiijm, 1), identically. 

From the last equation, by making use of the relation (5), Art. 94, 
the following equation is easily found : 

(7) XI - m 1, identically. 

The number of independent equations of the type (5) would be 
n’ were it not for the relations, ga = ga. Upon taking 

account of these relations, the number of independent equations is 
reduced to ^ ^ This is also, as noted above, the number 
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of independent Christoff el symbols of either kind in a general 
Equations (5) are, therefore, just sufficient in number to determine 
these symbols in terms of the first derivatives with respect to the 
co-ordinatef 3 of the ^-coefficients of the fundamental differential 
quadratic form upon which the metrical properties of a Vn depend. 
When, therefore, the metrical properties of the space are known, 
through specification of the ^-coefficients of its fundamental dif- 
ferential quadratic form, the Christoffel symbols of both kinds will 
also be known. 

An important formula expressing the derivative of the loga- 
rithm of the square root of the fundamental metrical determinant ; 


can easily be derived by a method which will be exemplified for the 
special case of a V 2 . 

For this case we have : 

_ \gn gi 2 1 

^ ls^21 g22 I 

where the ^’s are functions of the co-ordinates and u^. By the 
rules for the differentiation of a determinant: 


^9 

jd|7u 

dgii] 


912 



da’ 

du” 

+ 1^11 



921 

^22 

dg-n 

dg2-. 




du^‘ 



dgn 

d^i2 , 

^922 

__ dgji 







11 

"g + 

du”^ 

_L ^ 

du^ 



^12 




where (with i, X = 1, 2) represents the cofactor of the element 
^ix in the determinant g, obtained by deleting the i row and the X 
column, divided by g: Now, by the first of equations (9), Art. 94: 


G^iX g\i = ^-x 


(i,X = 1,2). 


Hence, making use of the summation convention, we can write: 




dgix 

du” 




div 




or, after division by g: 
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or, taking account of equation (6) above: 

^ loge g = {gu {Xm, A:! + k] ) 

= {km, k] + {km, k] = 2{km, k] , {i, k,\m= 1, 2). 

Hence, after division by 2, we obtain finally; 

^log.Vg = {km,k], (k,m= 1,2). 

The process followed in arriving at this formula for a V 2 can be 
extended without difficulty to allow of the derivation of the cor- 
responding formula for a Fn, viz: 

(8) “ loge {km, k], (&, m = 1, 2, . . . n). 


§99 

Parallel and Equipollent Vectors in a Surface 

Two vectors, supposed localized, respectively, at two points 
P and P' of a Euclidean plane are parallel in the Euclidean sense, 
provided they make the same angle with the straight line connecting 
P and P'. This line is, of course, a geodetic line connecting the 
two points. 

These facts suggest a method of procedure whereby the paralle- 
lism of two surface vectors localized, respectively, at two points 
of a developable surface can be defined. If A and C denote two 
surface vectors, localized respectively at the points P and P' of a 
developable surface S, we shall say that they are parallel, provided 
they make equal angles with the geodetic line on the surface con- 
necting the points P and P'. 

Since S is supposed a developable surface, such as that of a 
cylinder or of a cone, it can be rolled out on a plane without stretch- 
ing, tearing, or overlapping, and in doing this lengths of lines and 
angles between lines will not be altered. In particular, the geodetic 
line connecting the points P and P' will, after development, be a 
straight line, and the two surface vectors A and C will, if originally 
parallel, be parallel in the Euclidean sense. 

In the case of a non-developable surface S, such as that of a 
sphere, it is a well-known geometrical fact that a developable 
surface S' is imaginable which is tangent to the non-developable 
surface along any curve {T) connecting two points P and P'. If, 
then, A and C are two surface vectors, common to S and S', at the 
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points P and P', respectively, which make the same angle with the 
geodetic line (^') in S' connecting the points P and P', then these 
surface vectors will be parallel surface vectors for S' j in accordance 
with the definition given above; furthermore, the vectors A and C, 
regarded as vectors in the surface S, are said (by Levi-Civita) to be 
parallel vectors with respect to the curve T. 

' Parallelism of vectors at two distant points on a non-developable 
surface S is thus only defined with respect to a surfa'ce curve T con- 
necting the two points. 

If the curve T is itself a geodetic line in S, it is evident at once 
that parallelism of two surface vectors is a property which depends 
only upon the intrinsic nature of the surface, and, therefore, upon 
the metrical coefficients of its fundamental differential quadratic 
form. It can be shown that this is also true when T is any surface 
curve. 

Two surface vectors which are parallel with respect to a curve T 
and whose magnitudes are equal will be called Equipollent Surface 
Vectors with respect to the curve T, 

§100 

Absolute Differentiation 

Consider a continuous single-valued surface-vector point func- 
tion, and let its value at any point P(wS u'^) of a surface S be 
denoted by A, and at the infinitely near point P'{u^ + + du^) 

by A'. If dk be defined as an infinitesimal surface vector at P 
which is equal to the equipollent vector of A' at P, with respect to 
the infinitesimal geodetic arc connecting P' and P, minus the vector 
A, then dk will be called the Absolute Differential of A in passing 
from P to P'. 

The absolute differential of a scalar point function is assumed 
identical with its ordinary differential. 

For the purposes which we now have in view it is necessary 
to define the significance of the absolute differential of a unitary 
vector at the point P in passing from P to P'. 

In order to do this, we consider a unit surface- vector ds/ds which 
at all points along the geodetic line passing through the points P 
and P' is directed tangentially to this line. The absolute differen- 
tial of this unit vector in passing from P to P' will be zero, its 

For a proof of this statement the reader is referred to The Absolute Differ- 
ential Calculus, by Levi-Civita, Eng. Tr., p. 106. 
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magnitude and direction remaining unchanged. The unit vector 
can be expressed in terms of its components on the unitary base- 
system at P by writing: 


ds dv} 
x: = 


1 , 2 ). 


For its absolute differential we shall then have : 



a = 1, 2), 


where d is a symbol of absolute differentiation. We now assume 
that the absolute dijfferentiation of the expression in parentheses 
is to follow the laws of ordinary diifferentiation. We can then write: 



+ a, 


ds 


0, 


(Z= 1,2). 


The first factor of the first term on the left of this equation is called 
the absolute differential of the unitary vector a; in passing from 
P to P'. It is the precise significance which such a differential 
shall have that we are now seeking to define. 

We now assume that dai is a surface vector associated with the 
point P which, like any other vector associated with the same point, 
can be expressed in terms of its components on the unitary base- 
system at P. We can then write: 

( 1 ) dai = daiai, (i, I = 1 , 2 ). 


Now, upon scalar multiplication of the equation preceding this by 
a'^/ds and using the dummy index rule, we find: 


d^u^ du* ^ dai 
ds^ ds ^ ds 


0 , 


I 1 , 2 ). 


This equation must be compatible with equation (3), Art. 97, for 
a geodetic line, and will be under the assumptions^ which we now 
make, viz: 

(2) dai = ^1 du^, (i, k, I — Ij 2), 


where the bracketed expression represents a Christoff el 3-index 
symbol of the second kind. From equations (1) and (2) we now 
obtain: 

(3) cZa< = ai{ikj Zj cZw*, (t, Z, ^ = 1, 2). 

This assumption is permissible if consistent with the identity equation (6), 
Art. 98. That this is the case is seen at once upon differentiation of Uv • U/ 
( = Qi,) with respect to w*, making use of the relation Ui = gua^, and introduc- 
ing the assumption in question. 
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This equation gives the significance which is to be attached to the 
absolute differential dai of the unitary vector in passing from the 
point u^) to the point + du^) of the surface. 

It will now be shown that, corresponding to equation (3) for 
the absolute differential of a unitary vector, we shall have for 
the absolute differential of a reciprocal unitary vector at the point 
P of the surface the following equation: 

(4) = -af^{pk, X) (X, A;, p = 1, 2). 

By equation (1), Art. 93, we have: 

Up - (X, p = 1, 2), 

where = 1, if X == p, and = 0, if X 7^ p. In either case, 
upon absolute differentiation of this equation, under the assump- 
tion that absolute differentiation of the scalar product . 0 } is 
effected in the same manner as in ordinary differentiation, we find: 

d(ap* a>^) = Up* da^ + dap = 0, (X, p = 1, 2). 

Hence, with the aid of equation (2), we get: 

(5) Op * dax = - {pk, X} dw*, (X, k, p = 1, 2). 

We now assume that da^, like dOi, is a vector associated with the 
point P; we can then write: 

da>^ — ap* da^a^, (X, p = 1, 2). 

From the last two equations the validity of equation (4) follows at 
once. 

By analogy with equations (3) and (4) for a 72 we now define 
the absolute differentials of unitary and reciprocal unitary vectors 
in a general Vn as follows : 

(6) dUi = ailik, Z} du\ {i, kjl = 1, 2, . n); 

(7) dax = — a^lpA;, X} du*, (X, A;, p = 1, 2, , . n). 


These equations differ from those for a V 2 only in that the indices 
have a range of integer values from 1 to n instead of from 
1 to 2. The following expressions for the partial derivatives of 
unitary and reciprocal unitary vectors are derivable from these 
equations: 


(8) 

dai , ,, 

(t, k,l = l,2, . 

■ ■ n), 

(9) 


(X, k,p = l, 2, 

n). 
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Next, we consider the case of any vector function A at a point 
P in a general 7^. Let it be expressed in the alternative forms: 

(10) A = (11) A = AxQX, ({, X = 1, 2, ... n); 

where A\ Ax are, respectively, contra variant and covariant naeas- 
ure-numbers of the components of A. Upon absolute differentiation 
of these forms, making use of the dummy index rule, we get: 


dA — (XidA^ 4- A^'dfiiy 

a, 1 = 1,2, . . 

■ ■ n); 

dA = af^dAp + 

(X, P = l,2, . . 

. . m); 

or, with the aid of equations (6) and (7) : 



(12) dA = [dA^ “h A^likj Z} du^] at, 

(i, k, 1 = 1,2, . 

. . ri); 

(13) dA — [dAp — Ax{pk, XI du^] a'’, 

(X, k, p = 1, 2, . 

. . n). 

These are alternative forms for the absolute differential of a vector 


in a general Vn; the cofactor of is a contravariant component 
and the cofactor of is a covariant component of dA\ but the 
individual terms in the components belong, in general, neither to a 
contravariant nor to a co variant system. 

§101 

Parallel Displacement of a Vector around a Spherical Polygon 

By tne term parallel displacement of a vector in a surface S with 
respect to a path T is to be understood a displacement whereby the 
point with which the vector is associated moves along T while the 
direction of the vector is continuously modified so that, if Ao denote 
its value at the initial point Po and A' its value at any other point 
P' of Tj then A' and Ao will be equipollent^^ with respect to the 
path PoP'. 

The magnitude of a surface vector is, of course, unchanged by 
parallel displacement. 

Furthermore, the angle between two surface vectors associated 
with the same point obviously remains unaltered by their parallel 
displacement with respect to the same path. 

We shall now determine the change in a surface vector A 
associated with a spherical surface S produced by parallel displace- 
ment along the (geodetic) sides of a spherical triangle, or any n.-sided 

For the definition of an equipollent vector, see the last paragraph of Art. 
99. 
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spherical polygon, and we shall find that it bears a certain relation 
to the spherical excess^^ of the triangle or polygon. 

Since in the parallel displacement of a vector its magnitude 
remains unaltered, the change, if any, undergone by A in the 
supposed displacement must be a change of direction only. We 
shall see that there is such a change, and, in fact, that the angular 
change in direction of A in a parallel displacement around the 
triangle or polygon is measured by the corresponding spherical 


Referring to Fig. 41, ABC represents a triangle on the surface 
of a sphere, and Ui and 0,2 line- vectors representing the unitary 
vectors at the point A for which the Gaussian co-ordinates are 

and Ui and 02 being, 
of course, drawn tangenti- 
\ L ally to the and i^^-curvee 

It - (B + ^ respectively in the direc- 

j^r — c\ tionsof 

fj The line- vector A' repre- 

/ / 1 sents the vector A' which is 

\ I produced in a parallel dis- 

~~ / placement of the vector A, 

^ around the spherical 

• ^ triangle ABC in the direc- 

^ i^ion of circulation which is 

/ definitionally taken as posi- 

tive, viz : A — » R — > C or, in 
other words, the direction 
in which Ui must be rotated in order to decrease the angle between 
Qi and Cg. The angles made by A and A' with the base-vector Ui 
are denoted by a and a', respectively. 

Now, when A undergoes a parallel displacement from A to R, 
since it continues to make the same angle, d say, with the geodetic 
ABj the angle made at R by A with the geodetic BC will be x — 
(R + $) ; in the further parallel displacement of A along the geodetic 
from R to C, the vector will continue to make the angle tt — (R + ^) 
with this geodetic, and, therefore, the angle made by the vector 
A at 0 with the geodetic AC will be C — {tt — (R -|- ^) } or R + 0 + 
6 — x; in the final stage of the parallel displacement of the vector 


Fig. 41. 


The spherical excess of an n-sided spherical polygon is equal to the sum of 
its interior angles diminished by the angle (n — 2)x; in the special case of a 
spherical triangle, n = 3, of course. 
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A from C back to A along the geodetic AC, it will continue to make 
this angle with AC, and at A becomes the vector which we have 
designated by A', From the diagram in Fig. 41, it is, then, at once 
evident that : 

(1) Ol' — 0'==A“l~-6"bC — TT. 

The expression on the right represents the spherical excess (e) 
of the spherical triangle A JSC, and, consequently: 

(2) a' ~ 

The process used above in finding the change of direction 
produced in a vector in its parallel displacement around a spherical 
triangle can also be used to find the change of direction (a' — a) 
produced in its parallel displacement around any n-sided spher- 
ical polygon in this case the process yields the following result: 

(3) a' — a — hAi — (u — 2) tt, 

n 

where the first term on the right denotes the sum of the interior 
angles of the polygon. The entire right-hand member of this 
equation represents the spherical excess, e say, of the polygon 
and, as in the case of the spherical triangle, which is, of course, 
a special case of the polygon, we have: 

(4) a' — a — e. 

It should be noticed that the results here found are independent 
of the size of the polygon and, in virtue of symmetry, of its position 
on the sphere. 

By an elementary theorem of solid geometry: 


where <r represents the area of an ?i-sided polygon upon a sphere 
of radius R. Furthermore, the Gaussian curvature of a sphere 
of radius R by equation (30), Art. 31, is given by the equation: 

(« K - i,- 

Accordingly, we can write: 

(7) if = 1 

or, taking account of equation (4) : 

(8) 

It is to be understood that the sides are parts of geodetic lines. 
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§102 

Gaussian Curvature of a Surface — Riemannian Curvature of a 

By equation (7) of the preceding article the following rule is 
seen to be valid : 

The Gaussian curvature of any spherical surface multiplied by 
the area of any n-sided polygon^^ supposed drawn on the surface 
is equal to the spherical excess of the polygon. 

There is a corresponding rule which is valid in the case of a 
surface in general, and which can be stated as follows: 

The surface integral of the Gaussian curvature over the area 
of any 7 i-sided polygon^^ supposed drawn on the surface is equal 
to the angular excess of the sum of the interior angles of the poly- 
gon over the sum of the interior angles of on ordinary n-sided 
plane polygon. 

This would appear to be the probable generalization of the 
corresponding rule stated above for spherical surfaces. The actual 
proof will not be given here; it follows directly from a celebrated 
theorem of the differential geometry of surfaces, known as the 
Integral Formula of Gauss-Bonnet.^^ 

Corresponding to formula (8) of the preceding article for the 
case of a spherical surface, we can now write the following integral 
formula applicable to a surface in general : 

( 1 ) J^Kdcr = a' — a, 


where a' — a represents the angular change produced in a surface- 
vector by its parallel displacement once around an n-sided polygon 
supposed drawn on the surface, the change being reckoned as posi- 
tive when in the direction of displacement of the vector around the 
polygon. 

By formula (1) we can now write for the Gaussian curvature 
at a generic point on a general surface: 


(2) 


K - 


Da 

DV 


where Da represents the area of an infinitesimal element of the sur- 
face bounded by a contour line, consisting of elements of geodetic 
lines, which passes through the point in question, and Da represents 

It is to be understood that the sides are parts of geodetic lines. 

Cf. W. Blaschke, Differentialgeometrie, Art. 63. 
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the infinitesimal angular change in the parallel displacement of a 
surface- vector once around this contour. 

By means of the definition of the Gaussian curvature X of a F 2 
given above, the Riemannian curvature of a general Vn with respect 
to a section at any point P can be defined as follows: 

Any two vectors A, C at a generic point P of a general Vn deter- 
mine a section of the Vn with 00 1 directions, to each of which there will 
correspond direction parameters, two in number, with respect to the 
two reference directions fixed by the vectors A and C. There will 
be a geodetic line through P for each of these 00 ^ directions, remem- 
bering that a geodetic line in a Vn is uniquely determined by one 
of its points and its direction at the point (cf. Art. 97). The 
aggregate of these geodetic lines constitutes what is called a 
Geodetic Surface of the Vn with Pole at P. 

The Gaussian curvature of this geodetic surface is called the 
Riemannian Curvature of the Vn at P with respect to the section 
determined by the vectors A and C. 


§103 

Equations for an Infinitesimal Parallel Displacement of a Vector 

in a Vn 

If a surf ace- vector A at a point P(u^, vP) of a surface S undergo 
an infinitesimal parallel displacement to a point P'(u^ + 
vP + du^)j it becomes coincident with its equipollent vector at P', 
and in this displacement it will experience no absolute change 
in the sense defined in Art. 100. Hence, a condition for the infini- 
tesimal parallel displacement of the surface vector A is that its 
absolute differential shall be zero; and if, conversely, this condition 
is satisfied in an infinitesimal displacement of a surface-vector A, 
then the displacement must be a parallel displacement. 

An infinitesimal parallel displacement of a vector A at a 
point P{u'^j vP u^) to a point P'(u^ + du^, + du^ • 

-h du'^) of a general Vn is defined by the single requirement : 
dA = 0, where the symbol d indicates absolute differentiation. 

For such displacement of the vector A from the point P to the 
point P' we must have, in accordance with equations (12) and (13), 
Art. 100: 


( 1 ) 

( 2 ) 


(lA^ = — 1] dvPj 

dAp — A \{pKj XI du^. 
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But, from equations (6) and (7) of the same article, we find : 
{ikj l\ du^ = —tti* da\ {p/c, X} = dap. 


Hence: 


dA^ = A'Qi* da^, 


dAp = dup, 


or: 

(3) dA^ — A*da^; 

(4) dAp = A • da . 


The following equations, derivable from equations (1) and (2), 
for the partial derivatives of the contravariant and covariant com- 
ponents of the Vn vector A, are valid in the case of the infinitesimal 
parallel displacement of A : 


(5) 


(6) 



The identifying indices in the equations of the present article 
are, of course, assumed to cover the integer range of values from 
1 to n. 


EXERCISES ON CHAPTER IX 

Suppose given a quadratic form: 

/ = an Xi Xu ih j ^ 1,2 ... n), 

which it is impossible to reduce by linear transformation to a form in less 
than n variables. The determinant of this form is: 


an 

a\z 

Ci3 . . 

• - am 

an 

an 

^23 • « 

> • azn 

dzi 

az2 

a33 . . 

. . azn 


lUni (ln2 0/nZ » • • Un 

From this determinant the following series of determinants can be formed: 


== an, Dz 

an 

au 

Ds = 

an 

ai2 

aiz 


an 

a22 

, 

^21 

an 

a 23 





^31 

032 

^33 


Show first that by a linear transformation / can be reduced to the form: 
/ = A^yl + Alyl + ^ ^ • An?/!. 
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If in this expressioa the 1-coefficients are all of the same sign, the / 
is said to be definite, since it cannot change sign with any change of the 
variables. Show next, with the aid of a text on higher algebra, if necessary , 
that the form / will be positive definite provided: 

Dt>0, (i = 1, 2, . . . n). 

2. If in the case of a 7„ the fundamental differential quadratic form 
can by a linear transformation be reduced to a sum of squares, the F» 
is said to be Euchdean. Just as a non-developable surface can be regarded 
as embedded in a Euclidean Fs, show that any non-Euclidean F„ can be 
regarded as embedded in a Euclidean Fy, provided 

N S ^n(n -b 1). 


3 In the case of any F» it is always possible to find co-o_rdmates 
which are such that in the immediate vicinity of any assigned point they 
behave as rectangular Cartesian co-ordinates in the sense that the metrical 
coefficients become stationary; such co-ordinates are called Geodetic or 
LocaUy Cartesian co-ordinates. Verify the proposition here stated, con- 
sidering first the special case of a non-Euclidean Vi. 

4. On a cyhndrical co-ordinate system in a Euclidean Vz, it is known 


gu = 1. = P^ !7 s 3 = 1, i;<, = 0for;Vt. 

Show that the non-vanishing Christoffel symbols of the second kind have 

the following values; 

(22, li = -P, 121,21 = 112,2! = 1. 

6. On a spherical co-ordinate system in a Euclidean Fs, it is known 


that: 

Show that the non- 


ffu = 1, P 22 = »•* sin* 8, gzz = r*, Pi; = 0 for j ^ i. 
vanishing Christoffel 3-index symbols of the second 


kind have the following values; 

(22,11 = -r®sin*fl, (22,31 = 

{21,21 = {12,21 = 131,31 


— sin 6 cos 6, 1 33, 1 1 
= 113,31 = 


(32,21 = {23,21 = otne. 

6. Show that the differentials of the metrical coefficients for any 
Fn satisfy the following n* equations: 

dgu = [gam cc] + gaAj^, “IIM (b ^ = 1 . 2 . ■ • • 

7. Show that the absolute differential of a F„-idemfactor vanishes. 
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TENSOR THEORY 
§104 

Multilinear Forms 

As was seen in Art. 92, a vector associated with any point P 
of a Vn can be represented as an invariant linear form in the base- 
vectors at P whose n coefficients are pure numbers which specify the 
numerical aspect of the vector. A generalization is now contem- 
plated by which we shall be led to the definition of a tensor of rank r 
at a point P of a F„ as an invariant r-linear form in the base- vectors 
at P whose W scalar coefficients specify the numerical aspect of the 
tensor. 

As usual, let Oi, Uj, , a„ denote the n unitary vectors on an 
arbitrary [/-system of co-ordinates at a point P(Mb m'* . . , M’‘)ina 
F„. As an example of a multi-linear form we take the trilinear 
form:*^ 

(1) iotaiOj-a*, 

where the A-coefficients are scalar quantities whose values for the 
present can be considered as arbitrary; in this form the indetermin- 
ate or base products, of which a<a,ajb is typical, are supposed subject 
to the associative but not to the commutative law. The form (1) 
involves unitary vectors only, but mylti-linear forms which involve 
both unitary and reciprocal unitary vectors, or reciprocal unitary 
vectors only, will also be considered. 

It will be assumed that in the addition of the terms of a multi- 
linear form the commutative law is valid; that the multiplication 
of the form by a scalar is equivalent to multiplication of the coeffi- 
cient or of any base-vector of each term by the scalar; and that 
in the multiplication of base-vectors the distributive law is valid. 

In the present chapter it is to be understood, unless otherwise specified, 
that the summation law is operative; that all literal identifying indices cover 
the integer range from 1 to » inclusive; and that indices enclosed in parentheses 
have neither covariant nor contra variant significance. 

242 
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With this understaiiding any unitary vector which appears in 
a multi-linear form can be replaced by the corresponding reciprocal 
unitary vector by the process of raising a subscript, and vice versa, 
as will be shown in detail in Art. 106. 

The following statement constitutes a criterion of equality of 
two r-linear forms: 

Two r-linear forms are equal if, when expressed on the same 
base-system, the coeiiicients of terms with the same base products 
are equal. 

For example, if Acs) and Bo) denote two tiilinear forms which 
can be expressed as follows: 

A(3) = A^^aiU/a*, B(3) = 

then the two forms will be equal if, for all values of i, j, k: 


§105 

Definition of a Tensor 

A Tensor of Rank r associated with a point P of a Vn is an r-linear 
form in the base-vectors associated with the point whose coefficients are 
in general functions of the co-ordinates of the point and which is an 
invariant to choice of co-ordinate system. 

As a consequence of this definition of a tensor it follows, as will 
be seen, that if a set of values are assigned to the coefficients of a 
tensor on any system of co-ordinates, then the coefficients of the 
tensor on any other system of co-ordinates can be calculated by a 
rule which is determined by the invariant condition imposed upon 
the tensor by its definition. 

For the present it will suffice by way of elucidation of the defini- 
tion of a tensor to discuss the special case of a tensor of the third 
rank. Consider, then, the trilinear form 

expressed on a [/-system of co-ordinates, which becomes on a 
F-system 

Then the trilinear form will represent a tensor of the third rank 
provided: 


« A'^’KkiCLiak* 
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This requires that the A-coefBcients of the form shall transform in 
accordance with definite rules. For, if the unitary vectors in the 
expression on the right be transformed in accordance with equations 
(II), Art. 95, the expression becomes a tri-linear form on the F-sys- 
tern, and the condition for equality of two multi-linear forms stated 
in the last paragraph of the preceding article requires that each 
jB-coefficient of a unitary product on the left of the last equation 
shall be equal to the coefficient of the term on the right which 
involves the same unitary product, attention being paid, of course, 
to the order of the indices. 

The typical term of the tensor of the third rank under considera- 
tion, viz: 

AO'*aia,a*, (no summation), 

consists of the product of two parts, viz : 

and aia,a*. 

The first part is a scalar quantity which will be called the Component 
of the tensor the second part is an indeterminate product of a num- 
ber of base-vectors equal to the rank of the tensor. Since, in 
virtue of its definition, a tensor is an invariant, each of its compo- 
nents must transform contragrediently with respect to each of the 
base-vectors of the indeterminate product with which it is associ- 
ated; in the special case of the tensor of the third rank under con- 
sideration, the component must be contravariant with respect 
to the indices t, y, fc, a result which has been anticipated by the 
notation. 

The number of terms in a tensor of the third rank is equal to 
this representing the number of permutations with repetition of n 
things taken 3 at a time, and the tensor will, of course, have the 
same number of components. 

Similar statements to those made above relative to a tensor of 
rank 3 will, of course, apply to a tensor of rank r. The number of 
terms in a tensor of rank r is equal to n^, and it will therefore have 
nr components. 

A tensor of the first rank is of particular interest in that it is 
nothing more nor less than a Fn vector. 

A scalar point function in a Fn is an invariant, and can be classed 
as a tensor of zero rank. 

The general rules for the transformation of the coefficients of tensor forms 
will be found and discussed in Art. 107. 

The term ''component^' instead of “measure-number'' is used in order to 
conform with common usage of writers on tensor analysis. 
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It is important to recognize the significance of the order in which 
the identifying indices appear in the components and the base- 
products of the terms of a tensor. If the order of the indices in the 
components of each term of a tensor be changed, a new tensor of 
the same rank wiU in general be obtained unless the same change of 
order of the indices in the corresponding base-product of each term 
be made. Thus, for example, in general: 

on the other hand, by the dummy index rule: 

The tensor on the right of the inequality sign will, to be sure, have 
the same array of components as the tensor on the left, but the 
individual components of the two tensors will in general be associ- 
ated with different base-products in the terms of the tensors, and, 
consequently, they will not in general be equal. 

In virtue of its definition any tensor possesses certain attributes 
which find their origin in the fundamental differential quadratic 
form which determines the metrical properties of the Yn-manifold 
which, through the base-vectors, is involved in the definition of 
the tensor. This form for a general is: 

— 2 

iz = gijduHu^, (gif *= g^), 

where : 

( 2 ) gif==ai-ai. 

Any attribute of a tensor which is dependent upon the relations 
expressed by equation (2) is a Metrical Property of the tensor, and 
any property of the tensor which does not depend upon these 
relations is a Non-Metrical Property. 

Consider, for example, the simple case of a y»-vector: 

A = A'Qi = Am,. 

Upon taking the direct product of A into itself, we get: 

A* A = A2 

= Ui- aiA*A^\ 

or, in virtue of equations (2) : 

(3) A2 = gnA^AK 

This equation for the square of the magnitude of the vector expresses 
a metrical property of the vector. 



246 


VECTOR AND TENSOR ANALYSIS 


On the other hand, the equations of transformation for the 
components of the vector, which hold in passing from one co-ordinate 
system to another, express non-metrical properties of the vector. 

§106 

Various Forms of a Tensor 

It will be convenient to designate the form of a general tensor 
in which only unitary vectors appear as a Unitary Form; a form 
in which both unitary and reciprocal unitary vectors appear will be 
designated a Mixed Form; and a form in which only reciprocal 
unitary vectors appear will be designated a Reciprocal Form. 

If a tensor is given in any one of these three forms, it can be 
changed into any other form with the aid of the relationships of 
unitary and reciprocal unitary vectors expressed by the familiar 
equations: 

(a) a>< = (b) a* = g^iaK 

For example, let us start with a tensor Acs) of the third rank 
expressed in the unitary form, viz: 

(1) A(3) = A^^^aiajak, 

Evidently, with the aid of equations (b), we can write: 

(2) A(3) = Axf'^a>^ayafc, 

where: 

(3) 

We have thus expressed the tensor Acs) in a mixed form. The 
process whereby the mixed component is derived from is 
that of ^Towering an index of a component of the tensor. The 
process is reversible; for starting with the tensor in the mixed form 
(2), with the aid of equation (a), we get: 

(4) Ac3) = A<^^aiajaky 

provided : 

(5) A*^* = <7^'^Axf*. 

The process whereby A‘'* is derived from AJ,!* is that of ^^raising’' 
an index of a component of the tensor. Equations (3) and (5) 
must, of course, be compatible, as can be shown as follows: 
multiplying equation (5) by gu, we get: 

guA^^'^ = giig^>^Axi^.f 
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and since gug^'^ == 1 or 0, according as Z = X or Z 5 *^ X, it follows 
that: 

which is equation (3). 

With the aid of the principles of raising and lowering indices 
the tensor A( 3 ) can be expressed in the following eight essentially 
different forms: 

A(3) = 

= Ax’;a5^a,a'' = 

Of these forms the first is purely unitary, and the last purely recipro- 
cal; the other six are all mixed forms. The ^^dot'^ notation used in 
designating a component of a mixed form makes possible an un- 
ambiguous indication by the notation of the order in which the 
various indices appear. In the case of a unitary, or of a reciprocal 
form, the dot notation is, of course, not demanded. 

The discussion given above for a tensor of the third rank can be 
easily extended so as to cover the case of a tensor of any rank. 

§107 

Transformation Equations for Tensor Components 

Each term of a tensor consists of the product of one of its com- 
ponents and an indeterminate product of base-vectors, and, the 
laws of transformation for the base-vectors being known, those for 
the components can be derived in virtue of the invariance of the 
tensor itself. The process involved has already been indicated in 
Art. 95 in the derivation of the transformation equations for a Vn 
vector (tensor of the first rank). 

Consider a U and a F-system of co-ordinates, the unitary vectors 
on the [/-system being denoted as usual by Ui, 02 , . . . and the 
reciprocal unitary vectors by ab while on the F-system 

the corresponding vectors are denoted by bi,b 2 , . . . b„ and by 
bbb^, . , . b" respectively. 

Let A(i), A( 2 ), A( 3 ) denote tensors of the first, second, and third 
rank, and let these tensors be expressed in the following various 
forms : 

A(i) == Ami = AxuX; 

A(2) = A*miaf == 

A(3) = A'j^aiajak = = A.v;aia,a^ 



248 


VECTOR AND TENSOR ANALYSIS 


The components of these tensors will be denoted on the F-system 
by 

The transformation equations for the various components of the 
three tensors under consideration can be shown to be as follows: 


(I) 

dw' 


dO 



(II) 

bu'’ bu^ ’ 

. du' dw 

-r — S'”; 

dv^ bv^ 

(IF) 

_&'uAdv>^ , 
dv” dV 

. bvf* bv^ 

" dwX ^ 

dl") 

_ dv' dui^ ... 

~ du^dv- 

_ du^dtr _ 

dv‘dw^^-‘” 

(III) 

bv^ bv^ bv”" . . .fc 

Blmn = . 

bu* bw du^ 

. . .. du' du’ du^ 

i.*»* = -^-r r— 

ov^ ov^ bv^ 

(IIIO 

„ dtA buf^ bu^ . 

bv- 

j bvP bv^ bv'^ „ 

~ du>^di?du^ 

(III") 

_ dv‘ 

' du<dui dv^ 

' dv^dv'-du” 


It will suffice, by way of exemplification of the methods of derivation 
of these transformation equations, to show that equations (II") are 
valid: Since the tensor A( 2 ) is an invariant, we can write: 




, . dv^ . 
du* dv^ ’ 


with the aid of equations (II) and (IV), Art. 95. Hence, by the 
criterion of equality of two multi-linear forms: 


du^dv^ 


Similarly, the validity of the second of equations (II) can be shown. 

Inspection of the above transformation equations for the com- 
ponents of tensors of the first, second, and third ranks will indicate 
how the appropriate transformation equations for the components, 
contra variant, covariant, or mixqd, of a tensor of any rank can be 
written down by analogy. 

An adequate criterion of a tensor form can be found through 
comparison of the transformation equations of the factors con- 
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stituting a typical term. For example, in the case of the tensor 
of the third rank : 


A( 3 ) = AiiiaiaiQ-, 

the transformation equations for the component of the typical 
term and for the corresponding indeterminate product are as 
follows: 


B!?; 


dv^ 


dv^ 

DzD«D’^ = ~ --- — ^ a,aya*' 
dv^ dv”* du^ 


These equations show that the component AH;, transforms contra- 
grediently with respect to the unitary vectors Ui, a,, and the 
reciprocal unitary vector 

In general, the component of the typical term of a tensor of 
the rTh rank has r indices, and to each index there corresponds a 
base-vector in the indeterminate product of the term with respect 
to which the component transforms contragrediently. This 
property is necessary and sufficient for the identification of a tensor 
form. 

Sinoe the equations of transformation for the components 
of a tensor are linear and homogeneous, it follows that if all the 
components of a tensor vanish on any system of co-ordinates they 
must vanish on all systems; this property can also be inferred 
directly from the definition of a tensor given in Art. 105. In the 
applications of tensor theory this property is of great importance; 
for example, if a physical law on a given system of co-ordinates is 
expressed by the statement that the components of a certain tensor 
vanish, then the same law on a new system of co-ordinates is 
expressed by stating that the components of the tensor on the new 
system vanish. 


Symmetric and Anti-S3rmmetric Tensors 

A tensor of the second or higher rank is said to be completely 
symmetric if the order of the indices in all of its components can be 
changed at will with no resulting change in the tensor itself. 

The number of distinct components of a F« tensor of rank r upon 
whose components no special conditions are imposed is n% this 
being the number of permutations with repetition of n things taken 
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r at a time. If conditions for complete symmetry are imposed upon 
the tensor, the number of its distinct components will be reduced 
from rf to 

n{n -f- l)(n H- 2) - • • (n + r 1) ^ 
r! 

since this expression represents the number of combinations with 
repetition of n things taken r at a time. 

For example, consider the tensor A( 2 ) of the second rank, 
expressed in the unitary, mixed, and reciprocal forms : 

A(2) - 

(1) = AiaiQA*, 

This tensor will be symmetric provided that for all integer values of 
f, j, X, and At from 1 to n inclusive: 

Aji - 
or: 

A/it = A*fi, 

or: 

Am\ = Axai* 

A tensor of the second or higher rank is said to be completely 
anti-symmetric provided the interchange of any two indices in each 
component of the tensor changes its sign, but not otherwise. 

A completely anti-symmetric tensor cannot, in virtue of its 
definition, contain any component in which two of the indices are 
the same. On this account the number of distinct components in 
a completely anti-symmetric tensor is less than the number of 
distinct components in a completely symmetric tensor of the same 
rank; it is in fact equal to 

nin — l)(n — 2) • • • (n — r -j- 1) 
r! ' 

since this expression represents the number of combinations without 
repetition of n things taken r at a time. , 

The tensor A( 2 ) of the second rank, expressed in unitary, mixed, 
and reciprocal forms by equations (1), will be anti-symmetric 
provided : 

or: 

A'^\ = — 
or; 

A/*x = —Ax#*, 
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where the indices t, j, X, and /i can assume any integer values from 
1 to inclusive. 

A tensor of the third or higher rank may, of course, be symmetric 
or anti-symmetric with respect to certain pairs of indices, though 
not to all. 

§109 

Physical Example of a Tensor 

Before proceeding further with the development of the theory of 
tensors we shall consider a physical example of a tensor of the second 
rank which may serve to throw further light on the real significance 
of the tensor idea. 

The tensor which we shall consider makes 
its appearance in a discussion of the stress at a 
point of an elastic medium in a state of strain. 

Referring to Fig. 42, n represents a unit vector 
n whose direction is normal to an infinitesimal 
element of area oj of a surface S passing through 
the point P(u^, u^, u^) of an elastic medium, 
and which divides the medium into two por- 
tions, and F represents the resultant F of the 
elastic forces exerted across the element of area by the portion of 
the medium toward which n is directed. The resultant stress 
across S at P, denoted by R, is defined by the equation: 


If, as we suppose, the elastic medium is in a state of equilibrium, 
there are two conditions which must be satisfied, the first of which 
states that the resultant of all the forces acting upon any element of 
volume must vanish, and the second that the resultant moment of 
these forces about any point must vanish. 

For the element of volume we take an infinitesimal tetrahedron 
with one vertex at P and conterminous edges determined in direction 
by the unitary vectors associated with P, as shown in Fig. 43. The 
areas of the three faces to the tetrahedron which intersect in 
the point P are respectively designated by d&n), dSaz), dS( 3 )j 
the fourth face will be designated by dSj and a unit vector in the 
outward normal direction to this face will be denoted by n. The 
It was in this connection that the term ‘‘tensor” was first used. 



Fig. 42. 
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element of volume thus defined will be called the Unitary 
Tetrahedron. 

Since the unitary tetrahedron is supposed infinitesimal, the 
forces acting upon it which are proportional to its volume can be 
neglected in comparison with those (the elastic forces) which 
are proportional to the areas of its faces. Hence, if — Rci), “■R(2), 



— R(3), R represent the stresses in the outward direction across the 
faces of the unitary tetrahedron whose areas respectively are d/Sd), 
d/S(2), dS(3), dSj then, by the first condition for equilibrium, we shall 
have:^^ 

'RdS - Rd)d/5(,) =- 0, 


Now, by simple geometry: 

dS(^j) = a»a,-nd^, (no summation), 

where w denotes the magnitude of the reciprocal unitary vector a^'. 
We now define a new vector ac,) by the equation: 

a(,) “ am,', (no summation). 

W^e can then write: 

dS(j) == ct(,')*nd/S5 
R — R(oa(,) • n = 0. 

Throughout the present article the summation convention is supposed 
operative unless otherwise stated, and identifying literal indices cover the 
integer range 1, 2, 3. 
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For the resultant stress R in the outward direction across the face 
dS of the unitary tetrahedron normal to the unit vector n we can 
then write : 

(1) R = • n, 

where : 

(2) 0 = R(j)a(j). 

The dyadic which is here expressed in a trinomial form, is 
called the Stress Dyadic or Stress Tensor. It can easily be ex- 
pressed in a form which shows at once its tensor character. To do 
this, we first express the vector R(,) in terms of its components on the 
unitary base-system at P by writing: 

R(j) “ 

where the coefficients of the unitary vectors on the right are, of 
course, the contra variant scalar components of R(j). We can 
then write 

(3) <!> = 

Next, we define a new scalar quantity by the equation: 

(4) — R(^)Ci^‘j (not summed). 

Then can be expressed in the unitary tensor form: 

(5) = S^J'aiaj. 

The nine S-coefficients, of which is typical, are contravariant 
with respect to both of the indices i and jj and will be called Con- 
travariant Stress Parameters. When these nine stress parameters 
are known, the stress tensor and, consequently, by equation (1), 
the stress itself in the neighborhood of the point P will be completely 
determined. If it were only required to express the resultant stress 
across a single given plane at P, the number of parameters required 
would be only three, and the reason why more than three parameters 
are required for the complete specification of the stress at P is to be 
found in the fact that for such a specification a sufficient number of 
data must be given to permit of the calculation of the stress across 
every plane at P; for this purpose, as we have seen, nine data are 
sufficient, but among these, however, there are three relations, as 
will be seen. 

So far no use has been made of the second condition of equilib- 
rium. This condition requires that the resultant of the moments 
about any point of all the forces acting upon the unitary tetrahedron 
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shall vanish. In virtue of this condition it can easily be shown that 
the stress tensor must be symmetric, and hence that: 

( 6 ) 

There are therefore three independent relations among the nine 
parameters which specify the stress tensor. 

By interchanging the rdles of the unitary and the reciprocal 
unitary vectors, introducing as the element of volume the Reciprocal 



Tetrahedron shown in Fig. 44, and adopting a procedure quite 
analogous to that followed above, the following forms for analo- 
gous to the forms (2), (3), and (5), can be derived: 


(2') 

4 |» 

not summed); 

(30 



(50 


(S\ti — anR^x^ not summed). 


The significance of the notation in these equations will be evident 
upon referring to Fig. 44, and to the analogous equations (2), (3), 
and (5). 

Equation (5') expresses the stress tensor in reciprocal form, in 
which the nine ^-coefficients, of which >Sx;x is typical, are covariant 
with respect to both of the indices X and pL. These coefficients are 
called Covariant Stress Parameters. Among them there exist the 
three independent relations: 

(7) 


Syji — 
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These equations are analogous to equations (6) above, expressing 
the three independent relations among the nine contravariant stress 
parameters. 

In case ordinary rectangular Cartesian co-ordinates are used, the 
system of reciprocal unitary vectors becomes identical with that of 
the unitary vectors themselves, and the distinctions between con- 
travariant and covariant stress parameters disappear. In this case 
we can take ; 


0^=01= i, 

= aa = j. 

a® = as 

= k, 

= Sn = P, 

= Si2 = Q, 

-S’s = Sas 

= R, 

S12 = Sli = u, 

= s, 

= Sn 

= T. 


The stress tensor then takes the form: 

O = Pii d- Ui\ -f Tik 

+ + Qii + Sjk 

-f Tki -f Skj -I- Ekk. 

The resultant stress R( = 0. n) can now be expressed in the form 
appropriate to rectangular Cartesian co-ordinates: 

R = (Pi • n + • n “f rk • n)i 

+ {Ui* XL + Qy n + /Sk* n)j 
+ (Pi* n + • n + Pk • ii)k. 

§110 

Addition of Tensors of the Same Rank 

The sum of two tensors of the same rank is equivalent to a new 
tensor of like rank. 

To exemplify the addition of two tensors of the same rank we 
consider the special case of the addition of two tensors A( 3 ) and Bcs) 
of the third rank, which we suppose given in the non-identical forms : 

A(8) 

B(3) B%aiaja\ 

Before the process of addition can be carried out one or the other 
or both of these forms must be so modified as to obtain forms 
for A( 3 ) and Bo) which are identical This can be accomplished, 
for example, by rewriting Ao) in the form: 

A(3) == 

where: 

Aif; == 
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For the sum of Acs) and Bcs) we can then write: 


where: 


C( 3 ) = Citpaiaia% 

CiJ; = AU; + BiJi. 


Since Acs) and Bcs) are both tensors and therefore invariants, it 
follows that C(3) is an invariant and therefore a tensor; it is obviously 
of the same rank as Acs) and B( 3 )* 

Any two tensors of the same rank can be added in like manner. 


§111 

Multiplication of Tensors 

In forming products of tensors the associative and distributive 
laws are assumed to be valid, provided the order of their base- 
vectors is maintained. 

The consideration of a typical example will sufRce to make 
clear the nature of the general process of forming a general product 
of any two tensors. 

Consider the two tensors Ac2) and Bcs), of rank 2 and rank 3 
respectively, expressed in the following forms: 

(1) A(2) = A^^'aiaj, 

(2) B(3) = 

The general products of A(2) into Bc3) and of Bcs) into A(2) are, respec- 
tively, formed as follows: 

( 3 ) A( 2 )B( 3 ) = 

(4) B(3)A(2) = BiTpA^^'aia,„a‘'aiaj. 

The scalar coefficients in the expressions for each of the products 
are contravariant with respect to the indices j, I, m, and covariant 
with respect to the index v, while the corresponding base-products 
are covariant with respect to the indices j, I, m, and contravariant 
with respect to the index v. We conclude, therefore, that A(2)B(3) 
and B( 3 )A( 2 ) are invariants and therefore tensors, each, evidently, 
of rank 5 . 

It should be specially noticed that the difference between the 
products A(2 )Bc 3) and B(3)A<2) arises from the reverse order of appear- 
ance of the base products of the factors A(2) and B(3). 

A different type of product of two tensors, called a Direct 
Product or Inner Product, is formed in the same manner as the 
general product except that in forming the product a dot is inserted 
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between the two indeterminate products of the two tensors, which 
signifies that the direct product of the two base-vectors between 
which the dot stands is to be formed and considered as a scalar factor 
of the rest of the expression. The direct product of two tensors of 
rank r and s respectively is itself a tensor of rank r + s — 2. 

The consideration of a typical example will suffice to make 
clear the nature of the general process of forming a direct product 
of any two tensors. 

Consider the two tensors A( 2 ) and B( 3 ) expressed in the forms 
(1) and (2). The direct product of A( 2 ) into B( 3 ) and of Bo) into A( 2 ), 
denoted by A( 2 ) • B( 3 ) and B( 3 ) • A( 2 ) respectively, are then formed as 
follows : 

(5) A(2) • B(3) = 

(6) B(3) • A(2) = ata,* = 

That both of the direct products thus formed are tensors is easily 
verified by observing that their covariant and contravariant 
dimensions balance, showing that they are invariants; evidently, 
each product represents a tensor of rank 2 4-3 — 2. 

In general, of course, the direct product of two tensors is not a 
scalar quantity; but if both tensors are of rank 1, that is if they 
are both vectors, their direct product will be a scalar invariant 
which can be considered a tensor of zero rank. 

§112 

Contraction of Tensors 

Consider a tensor of the third rank expressed in the mixed form : 

A(3) = 

From this tensor construct three new tensors ; 

A(i) = AViai- B(i) = AUla^- aiU;, C(i) - A.Vai* 

( 1 ) = = AH^gna^ 

by replacing the indeterminate product of the original tensor 
by a scalar product of two of its vectors multiplied into the third. 
That the quantities represented by Ad), Bd), and Cd) are actually 
tensors is evident upon inspection of their covariant and contra- 
variant dimensions. Each of the tensors thus formed is of rank 1, 
that is, of a rank lower by 2 than the rank of the original tensor. 

In a similar manner we can form from a tensor of rank r( > 2) 
other tensors of rank r — 2, by replacing the indeterminate prod- 
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uct of the tensor by the scalar product of any two of its vectors 
multiplied into the factor obtained by elimination of these two 
vectors. 

This process, whereby from a tensor of a given rank other tensors 
of rank lower by 2 are derived, is known as that of Contraction of a 
Tensor. 

The contraction of a tensor of the second rank yields a scalar 
invariant, that is, a tensor of zero rank. 

Consider, for example, the tensor: 

Ac2) = 

Upon contraction we obtain: 

(2) A(o) = a,- = = A Scalar Invariant. 

It is worthy of note that the direct product of any two tensors 
can be regarded as a tensor which is the result of contraction of a 
tensor of higher rank by 2. For example, in the direct product of 
A( 2 ) into B( 3 ), given by equation (5), Art. Ill, the product can be 
regarded as a contraction of the following tensor of the fifth rank: 

C(5) = 

The process of contraction of a tensor of given rank r ( > 2) 
can be repeated until, if r is even, a tensor of zero rank is obtained, 
or until, if r is odd, a tensor of rank 1 is obtained. 

§113 

The Fundamental Tensor 

The quantity I defined as follows: 

I = 

where the ^-coefficients are the coefficients in the fundamental 
differential quadratic form for a Fn, is a tensor, as can be verified 
by writing down its transformation equations. This tensor is 
called the Fundamental Tensor for a Fn. We shall see that the ten- 
sor I is, in fact, nothing more nor less than a Fn dyadic idemf actor. 

With the aid of equations (2), Art. 94, I can be expressed in 
reciprocal, mixed, and unitary forms as follows: 


(1) 


(2) 

I = a«a«, 

(3) 

I = a«a«, 

(4) 
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In the form (1) the ^-coefficients are doubly covariant components 
of I, and in the form (4) they are doubly contravariant components. 

The direct product of I into any tensor is equal to the tensor 
itself. For example, forming the direct product of I into a tensor 
A( 3 ) of rank 3 expressed in unitary form, using the mixed form (2) 
fori, we find: 

I* A(3) = OaU®* {A^^^aiaj-ak) 

aiayQib 

^ ^ = A^^'^aia^ak 

= A(3). 

In like manner the direct product of I, used as prefactor or post- 
factor, and any tensor can be shown to be equal to the tensor itself. 


§114 

Differential Va-Invariants 

We define a differentiating operator V for any point of a Vn, 
which for the special case of a Euclidean Fs is equivalent to the 
operator V discussed in Art. 88, as follows: 


( 1 ) 


» A « 

du°‘ 


where the differentiating symbol indicates absolute differentiation. 

This operator is itself a differential invariant. For, by the 
second of equations (IV), Art. 95: 






a« : 


furthermore: 




du^ 


so that : 




d dv^ d 

du°^ dv* du^ dvfi* 


and hence, in virtue of equation (4), Art. 95: 


( 2 ) 



It should be noticed that in the defining equation (1) for the 
operator V the index a is a dummy index; it can, therefore, be 
replaced by any other index if so desired. 
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By operating with the invariant V upon scalar and tensor point 
functions of a Fn, which are themselves invariants, various impor- 
tant differential invariants can be obtained. In operating with V 
upon tensor point functions, it is to be understood that the opera- 
tional laws of ordinary differentiation are followed, but with the 
proviso that in the differentiation of products of base vectors of a 
tensor function the order of appearance of the base vectors is not 
altered. 

If U and V denote two scalar point functions, we find: 


(3) 


VU = 

au^ 


VV = 


dV^ 


representing the Gradients of these functions. 

Forming the direct products of these two invariants, we obtain 
another differential invariant : 


(4) 


VC7 . VF = g^^- 


.dUdV 




This is known as a Mixed Beltrami Differential Parameter. 
In the special case for which t/ = F we have : 


(5) 


VU- . VL/ = 


^dUdU 

du^ 


This is called the First Beltrami Differential Parameter of U, 
Consider now a Fn- vector (tensor of the first rank) expressed in 
the unitary form: 

A = Am*. 


The result of operating upon this vector with V is to produce the 
tensor: 


VA 


= 


duP 


“■+^•15 




or, with the aid of equation (8), Art. 100: 


Upon contraction of this tensor of the second rank we obtain 
the important scalar differential invariant : 

(5) VA = 

This invariant is called the Divergence of the vector A. It can 
easily be expressed in a form which justifies this designation as 
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follows: By the dummy index rule and by equation (8), Art. 98, we 
find that : 

{ik, i} = {H, A:} 

■^g du' ’ 

and equation (5) can therefore be written in the form: 

( 6 ) ^ 

This expression reduces for a Euclidean Vs to that found for the 
divergence of a vector in general co-ordinates and expressed by equa- 
tion (2c), Art. 88. 

If the vector A be expressed in the reciprocal form: 

A = A^a\ 

then, with the aid of equation (9), Art. 100, we find the following 
alternative form for the divergence of A: 

(7) = lAeU.]. 


In particular, if A is the gradient of a scalar point function 
so that : 


( 8 ) 


A = VU, 




u, 


then, by the preceding formula ; 

(9) V . V[/ = AC/ = 1^]- 

This is known as Lame’s or the Second Beltrami Differential Para- 
meter of U. With the aid of equations (7) and (8), Art. 98, it can 
easily be shown to be capable of expression in the more concise form. 

1 3 / y- dU\ 

(10) V.VC/ 


§116 

Covariant Differentiation of Tensor Components 

The operator V acting upon any tensor produces a new tensor of 
the next higher rank. Any component of the new tensor thus 
obtained is called the Covariant Derivative of a corresponding 
component of the original tensor. The method of covariant differ- 
entiation of tensor components will be sufficiently exemplified by 
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showing in detail how the covariant derivatives of the covariant 
components of tensors of the first and second rank are obtained. 
Consider the vector Ad) (tensor of the first rank) : 

A(i) = 


Operating with V upon Ad) we obtain a tensor A( 2 ) of the second 
rank as follows: 


A(2) - VA(i) = 


= Qpj^ 
= 


dup 


- Atiltp, fx 



with the aid of equation (9), Art. 100; and upon interchanging the 
dummy indices e and jx in the last term of the third line we can 
write : 


where : 


Ac 2) = VA(i) = 


A 


H-P 


dup 


l/xp, e} At. 


This doubly covariant component of the tensor A( 2 ) is the covariant 
derivative of the covariant component of the vector A(i). 
Consider next the tensor of the second rank : 

B(2) = Bupapap. 

Operating with V upon this tensor we obtain a new tensor B( 3 ) of 
the third rank as follows: 


B(3) = VB(2) = ^ {B^papap) 


a^\ 


du* 
Idu* 


dap 


pp txpap + Btip-^ ap + Bppap 


du*^\ 


= c^PQP _ B^p{ €(r, p j a*a^ “• Bpp[ €a, p. 1 


with the aid of equation (9), Art. 100; and upon interchanging in 
the last line the dummy indices e and p in the second term and € and 
p in the third term we can write : 

B(3) = Bppaa'^a^a^, 


Buoff — 


^Bpp 


{por, € } B^ 


{p(r, €) 


where : 
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This component of the tensor B(3) is the covariant derivative of the 
CO variant component of the tensor B(2). 

The methods used above in finding the covariant derivatives of 
the covariant components of the tensors Ad) and B(2) of the first and 
second ranks can be used to find the covariant derivatives of their 
contravariant components, and also of the mixed components of 
the tensor B(2). 

Accordingly, if we have given a vector Ac n expressed in the forms : 

(1) A(i) = 

then the covariant derivatives of the covariant and the contravari- 
ant components of Ad) are found to be as follows: 

( 2 ) = 

(3) 

Again, if we have given a tensor B(2) of the second rank expressed 
in the forms: 

(4) 3(2) = Bj^aiak = J5f;a,a^, 

then the covariant derivatives of its covariant, contravariant, and 
mixed components are found to be as follows: 

(6) + ( ter, j I + ( e<r, k ! B-‘, 

(7) + (€(r,yi B^p ~ {por, € i Bi;. 

In successive covariant differentiation of tensor components the 
order of differentiation is not permutable. This will be shown in 
detail for the case of the successive covariant differentiation of the 
co variant components of the vector Aco (tensor of the first rank). 
Suppose that the tensor of the second rank Be 2) is such that: 


B(2) = VAa) a^^^{A,a^); 
then J 3 p,p = and hence by equation ( 2 ) : 
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Introducing this expression for and the corresponding expres- 
sions obtained from it for B^p and in equation (5), making use of 
the dummy index rule, and noting that Bpp^ = A^p^, we obtain: 


( 8 ) 


J c 


3A.e f } 3JLfx 
dW Qyt 


+ [^ip(r, e}\fie, a) + {/jut, «}{«p, al 


A 

" d/jL^ 


Imp, 


] - 


The expression on the right is called the second covariant derivative 
of the CO variant component of the vector Ad), taken first with 
respect to and then with respect to It represents the triply 
covariant typical component of a tensor: 

(9) A(3) = Appffa^af^a^, 

If the order of covariant differentiation of A^ with respect to 
and were permutable, the indices p and or could be interchanged 
in the expression on the right of equation (8) without alteration 
of its value. Inspection shows, however, that only the first five 
terms in general will remain unchanged by this interchange. The 
order of covariant differentiation is not, therefore, in general 
permutable. 

If Apap denote the expression obtained from that on the right 
of equation (8) by interchange of the indices p and cr, we can derive 
a new tensor, which will be denoted by ( 3 )A, by writing: 

(10) (3)A = Apcpa^a^af^, 

By subtraction of ( 3 )A from A( 3 ) yet another tensor of the third rank 
is obtained, viz : 

(11) Acs) — (s)A = {Appa - Apap) 


whose triply covariant components are given by the equation: 
(12) Appc- — Apcp = I /xcr, € 1 { ep, a } — { /xp, a] 

- {pp, €} |€cr, a] + I per, a 1 ] Aa. 


The covariant derivatives of the components of the fundamental 
tensor: 

I = papa«aP, 

all vanish identically. For, by equation (4) we have: 




dgafi 

du^ 


€) a] Pat 


= 0 . 
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in virtue of equation (5), Art. 98. In covariant differentiation, 
therefore, the metrical ^-coefficients can be considered as constants. 

In virtue of the relationship of the to the implied by 
equation (5), Art. 94, it follows that the covariant derivatives of 
the must also vanish identically. 

Covariant derivatives of the components of tensors in general 
reduce to ordinary derivatives when the components of the funda- 
mental tensor are constants, since in this case the Christoffel 
symbols have zero values. It is largely due to this fact that 
covariant differentiation is of so much importance in the absolute 
differential calculus and in the theory of relativity. 

If the Christoffel symbols do not vanish on the co-ordinate sys- 
tem which happens to be in use, it is always possible to find another 
co-ordinate system on which they do vanish and, therefore, for which 
the distinction between covariant and ordinary differentiation of 
tensor components disappears, provided the space in which we are 
operating is Euclidean. If, however, we are dealing with non- 
Euclidean space, the fact that the Christoffel symbols cannot be 
made to vanish by change of co-ordinate system and, therefore, 
that a distinction between covariant and ordinary differentiation 
of tensor components is inevitable, must be ascribed to a metrical 
peculiarity (curvature) of the space with which we are dealing. 

In addition to the process of covariant differentiation of tensor 
components there is a corresponding process of contravariant dif- 
ferentiation,^^ but the latter is of comparatively little importance 
in practical applications of tensor analysis and will not be discussed 
here. 


§116 

The Riemann-Christoffel Tensor 

The typical component of the tensor A(3) — ( 3 )A, 

expressed by equation (12), Art. 115, must, of course, be covariant 
with respect to the indices /x? P? and cr. It follows that the cofactor 
of A a in this equation must be contravariant with respect to the 
index a and co vrariant with respect to the indices ju, p, and <r. This 
cofactor, which we shall denote by must therefore be the 

typical component of a tensor of the fourth rank : 

(1) R = 

Cf. Levi-Civita, The Absolute Differential Calculus, Eng. Tr., p. 149. 
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where : 

(2) = {tur, «1 lep, or} - — Ipp, a) 

s 

€l [eo-, a\ + -™ [pa, o>}. 

This tensor is called the Riemann-Christoffel Tensor. In the case 
of a Vn for which the Riemann-Christoffel tensor vanishes the order 
of covariant differentiation is permutable. 

Inspection of the typical component of this tensor, given by 
equation (2), shows that it depends only upon the first and second 
derivatives of the ^-coefficients of the fundamental differential 
quadratic form; in fact, that it is quadratic in the first and linear 
in the second derivatives. It therefore ranks with the tensor I, 
defined in Art. 113, as a fundamental tensor of a Fn. Both of these 
tensors are of fundamental importance in Einstein’s Theory of 
Relativity. 

With the aid of equation (b), Art. 106, we can express R in the 
purely reciprocal form : 

(3) R = jKxp.poa^a^a^a% 
where : 

(4) R\}ifxr == Q'KaJ^-tipc • 


By an easy transformation, the details of which will be omitted, 
this equation, with the aid of equation (2) above, and of equation 
(5), Art. 98, and of equation (7), Art. 97, can be reduced to the 
following form; 


(5) 


= -{pa, €l \\p, €] -f {pp, €l [\a, €] 


Examination of this form for the typical covariant component 
of the tensor R shows that the tensor itself is anti-symmetric with 
respect to the indices X and p, and also with respect to the indices 
p and a; and, furthermore, that it is symmetric with respect to the 
double interchange of X, a and p, p. Hence: 

(6) = —RpxfKf] 

(7) R\}ip<r = 

( 8 ) R\tJ^ptr = R(rpfi\- 


The following cyclic property of the components of R follows directly 
from equation (5) : 

(9) 


R\mxr 4 " R\pffp + R\vfj^p — 0 . 
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The general tensor of the fourth rank has components, but 
owing to the relationships noted in the preceding paragraph the 
number (N) of distinct components in the case of the Riemann- 
Christoffel tensor is far less; in fact, it can be shown that: 


( 10 ) 


N 1 ) 

12 


Forn = 4 the Riemann-Christoffel tensor becomes an important 
tensor in Einstein’s General Theory of Relativity. In this case 
N = 20; there are 21 non- vanishing components with the following 
indices 


1212 

1223 

1313 

1324 

1423 

2323 

2424 

1213 

1224 

1314 

1334 

1424 

2324 

2434 

1214 

1234 

1323 

1414 

1434 

2334 

3434; 


these components are distinct except for the relation : 

Rmi i?1324 + Ri423 = 0. 

When n = 3 there are 6 distinct components, obtainable from 
the above table by excluding those numbers which contain the 
figure 4. 

When n = 2 (the case of a surface) there is but one distinct com- 
ponent, which can be taken as 

When it is possible to find co-ordinates for a such that the 
fundamental differential quadratic form will reduce to a sum of 
squares, the space must be Euclidean. Now this will be possible 
if the gr-coefficients of the form are all constants, as can be shown®^ 
by well known algebraic methods. But in this case the Riemann- 
Christoffel tensor must vanish throughout the space as can be seen 
by inspection of equation (5), noting that the Christoffel symbols 
must vanish. The vanishing of the Riemann-Christoffel tensor 
throughout a Vn is therefore a necessary condition that the space 
shall be a Euclidean Manifold; it can be proved that it is also a 
suflS.cient condition. 

Since there is no curvature of Euclidean space, it is therefore 
evident that the measure of curvature of a general Vn must involve 
in some way the Riemann-Christoffel tensor. 

Cf. Levi“Civita, The Absolute Differential Calculus, Eng. tr., p. 181. 

Cf. Eddington, The Mathematical Theory of Relativity, p. 72. 

Cf. Eddington, The Mathematical Theory of Relativity, p. 13. 

Cf. Eddington, The Mathematical Theory of Relativity, p. 72. 
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§117 

The Ricci-Einstein Tensor 

The Riemann-Christoffel tensor: 

R = R-^paa^a^^aPa^, 

when contracted (see Art. 112) with respect to the indices fx and p, 
gives a tensor of the second rank: 

= Ryjxpag^pa>^a‘^. 

It can be written in the following form: 

(1) G = 
where : 

(2) (rxff = g^^R'SJipcr- 

Since the interchange of the dummy indices pt and p does not 
alter the component (?x<r it follows from equation (8), Art. 116, that 
the tensor G is symmetric. 

This tensor was first noticed by Ricci in connection with his 
study of the local curvatures of a metric manifold but, on account of 
its importance in relativity theory, it is now commonly known as 
the Ricci-Einstein Tensor. 

Upon contraction of this tensor, we obtain a tensor of zero rank, 
that is, a scalar invariant: 

Ko = <?x.ax. a', 

This invariant is of importance in connection with the measure of 
the curvature of a Fn, as will be shown in Art. 119 for the particular 
case of a V 2 . 

For the particular case of a V 2 (a surface), as was seen in Art. 116, 
the Riemann-Christoffel tensor has but one distinct component. If 
we take this to be jBi 212 , the tensor itself, with the aid of the rela- 
tions (6), (7), and (8), Art. 116, can be written in the form: 

(4) R = Runioi^o,^ — a^a^) (a^a^ — a^a^). 

Upon contraction of this tensor we get the Ricci-Einstein tensor 
for the particular case of a F 2 (a surface) in the forms: 

G ~ i?i2i2(n^a^ ~ a^a^) • (a^a^ — a^a^) 

= i^i2i2[-“g^^%^a^ + + aV) — 

^ + ^y22a2a2], 

^ 11^22 ^ 12^12 
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with the aid of the first of equations (9), Art. 94. 
can write: 


(5) 

where : 

(6) 


G = 

= ^1212 

911022 — 9n9i2 


Consequently, we 

(\ M - 1, 2), 


(\ M = 1, 2). 


Upon contraction of the tensor in the form last given we get the 
scalar invariant : 

Ko — GyjiCL^* Cl^ 

= (X,M=1, 2), 

or, upon taking account of equation (6) : 


(7) 


Ko == 


2 

^ 11^^22 ~ OnOu 


In Art. 119 it will be shown that the negative of this invariant 
furnishes a measure of the Gaussian curvature at any point of an 
ordinary surface. 


§118 

The Change of a Vector in a Produced by its Parallel 
Displacement around an Infinitesimal Quadrilateral 

In Euclidean space there is no change produced in a vector by 
its parallel displacement around any closed cycle, since it thereby 
experiences no change in magnitude or direction. But for a cor- 
responding displacement of a vector in a general Vn this will not 
be the case, for, as we know, although its magnitude would remain 
constant its direction would in general be changed. We now pro- 
pose to find an expression for the change in a Vn vector produced by 
its parallel displacement once around an infinitesimal quadrilateral.^^ 

Consider an infinitesimal quadrilateral PQRS in a V^, and sup- 
pose a co-ordinate system so chosen as to make the sides of the 
quadrilateral elements of the co-ordinate lines of two of the co-ordi- 
nates, say and At the vertices of the quadrilateral these 
co-ordinates will have values which are indicated as follows: 

P(w^, VP + d/vp)^ RipjiP + dvpj vP + 8u^)j 'S(vPy vP -j- 

It is first desired to investigate the changes in the field of a 
vector point function A met with in passing around the infinitesimal 
Cf. Eddington, The Mathematical Theory of Relativity, p. 69. 
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quadrilateral. To do this, we shall first find the increase in the 
typical covariant component A,, of the vector A in passing in the 
direction P — > Q — » JB — > S around the quadrilateral. 

In passing from P to Q the vector must experience an absolute 
infinitesimal change which is given by equation (13), Art. 100, 
from which we infer that the corresponding increase in its typical 
covariant component is given by the expression: 

— I jup, 6} Atj duPy (not summed as regards p), 

which is the covariant derivative (A^p) of A^, evaluated at F. 
Therefore, the total increase in A^, say AA^j will be given by the 
following expression : 

AAp, = (-djip)p dup “f- {AfMr)Q dupj 

where no summation is implied, and where the quantities in paren- 
theses denote covariant derivatives to be evaluated at the points 
indicated by corresponding subscripts. Now: 

= {Aiur)p + covariant derivative of x duP, 

(Ahp)8 = (App)p + covariant derivative of (Ap,p)p x 

Hence: 

( 1 ) AAfi " \Afutp Appa\ dup8u*^y 

where the quantities in brackets denote second covariant deriva- 
tives of A,* to be evaluated at F. 

The quantity AA^, represents the amount by which A^, must be 
increased in order that the cycle shall begin and end with the same 
vector A. 

Consider next a parallel displacement of the vector A in the direc- 
tion P Q R S around the infinitesimal quadrilateral, begin- 
ning at F. In this displacement no absolute change in the co variant 
component is allowed, and upon completion of the cycle the 
displaced vector will have a value at F which differs from that of 
A; there will be a difference, say DA^^y in the value of A,* for the 
displaced vector and for the original vector of an amount obviously 
equal to — AA,,. Hence: 

(2) DAfi “ [Aupa — A/iffp] dv/*8u^j (not summed). 

With the aid of this result the increase, say DA, in the vector A 
due to its parallel displacement in the direction F — > Q — ^ F — once 
around the infinitesimal quadrilateral can be expressed as follows: 

(3) DA = DAptU^ =: [Aptp<r — A^p] dv/*8uf^a*^y (summed as regards m)* 
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This equation has been derived on the assumption of a special 
co-ordinate system, but, since it is a tensor equation, it must be 
valid on all co-ordinate systems; furthermore, the result expressed 
by this equation must be valid for an infinitesimal circuit of any 
shape, since co-ordinates can always be found such that the circuit 
may be considered as constituted of elements of co-ordinate lines 
of two co-ordinates. 

We now suppose the special co-ordinate system to be replaced 
by a general w-co-ordinate system. In passing from the vertex 
P to the vertex Q, or from the vertex P to the vertex /S, of the infini- 
tesimal quadrilateral PQRSf all the co-ordinates will vary in general 
by amounts which in the first case will be designated by the symbol 
d and in the second case by the symbol 5, The tensor equation (3) 
will be valid on the new system, provided summation with respect 
to all the indices on the right is understood. 

It was pointed out in Art. 116 that: 

where R%'f^ denotes the typical component of the Riemann- 
Christoffel tensor, and we can therefore write : 

PA = 

= R\nfyrdvP8u^a^*A^ 

= R\^p<rdii/^8u^af^a^ * A, (summation understood) , 

or, since the Riemann-Christoffel tensor is anti-symmetric with 
respect to the indices X and ju : 

(4) DA = —R\ftp^duP5u^d^a^* A. 

If we write: 

( 5 ) = R}^paduf>du^a>^a^^ 

then: 

(6) PA=-4>-A. 

The quantity # must be a tensor, since it is both covariant and 
contravariant with respect to each of the indices X, /x, p, (t. This 
tensor is of the second rank, and is anti-symmetric with respect to 
interchange of the indices X and jLt, since, as shown in Art. 116, the 
factor R\fipa is anti-symmetric with respect to this interchange. 
We can, therefore, also write: 

(7) 0 = —Ri^p(fdtiP8u^af^a\ 
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By combination of equations (5) and (7) we get: 

(8) ^ ~ I R\tipadiipdu^{a>^a^ — af^a^). 

If the signs d and 5 in this expression be interchanged, the only 
effect is to interchange the roles of the indices p and <r, so that: 

(9) <0 = ^R\^pdu^8u^{Q}<at^ — a^^a^), 

or since, as shown in Art. 116, the quantity R\pf„ is anti~symmetric 
with respect to the indices p and a : 

(10) O = — 1 R\pptrdv,^8up{a><a^^ — a^a^). 

By combination of equations (8) and (10) we get: 

(11) ^ ^ Ryjipa{duP8u^ — buPdvF) (a>^a^ — a^a^). 

Now, for the infinitesimal position-vectors (ds, 5s) of the points 
Q and S with respect to P we have: 

( 12 ) — ttpdu^, 8s — a^rSu*^, 
and hence: 

dup = ap* ds^ 8u*^ = • 5s, 

dup — ds^ 8up = 5s, 

so that: 

(13) duPSu*^ — duPdu"^ = a^* (ds5s — 8sds) • a®’. 

By combination of equations (11) and (13) we get: 

( 14 ) := “ (ds8s — 8sds) • — a^a^). 

Using this expression in equation (6), we find finally that: 

(15) DA — — Q (ds5s — 5sds) • ao'(a>^a'^ — a^a>^) J • A. 

In the particular case of a surface this equation reduces to the 
following one : 

(16) DA = -[i^ 12120 ^. {ds8s - 5sds) • - a^a^)]- A. 

In this case, from equations (12), with the aid of the second of equa- 
tions (2), Art. 94, we have : 

ds = Qpdup — Qpaa^dupf 
5s = a„8u^ = girfia^8u^j 


(p, a = 1, 2), 
(<r,/3 = 1,2), 
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and from these equations it follows directly that the dyadic ds5s 
~ dsds differs from the dyadic by a scalar factor only. 

Hence, in equation (16) it is permissible to interchange the positions 
of these dyadics, so that: 

DA — — (a^a^ — a^a^)* a^(dsd& — 8sds)]»A 

= [I^i 2 i 2 (ci^* • a^) {dsds — 5sds)]» A 

— — g^^g^"^) {ds8s ~ 8sds)]* A, 

or, making use of the first of equations (9), Art. 94: 


(17) 


DA = ~ 


^1212 

^ 11^22 ““ gi2gi2 


— 8sds) • A. 


In this expression for the change produced in a surface vector A 
by its parallel displacement once around the infinitesimal quadri- 
lateral having two adjacent sides determined by the infinitesimal 
surface vectors ds and ^s, the scalar factor 

giig22 ““ s'12^12 

is by equation (7), Art. 117, equal to the negative of the scalar 
invariant K^y obtained by the contraction of the Einstein tensor for 
a surface, and depends solely upon the metrical properties of the 
surface; the dyadic 

— 5sds 


depends solely upon the geometrical configuration of the initial point 
P and the terminal points Q, S of ds ond 5s. 


§119 

Calculation of the Gaussian Curvature of a Surface 


The result expressed by equation (17) of the preceding article 
enables us, as will be shown, to calculate the Gaussian curvature at 
a point of an ordinary surface. 

It was shown in Art. 102 that the Gaussian curvature of a surface 
at a point P can be expressed as follows: 


( 1 ) 


K = 


Da 

W 


where Da represents the angular change in direction of a surface 
vector A which would be produced in its parallel displacement once 
around the contour bounding an infinitesimal surface element of 
area Do*, the contour being supposed to pass through the point P, 
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and Da being supposed reckoned positive in the rotary sense of the 
displacement of the vector around the contour. If DA. denote the 
change in the vector A due to such a displacement, then Da must be 
the angle between the vectors A and A + DA at P. 

We now suppose the element of area of the surface to be that of 
an infinitesimal parallelogram whose sides are determined by the 
infinitesimal surface vectors: 

ds = 5s = o.%M, 

with vertices at the points 

4 “ du^y R(ju} + + 8u^), 4 - 8u^). 

Since A would undergo no change in magnitude in a parallel displace- 
ment around this parallelogram, therefore DA must be a surface- 
vector perpendicular to A. 

If n denote a unit vector in the direction and sense of the vector 
product ds x 5s, then n x A will be a surface- vector at P which is 
perpendicular to A (and therefore parallel to DA) in the direction 
of a increasing. Hence we shall have: 

(2) DA-DcmxA. 

Furthermore, we can write : 

ds X 5s = nD<r. 

By vector multiplication of this equation by A we get: 

(ds X 5s) X A = n X ADcr, 

and hence: 

(3) (ds5s — 5sds) • A ~ — n x ADcr. 

From equations (2) and (3) it follows that: 

( 4 ) DA = (ds5s - 5sds) • A. 

ac 

Comparison of this equation for DA with that given by equation 
(17), Art. 118, gives: 

Da _ Ri212 

Dcr QiiQti “ ^ 12^12 

Finally, comparison of this equation with equation (1) gives for the 
Gaussian curvature of the surface at the point P : 

( 6 ) K = 

Qi2Qi% 
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This expression for the Gaussian curvature of the surface is 
equal to the negative of the invariant Kq obtained by contraction of 
the Ricci-Einstein tensor of the surface in Art. 117. 


EXERCISES ON CHAPTER X 

1. The transformation equations for a set of scalar quantities are 
known to be of the same forms as for the components of a Fn-tensor of 
the second rank; show that the quantities must be the components of a Vn 
tensor of the second rank. 

2. If T and S are two Fn-tensors of the second rank, show that 
(summation understood) is an invariant. 

3. If S is an arbitrary tensor of the second rank and if f (summa- 
tion understood) is an invariant, show that the Ti/s are the components 
of a tensor. 


4. It is known that the product 

A(ij X) (summation understood), 

where A (i, X) is a scalar expression involving the indices i and X and B* is the 
component of an arbitrary vector, is the component of a tensor; show that 
the quantity A (i, X) must itself be a covariant component of a tensor. 


5. Show that the transformation equations for the components of 
tensors satisfy the fundamental group property. 


6. If a, 6, c denote the numbers of distinct components of a F„-tensor 
of the third rank for which, respectively, the indices are all different, 
two only are different, all are the same, show that for 

a symmetric tensor an anti-symmetric tensor 

n(n — l)(rt — 2) 1)( ^ " " 2) 


a = 

u 

b = 7i(n — 1), 

c = n, 


a = 

6 = 0 , 
c = 0. 


7. If A and B are two vectors associated with a point of a F^, show 
that AxBfg — A^By, are components of an anti-symmetric tensor. 

8. Show that the differential invariants VU and VU •VU, where U is 
a scalar point function in a Vz, can be expressed in the forms: 






1 

dU 

au 



ai 

02 

Os 

0 

9 

du^ 

du^ 


0 










Iffii 

i^l2 

Qiz 

du^ 


ffn 

gn 

giz 

3m‘ 




dU 





dv 

\9n 

Qzt 

gzz 

3m* 

\ 

Qzi 

gn 

gzz 

du^ 




dU 

\ 





\9n 

gz2 

ffzz 

dv? 

> 

9zi 

gzi 

gzz 

du^ 
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9. If A is a mixed component of a symmetric tensor, show that 

^ + I (summation understood), 

is the component of a vector. 

10. If is a contra variant component of an anti-symmetric tensor, 
show that 

Id — 

{'\/gA'j)f (summation understood), 

is the component of vector. 


11. Write down a set of rules which will serve as an adequate guide 
in covariant differentiation. (See Eddington, Math. Theory of Rela- 
tivity, p. 65.) 

12. Show that the Gaussian curvature A of a surface can be expressed 
as follows: 

■fC — 1 ^12 __ 1 dg22 

2 \/ g _gn\/g _ 

JL r ^h} ?iL_ 

” du^ du^ du^ gn\/g 
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in a 205-209 

quadratic forms, xxix, xxx, 64, 69, 
214, 218, 245 
Differentiation, 46-49 
absolute, 232-235 
contravariant, 265 
co variant, 261-264 
of vector point functions, 46 
of vector products, 48 
Direction: 
in a Vnf 214 
parameters in a F^, 214 
Directions of co-ordinate lines 

(curves), 64, 166 
in a Fn, 215 
Divergence: 

of a vector point function, 80, 83, 
87, 206 
in a Fft, 260 
theorem, 97 

Dummy index rule, 178 
Dyadic: 
adjunct of, 142 
anti-self-oonjugate, 136 
characteristic, 150 
determinant of, 150 
equation of, 152 
complete, 132 
conjugate of, 129 
consequents of, 128 
definition of, 128 
inertia, 160 
invariants, 149 
linear, 133 
nonian form of, 133 
planar, 133 

reduction to normal form, 144 
reduction to trinomial form, 131 
self-conjugate, 135 
strain, 162 
stress, 253—255 

symmetric, normal form for, 147 


Dyadic (ConL): 
unit, 136 
vector of, 135 
Dyadics, 128-164 
anti-symmetric, 135 
applications of, 155-164 
as operators, 129, 139 
classification of, 152 
criteria of equality for, 130 
direct products of, 137 
perversion and rotation expressed 
by, 157 
reciprocal, 140 
symmetric, 134 
theorems relating to, 143, 144 

Eddington, 267, 269 
Einstein, xxviii, 266 
Ricci tensor, 268 
Elements: 
line, 175 
in a F«, 214 

of vector calculus, 46-72 
surface, 175 
volume, 175 

Elongation coefficients, 163 
Equation of continuity, 106 
Expansion formulas, 93 
Extensive Grdsse, xix 

Faraday, 108 
Field, 75 
intensity: 
electric, 88 

gravitational, 116, 118 
magnetic, 88, 119, 120 
lines, 78 
point, 75 

Fields, scalar and vector, 75-94 
Fixed vector, 170, 188 
Flexure of curve, , 58 
F6ppl, xxviii 
Force syatem, 34 
reduction of, 34 

Formulas for transformation of inte- 
grals, 96, 97, 101, 102 
Frame of reference, 4, 6 
Frenet^s formulas, 56 
Functions of position, xviii, 75 

Gauss, xxix, 63, 65, 97, 213 
theorem of, 101 
Gaussian: 
co-ordinates, 63 
curvature of a surface, xxix, 72 
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Geodetic lines: 
in a surface, 67 
in a Vnf 224 

equations for, 228 
Geodetic torsion, 67 
Gibbs, xxvi, xxvii, 113, 128, 133, 143, 
154, 155, 156 

Gradient of a scalar point function, 
77, 83, 204 
in a Fn, 260 

Grassmann, xix, xx, 6, 215, 217 
Green’s theorem, 102 
application of, 105 
Group, 197 

affine transformation, 197 
fundamental property of, 197 
homogeneous affine, 197 
rotation, 198, 199 

Hamilton, xvi, xviii, xix, 77, 150, 152, 
153 

Cayley equation, 152 
Heaviside, xxvii 
Helix, flexure and torsion of, 60 
Helmholtz’s theorem, 121 
Henry, 108 
Hessenberg, xxxi 
Homogeneous affine group, 197 
Hyper-number, xix, 6 
magnitude of, xxi 

Idemfactor, 136 
Inertia; 

ellipsoid of, 160 
moments and products of, 161 
Integration, 49, 51 

Intrinsic geometry of a surface, xxix, 
184 

Invariance, 188 
Invariants, 188 

differential, 204-209 
in a F„, 259-261 
on orthogonal co-ordinate sys- 
tems, 210, 211 
in a Fn, 223 

Jaeobeans (functional determinants), 
178, 190, 198, 220 

Klein, xxviii 

l^igally, 63 

operator of, 207 
lAncret’s law, 59 


Laplace: 
equation of, 114 
operator of, 91 
Level surface, 76 

Levi-Civita, xxxi, 213, 215, 232, 265, 
266 

Linear vector function, 125-164 
affine transformation represented 
by, 126 

definition of, 125 
line-vector: 
components of, 4 
measure numbers of, 4 
definition of, 1 
null, 5 

Line-vectors: 

addition and subtraction of, 2, 3 
collinear, 1 
coplanar, 1 
equality of, 1 

multiplication of, by numbers, 3 
resolution of, 4 

sum of, in terms of components, 5 
Lipschitz, xxxi 

Magnitude: 

of a hyper-number, xxi 
of a quantity, 1 
of a vector, 21 
Manifolds: 

Euclidean, xxx, 267 
metrical, 214 
non-Euclidean, xxiv, 213 
of relativity theory, xxix 
Riemannian, 214 
Maxwell, xxv, 80, 82 
equations of, 108 
Measure-numbers of components: 
of a line-vector, 4 
of a F„-vector, 217 
Minimum couple, 37 
Moment of localized vector, 28 
Motion of rigid body, 30 
relative, 54 

Multi-linear forms, 242 
criterion of equality for, 243 

Normal, principal of curve, 57 
Notation, 8, 168 

Orthogonal co-ordinate systems, 179, 
180, 181 

transformations of, 198 
Osculating plane, 56 
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Parallel displacement: 

cyclic, of surface vector, 235 
infinitesimal, of F„-vector, 239 
cyclic, 270-273 
equations for, 239-240 
Parallelism of surface vectors, 231 
Parallelogram rule for line-vectors, 3 
Parametric (co-ordinate) lines in a 
surface, 63 

orthogonal system of, 65 
Parametric equation of a surface, 63 
Perversion, 159, 199 
Perversor, 159 
Plangrosse, xxii 

Point functions, scalar and vector, 
75,100 

diagrams of, 80, 81 
Poisson’s equation, 114 
Position-vector, 9 
Postfactor, 129 
Potential functions, 113-122 
.Prefactor, 129 
Product: 

combinatory, of Grassmann, xx 

cross, 25 

direct: 

of dyadic and vector, 129 
of two dyadics, 129 
of two y«-vectors, 216 
inner, of Grassmann, xx 
of tensors, 256 
outer, XX 
scalar, 20 
triple, 33 
vector, 25 
triple, 33 

Products, applications : 
of scalar, 22, 34 
of vector, 27, 34 

Quadrantal versor, 159 
Quaternion, definition of, xvi 
Quaternions: 
addition of, xvii 
multiplication of, xvii 
vs. vectors, xxvi 

Reciprocal: 
base-systems, 39 
in a Vn, 217, 218 
differential quadratic forms, 172 
differentials, 192 
systems of vectors, 37 
in a F«, 217 - 


Reciprocal (Cont.): 
unitary vectors, 167 
in a F„, 217 
Reduction formulas, 93 
Relative motion, 54 
Resultant of forces, 36 
of line-vectors, 5 
Ricci, xxxi, 213, 268 
-Einstein tensor, 267 
Riemann, xxx, xxxi, 213 
-Christoff el tensor, 265 
Riemannian curvature of a Fn, 238 
Rotation : 
of axes, 53 
of rigid body, 30 
transformation, 199 

Scalar: 

equation of first degree in unknown 
vector, 40 
quantity, 1 
Servois, xv 
Shear, 163 
Shearer: 
complex, 154 
simple, 154 
special simple, 154 
Space: 
acyclic, 98 
connectivity of, 98 
cyclic, 98 

multiply-connected, 98 
singly-connected, 98 
Stokes’s theorem, 98 
Strain : 

coefficients, 163 
homogeneous, 163 
parameters, 163 
pure, 163 
rotational, 163 
Strecke, xxi 
Stress, 251 
parameters, 253 
Summation convention, 168 
Surfaces, theory of, 62-72 

Tait, xxiv 
Tensor: 

anti-symmetric, 250 
component pf, 244 
definition of, 243 
' form of, 246 

criterion for, 248 
mixed, 246 
r “ reciprocal, 246 
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Tensor form {Cmit.): 
unitary, 246 
fundamental, 25K 
metrical property of, 245 
physical example of, 251 
Ricci-Einstein, 267 
Riemann-Christoffel, 265 
stress, 253, 254 
symmetric, 249 
Tensors: 
addition of, 255 
contraction of, 257 
multiplication of, 256 
Tonic, 154 

Torsion of a curve, 58 
Transformation : 

of components of a vector product, 
201 

of co-ordinates, 156, 177, 189 
of differentials of co-ordinates, 178, 
190 

of base-vector dyads, 202 
of measure-numbers of components 
of a vector, 200 

of metrical coefficients, 179, 192, 
193 

determinants, 193, 194 
of reciprocal differentials, 192 
of reciprocal unitary vectors, 192 
of tensor components, 248 
of unitary vectors, 191 
of various Vn quantities, 222 

Unitary vectors, 64, 167 
in a Un, 216 

Vector, xvi 

abBolute diffiuvntial of, in a Un, 235 
axial, 202 
definition of, ti 
equations, 9 
of a line, 12 
of a plane, 13, 34 


Vector equations (ConL): 
of a quadric surface, 155 
of first degree in an unknown 
vector, 41 
simple, 9 
flux of, 103 
notation, 8 
null, 6 

point function, xviii, 76, 79 
lamellar, 104 
solenoidal, 103 
polar, 202 
potential, 114 
of electric currents, 119 
product of, by a number, 6 
quantities, 1 
numerical aspect of, 5 
physical aspect of, 5 
specification of, 5 

relations independent of origin, 10 
surface, 64 
unit, 6 
tube, 104 

Vectorial Area, xxii 
Vectors: 
collinear, 7 
coplanar, 7 
equality of, 6 
equipollent, 232 
parallel, 7 
perpendicular, 7 
in a Vny 216 
system of unit, 8 
Velocity: 
angular, 53 
of rigid body, 29 
of moving particle, 62 
Versor, 159 

Wallace, xiii 
Weasel, xiii 

Wilson, xxvii, 113, 128, 133, 143, 154, 
155, 156 




